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Preface to the third edition 


Life insurance has undergone enormous change in the last two to three decades. 
New and innovative products have been developed at the same time as we have 
seen vast increases in computational power. In addition, the field of finance 
has experienced a revolution in the development of a mathematical theory of 
options and financial guarantees, first pioneered in the work of Black, Scholes 
and Merton, and actuaries have come to realize the importance of that work to 
risk management in actuarial contexts. 

In this book we have adapted the traditional approach to the mathematics 
of life contingent risks to account for the products, science and technology 
that are relevant to current and future actuaries, taking into consideration 
both demographic and financial uncertainty. The material is presented with 
a certain level of mathematical rigour; we want readers to understand the 
principles involved, rather than to memorize methods or formulae. The reason 
is that a rigorous approach will prove more useful in the long run than a 
short-term utilitarian outlook, as theory can be adapted to changing products 
and technology in ways that techniques, without scientific support, cannot. 
However, this is a very practical text. The models and techniques presented 
are versions, a little simplified in parts, of the models and techniques in use by 
actuaries in the forefront of modern actuarial management. 

The first seven chapters set the context for the material, and cover traditional 
actuarial models and theory of life contingencies, with modern computational 
techniques integrated throughout, and with an emphasis on the practical 
context for the survival models and valuation methods presented. Through 
the focus on realistic contracts and assumptions, we aim to foster a general 
business awareness in the life insurance context, at the same time as we develop 
the mathematical tools for risk management in that context. 

From Chapter 8, we move into more modern theory and methods. 


XiX 


XX Preface to the third edition 


In Chapter 8 we introduce multiple state models, which generalize the 
life-death contingency structure of previous chapters. Using multiple state 
models allows a single framework for a wide range of insurance, including 
income replacement insurance, where benefits and premiums depend on the 
health status of the policyholder, and critical illness insurance, which pays a 
benefit on diagnosis of certain serious medical disorders. We also present other 
applications of multiple state models, including long-term care, continuing 
care retirement communities and structured settlements. 

In Chapter 9 we consider a particular type of multiple state model, namely 
the multiple decrement model, which occurs frequently in actuarial applica- 
tions, a notable example being in pension plan valuation. 

In Chapter 10 we apply the models and results from multiple state models to 
insurance involving two lives, typically domestic partners. It is increasingly 
common for partners to purchase life insurance cover or annuity income 
products where the benefits depend on both lives, not on a single insured 
life. 

In Chapter 11 we apply the theory developed in the earlier chapters to prob- 
lems involving pension benefits. Pension mathematics has some specialized 
concepts, particularly in funding principles, but in general this chapter is an 
application of the theory in the preceding chapters. 

In Chapter 12 we move to a more sophisticated view of interest rate models 
and interest rate risk. In this chapter we explore the crucially important 
difference between diversifiable and non-diversifiable risk. 

In Chapter 13 we introduce a general algorithm for projecting the emerging 
surplus of insurance policies, by considering the year-to-year net cash flows. 
One of the liberating aspects of the computer revolution for actuaries is that 
we are no longer required to summarize complex benefits in a single actuarial 
value; we can go much further in projecting the cash flows to see how and 
when surplus will emerge. This is much richer information that the actuary can 
use to assess profitability and to better manage portfolio assets and liabilities. 
In life insurance contexts, the emerging cash flow projection is often called 
‘profit-testing’. 

In Chapter 14 we follow up on the cash flow projections of Chapter 13 to 
show how profit testing can be used to analyse Universal Life insurance, which 
is very popular in North America. 

In Chapter 15 we use the emerging cash flow approach to assess equity- 
linked contracts, where a financial guarantee is commonly part of the contin- 
gent benefit. The real risks for such products can only be assessed taking the 
random variation in potential outcomes into consideration, and we demonstrate 
this with Monte Carlo simulation of the emerging cash flows. 
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The products that are explored in Chapter 15 contain financial guarantees 
embedded in the life contingent benefits. Option theory is the mathematics 
of valuation and risk management of financial guarantees. In Chapter 16 we 
introduce the fundamental assumptions and results of option theory. 

In Chapter 17 we apply option theory to the embedded options of financial 
guarantees in insurance products. The theory can be used for pricing and for 
determining appropriate reserves, as well as for assessing profitability. 

In Chapter 18 we move into a different aspect of actuarial work and discuss 
some of the techniques that are used to estimate the survival models that appear 
in earlier chapters. 

In Chapter 19 we present a very brief introduction to the important practical 
topic of modelling longevity through stochastic mortality models. 

The material in this book is designed for undergraduate and graduate 
programmes in actuarial science, for those self-studying for professional 
actuarial exams and for practitioners interested in updating their skill set. The 
content has been designed primarily to prepare readers for practical actuarial 
work in life insurance and pension funding and valuation. The text covers all 
of the most recent syllabus requirements for the LTAM exam of the Society of 
Actuaries and for the CM1 exam of the UK Institute and Faculty of Actuaries. 
Some of the topics in this book are not currently covered by those professional 
exams, and many of the topics that are in the exams are covered in significantly 
more depth in the text, particularly where we believe the content will be 
valuable beyond the exams. 

Students and other readers should have sufficient background in probability 
to be able to calculate moments of functions of one or two random variables, 
and to handle conditional expectations and variances. We assume familiarity 
with the binomial, uniform, exponential, normal and lognormal distributions. 
Some of the more important results are reviewed in Appendix A. Readers are 
also assumed to have a knowledge of maximum likelihood estimation, also 
reviewed in Appendix A. We also assume that readers have completed an 
introductory level course in the mathematics of finance, and are aware of the 
actuarial notation for interest, discount and annuities-certain. 

Throughout, we have opted to use examples that liberally call on 
spreadsheet-style software. Spreadsheets are ubiquitous tools in actuarial 
practice, and it is natural to use them throughout, allowing us to use more 
realistic examples, rather than having to simplify for the sake of mathematical 
tractability. Other software could be used equally effectively, but spreadsheets 
represent a fairly universal language that is easily accessible. To keep the 
computation requirements reasonable, we have ensured that all but one of 
the examples and exercises can be completed in Microsoft Excel, without 
needing any VBA code or macros. Readers who have sufficient familiarity to 
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write their own code may find more efficient solutions than those that we have 
presented, but our principle is that no reader should need to know more than 
the basic Excel functions and applications. It will be very useful for anyone 
working through the material of this book to construct their own spreadsheet 
tables as they work through the first seven chapters, to generate mortality and 
actuarial functions for a range of mortality models and interest rates. In the 
worked examples in the text, we have worked with greater accuracy than we 
record, so there will be some differences from rounding when working with 
intermediate figures. 

One of the advantages of spreadsheets is the ease of implementation of 
numerical integration algorithms. We assume that students are aware of the 
principles of numerical integration, and we give some of the most useful 
algorithms in Appendix B. 

The material in this book is appropriate for three one-semester courses. 
The first six chapters form a fairly traditional basis, and would reasonably 
constitute a first course. Chapters 7—12 introduce more contemporary material, 
and could be used for the second course. Chapter 11, on pension mathematics, 
is not required for subsequent chapters, and could be omitted if a single focus 
on life insurance is preferred. Chapters 13—17 form a coherent, cash-flow- 
based coverage of variable insurance, which could be the basis of the third, 
more advanced course. Chapter 18 can reasonably be covered at any point 
after Chapter 8, and Chapter 19 at any point after Chapter 5. 


Changes from the second edition 


The text has been updated to reflect changes in insurance and pension benefits 
since the first edition was published in 2009. In particular, we illustrate how the 
methods and models covered can be applied to a wide range of newer insurance 
contracts contingent on morbidity rather than just mortality. Examples include 
critical illness and long-term care insurance. We have expanded the pension 
valuation material to give more detail on career average earnings plans, which 
have become much more popular in the past decade. We have included a 
chapter (Chapter 18) on how the models that we use throughout the book 
are developed from demographic data. Finally, we have included discussion 
of issues around changing mortality, considering deterministic and stochastic 
models of mortality improvement. 


e The first chapter has been significantly expanded to provide readers with 
greater background about life insurance practice and products. New material 
has been included on topics such as health insurance, continuing care 
retirement communities and structured settlements. 
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e Chapter 3 includes new material about deterministic modelling of mortality 
improvement and the construction of mortality improvement scales. 

e Chapter 8 contains new material on state-dependent annuity and insurance 
functions, as well as recursions for state-dependent policy values. We now 
also show how multiple state models can be applied to topics such as critical 
illness insurance, long-term care and structured settlements. 

e Chapter 9 contains material on multiple decrement models that was in 
Chapter 8 of the second edition. As a result, Chapters 10-16 of the second 
edition appear as Chapters 11—17 in this edition. 

e Chapter 11 has been expanded to include updated material on the valuation 
and funding of pension plan benefits and new content on the valuation and 
funding of retiree health benefits. 

e Chapters 13 and 14 have been rearranged. Chapter 14 now covers Universal 
Life insurance. Some of the material on participating insurance that was 
previously in this chapter has been moved to Chapter 13. 

e Chapter 18 is a new chapter dealing with estimation for lifetime distributions 
and multiple state transition intensities. Consequently, Appendix A has been 
expanded to include a review of the key points about maximum likelihood 
estimation. 

e Chapter 19 is a new chapter which provides an introduction to the key ideas 
about the Lee—Carter and Cairns—Blake—Dowd stochastic mortality models. 

e The end-of-chapter exercises have been reorganized as short, long and Excel- 
based questions. We have also added new exercises to almost all chapters. 

e Ina number of places, particularly Chapters 6 and 8, we have changed exer- 
cises to make them more useful for examination preparation, in particular 
using tables of insurance functions, rather than assuming that readers can 
access the required functions using an Excel workbook. 
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1 


Introduction to life and long-term 
health insurance 


1.1 Summary 


In this chapter we lay out the context for the mathematics of later chapters, 
by describing some of the background to modern actuarial practice, as it 
pertains to long-term, life contingent payments. We describe the major types 
of life insurance products that are sold in developed insurance markets, and 
discuss how these products have evolved over the recent past. We also consider 
long-term insurance that is dependent on the health status of the insured 
life, rather than simply survival or death. Finally, we describe some common 
pension designs. 

We give examples of the actuarial questions arising from the risk manage- 
ment of these contracts. How to answer such questions, and solve the resulting 
problems, is the subject of the following chapters. 


1.2 Background 


The first actuaries were employed by life insurance companies in the early 
eighteenth century to provide a scientific basis for managing the companies’ 
assets and liabilities. The liabilities depended on the number of deaths occur- 
ring amongst the insured lives each year. The modelling of mortality became a 
topic of both commercial and general scientific interest, and it attracted many 
significant scientists and mathematicians to actuarial problems, with the result 
that much of the early work in the field of probability was closely connected 
with the development of solutions to actuarial problems. 

The earliest life insurance policies were annual contracts; the purchaser 
would pay an amount, called the premium, to the insurer, nominating an 
individual whose life was insured under the contract. The insured life might 
be the purchaser, but could also be a third party. If the insured life died during 
the year that the contract was in force, the insurer would pay a predetermined 
lump sum, the sum insured, to the policyholder or his or her estate. Each 
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year the premium would increase as the probability of death increased. If 
the insured life became very ill at the renewal date, the insurance might not 
be renewed, in which case no benefit would be paid on the insured life’s 
subsequent death. Over a large number of contracts, the premium income each 
year should approximately match the claims outgo. This method of matching 
income and outgo annually, with no attempt to smooth or balance the premiums 
over the years, is called assessmentism. This method is still used for group life 
insurance, where an employer purchases life insurance cover for its employees 
on a year-to-year basis. 

The radical development in the later eighteenth century was the level pre- 
mium contract. The problem with assessmentism was that the annual increases 
in premiums discouraged policyholders from renewing their contracts. The 
level premium policy offered the policyholder the option to lock in a regular 
premium, payable perhaps weekly, monthly, or annually, which was fixed for 
the term of the contract. This was much more popular with policyholders, as 
they would not be priced out of the insurance contract just when it might be 
most needed. For the insurer, the attraction of the longer contract was a greater 
likelihood of the policyholder paying premiums for a longer period. However, 
a problem for the insurer was that the longer contracts were more complex to 
model, and offered more financial risk. For these contracts actuarial techniques 
had to develop beyond the year-to-year modelling of mortality probabilities. In 
particular, it became necessary to incorporate financial considerations into the 
modelling of income and outgo. Over a one-year contract, the time value of 
money is not a critical aspect. Over, say, a 30-year contract, it becomes a very 
important part of the modelling and management of risk. 

Another development in life insurance in the nineteenth century was the 
concept of insurable interest. This was a requirement in law that the person 
contracting to pay the life insurance premiums should face a financial loss 
on the death of the insured life — an insurance payout should not leave the 
beneficiary financially better off than if the insured life had not died. The 
insurable interest requirement ended the practice where individuals would 
insure persons (often public figures) with no connection to the purchaser, as a 
form of gambling. It also, importantly, removed the incentive for a policyholder 
to hasten the death of the insured life. Subsequently, insurance policies tended 
to be purchased by the insured life, and in the rest of this book we use 
the convention that the policyholder who pays the premiums is also the life 
insured, whose survival or death triggers the payment of the sum insured under 
the conditions of the contract. 

The earliest studies of mortality include life tables constructed by John 
Graunt and Edmund Halley. A life table summarizes a survival model by 
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specifying the proportion of lives that are expected to survive to each age. 
Using London mortality data from the early seventeenth century, Graunt 
proposed, for example, that each new life had a probability of 40% of surviving 
to age 16, and a probability of 1% of surviving to age 76. Edmund Halley, 
famous for his astronomical calculations, used mortality data from the city 
of Breslau in the late seventeenth century as the basis for his life table, 
which, like Graunt’s, was constructed by proposing the average (‘medium’ in 
Halley’s phrase) proportion of survivors to each age from an arbitrary number 
of births. Halley took the work two steps further. First, he used the table to draw 
inference about the conditional survival probabilities at intermediate ages. That 
is, given the probability that a newborn life survives to each subsequent age, it 
is possible to infer the probability that a life aged, say, 20, will survive to each 
subsequent age, using the condition that a life aged zero survives to age 20. 
The second major innovation was that Halley combined the mortality data with 
an assumption about interest rates to find the value of a whole life annuity at 
different ages. A whole life annuity is a contract paying a level sum at regular 
intervals while the named life (the annuitant) is still alive. The calculations in 
Halley’s paper bear a remarkable similarity to some of the work still used by 
actuaries in pensions and life insurance. 

This book continues in the tradition of combining models of mortality with 
models in finance to develop a framework for pricing and risk management of 
long-term policies in life and health insurance. Many of the same techniques 
are relevant also in pensions mathematics. However, there have been many 
changes since the first long-term policies of the late eighteenth century. 

We usually use the term insurance to refer to a contract under which the 
benefit is paid as a single lump sum, either on the death of the policyholder or 
on survival to a predetermined maturity date. (In the UK it is common to use 
the term assurance for insurance contracts involving lives, and ‘insurance’ for 
contracts involving property.) An annuity is a benefit in the form of a regular 
series of payments, usually conditional on the survival of the policyholder. 


1.3 Traditional life insurance contracts 
1.3.1 Introduction 


The three traditional forms of life insurance are term, whole life and endow- 
ment insurance. These policies dominated insurance markets until the 1980s, 
and in some countries are still popular today. However, the design of life 
insurance has broadened significantly in the past few decades. In this section 
we describe features of traditional life insurance policies. In the next section 
we review more modern developments. 
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1.3.2 Term insurance 


Term (or temporary) insurance pays a lump sum benefit on the death of the 
policyholder, provided death occurs before the end of a specified term. Typical 
contract terms range from 10 to 30 years. 

The premiums for term insurance are usually very small relative to the 
sum insured, because the insurer has to pay a death benefit on only a small 
proportion of the policies issued. If a policyholder who is aged 40 purchases 
10-year term insurance, then the probability that the insurer will pay any death 
benefit on the policy (which is just the probability that the life dies before age 
50) might be around 2%. So, around 98% of such policies will expire with 
no death benefit payable, and the premiums from these policies subsidize the 
benefits for the 2% for which the death benefit must be paid. 

A term insurance policyholder may choose to lapse their policy, which 
means the policyholder would cease paying premiums. In this case, their 
insurance cover would also cease, and there would be no further payments 
by the policyholder or the insurer. 

The main purpose of term insurance is for family protection. For a relatively 
low monthly cost, term insurance can protect the policyholder’s spouse and 
children against financial hardship in the event of the policyholder’s death. 

Another use of term insurance is to protect businesses against losses arising 
from the deaths of key employees. In this case the business pays the premiums 
and receives the sum insured if the insured life dies during the term. The 
business must demonstrate insurable interest. This type of insurance used to 
be called Key Person Insurance, but is now more commonly called COLI for 
Company Owned Life Insurance. 

Most term insurance policies offer a level sum insured, funded by level 
monthly or annual premiums. A variant is decreasing term insurance where 
the death benefit decreases over the term of the policy. Decreasing term 
insurance may be used in conjunction with a home loan; if the policyholder 
dies, the outstanding loan is paid from the term insurance proceeds, sparing 
the policyholder’s family from the potential difficulty, expense and distress of 
struggling to make the loan payments after the policyholder’s death. The death 
benefit under the policy can be set to match the outstanding loan on the home 
in each year of the contract. 

Renewable term insurance offers the policyholder the option to renew 
the policy at the end of the original term, without further evidence of the 
policyholder’s health status, up to a maximum age. For example, if the 
maximum age is 85, a policyholder purchasing a 20-year renewable term 
policy at age 45 would have the option to renew the policy at age 65 for 
another 20 years. The premium for the renewed contract would be greater than 
the original, because the probability of paying the death benefit increases, but 
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insurability is guaranteed, which means that renewal does not depend at all on 
the health status of the policyholder at that time. In yearly renewable term 
insurance each individual contract has just a one-year term. 

Convertible term insurance offers the policyholder the option to convert 
to a whole life insurance at the end of the original term, or, for a renewable 
term policy, at the end of the first or second renewal. The premium would be 
recalculated for the new whole life policy, depending on the age at conversion. 
Conversion does not depend on or require evidence of the policyholder’s health 
status at conversion, but there may be a maximum age at which conversion is 
permitted (typically, around age 75). 


1.3.3 Whole life insurance 


Whole life, or permanent, insurance pays a lump sum benefit on the death 
of the policyholder whenever it occurs. For regular premium contracts, the 
premium is often payable only up to some maximum age, typically 80—90 years 
old. The point of whole life insurance is that it should pay the death benefit 
whenever the policyholder dies, and it would not meet this objective if policies 
lapsed at older ages through non-payment of premiums, whether because of 
financial strain or through decreasing ability of the policyholder to manage 
their affairs in older age. 

In general, whole life insurance will be significantly more expensive than 
term insurance, relative to the death benefit, as the probability of paying the 
death benefit (ignoring lapses) is 100%. 

Traditionally, if a whole life policyholder decides to discontinue the policy 
after an initial period, they would be eligible for a cash value or surrender 
value, representing the investment part of the accumulated premiums. In the 
early years of a whole life policy, the cash values tend to be very low. In later 
years they may be substantial, though typically very much less than the sum 
insured. Recently it has become common in some countries to offer whole life 
policies with no cash value payable on surrender. 

Life insurance works by combining premiums with the investment income 
(earned by investing the premiums), such that, by the time the policyholder 
dies, the premiums plus the investment income are sufficient, on average, to 
pay the sum insured. For short-term policies, premiums cover most of the sum 
insured. For long-term contracts the investment income becomes a much more 
significant component. The term of a whole life contract may be very long — 
a policy sold to a life aged 40 may still be in force over 50 years later — so 
the contribution of investment income is much more significant than for most 
term insurance. However, predicting investment returns over very long terms is 
very difficult, so insurers tend to calculate premiums using very conservative 
(that is, low side) assumptions about investment returns, resulting in relatively 
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high premiums. This means that most policyholders (the ones who do not die 
very early) earn quite low rates of return on their premiums, compared with, 
for example, simply paying the same amount into a mutual fund investment 
over the same period. 

Suppose an insurer is pricing a whole life policy at a time when long- 
term interest rates of 7% per year are available, for a 20-year investment. The 
insurer may calculate the premium assuming 6% per year interest, allowing 
the difference of 1%, which is called the interest spread, to cover profit and 
allow a margin for adverse experience. The risk to the insurer is that interest 
rates could fall below 6% per year at some point during the contract, in which 
case the interest earned on investments made at that time would fall short of 
the amount required to pay the sum insured. On the other hand, if the insurer 
is More cautious, perhaps assuming only 3% per year interest, the investment 
part of the policy will look quite unattractive for the customer, compared with 
the 7% per year available from direct investment. 

One solution to this problem is to charge the higher premium, but promise 
to pay back to the policyholder some share of the profits if the investments do 
well. If the investment experience is very poor, there will be no profits, and 
no profit-sharing. This is the principle behind participating insurance, where 
‘participating’ refers to the policyholders’ participation in the distribution of 
profits. Participating insurance is also called par insurance for short, and is 
more commonly called with-profit outside North America. 

The policyholders’ share of profits is called dividends in North America, 
and bonuses elsewhere. We use the term ‘dividend’ when the profit share 
is distributed in the form of cash (or cash equivalent, such as a reduction 
in premium), and ‘bonus’ when the profit share is distributed in the form 
of additional insurance. In fact, the form of distribution is an important 
design feature for participating insurance, with different jurisdictions favouring 
different distribution methods, with the following being the most common. 


Cash refunds may be distributed at regular (e.g. annual) intervals, based 
on the profit emerging in the preceding year. This is common for North 
American participating insurance. 

Premium reductions work very similarly to cash refunds. The profit 
allocated to the policyholder for the year may be used to reduce the 
premiums due in the period to the subsequent allocation date. 

Increased death benefits are determined by using the emerging profit to 
increase the death benefit. 


There are many variants of these methods. It is common in North America for 
policyholders to be given some choice about the distribution — for example, 
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offering a cash dividend as a standard benefit, but with options to convert to 
additional death benefit. 

In the UK, profits were invariably distributed in the form of benefit increases. 
Bonuses would be awarded in two stages. Reversionary bonuses are applied 
to contracts in force, increasing the benefits by a specified percentage. There 
are three variations: 


e simple reversionary bonus means the bonus rate is applied to the original 
sum insured only; 

e compound reversionary bonus means the bonus rate is applied to the total of 
the sum insured and previous reversionary bonuses; 

e super-compound reversionary bonus is a method with two bonus rates each 
year, the first applying to the original sum insured, and the second applying 
to the total of previous bonus declarations. 


Terminal bonuses are used to top up the sum insured when the benefit is 
finally paid. Separating the profit share into reversionary and terminal bonuses 
allows insurers to take a more cautious attitude to distributing unrealized 
capital gains. 

It is important to note that for all traditional participating whole life 
insurance, dividends and bonuses are never negative. Only profits are shared, 
not losses. 

Profit distribution methods for participating insurance have an important 
impact on actuarial management, and on the techniques for pricing and mar- 
keting of policies. We note some of the more important considerations here. 


e Cash dividends are attractive to policyholders; they are easy to understand, 
and offer flexibility. If a policyholder is in financial difficulty, the cash may 
enable the policyholder to maintain the policy longer, as it can be used to 
offset premiums. If the policyholder wants to increase their death cover, 
the cash bonus can be used to buy more insurance — but at greater cost, 
generally, than the reversionary bonus, as it constitutes a new policy and 
therefore incurs new policy expense charges. 

e Cash dividends may be taxable. If the policyholder has no need for the cash, 
it is not likely to be a tax-efficient asset. 

e Reversionary bonuses are more complex for policyholders to understand, but 
do offer a tax efficient distribution, that is also consistent with the purpose 
of the policy — to provide a death benefit over long terms. 

e Insurers may offer a limited share of profits for policies that are surrendered. 
This can be particularly unfair when profit is distributed as reversionary 
bonus, as policyholders who contributed to the profits each year may only 
receive a small proportion of them on surrender. If profits are shared through 
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cash dividends, then, at most, the policyholder would lose one-year’s profit 
share on surrender. 

e Cash dividends require the insurer to liquidate assets, which may not 
be in the best interests of maximizing return. Reversionary bonus means 
that profits remain under the insurer’s management, and so provides more 
potential for future profit for the insurer. 

e Generally, insurers prefer to offer smooth bonuses and dividends, that 
is, with little variation from year to year. This is generally easier with 
reversionary and terminal bonus, as the actual payment is delayed until the 
policy matures. 

e Cash dividends are expensive to operate, if every policyholder is paid a 
dividend each year. 


Traditional participating whole life insurance is still popular in North 
America, but is no longer widely available in the UK or Australia, though 
some non-participating whole life policies are still marketed. One reason for 
the relatively greater success of the product in North America is that insurers 
there offered larger and more predictable cash values, so that policyholders 
could achieve a reasonable return on their premiums, even if they surrendered 
the contract. 

Whole life insurance may be used by policyholders in a number of ways, for 
example as follows. 


e For older lives, simplified whole life insurance may be used to cover funeral 
expenses. These policies have a relatively low sum insured, tend to be non- 
participating, and do not offer any cash value on surrender. 

e For older, higher-wealth lives, whole life insurance may be used to reduce 
inheritance taxes, if the proceeds from insurance are taxed at a lower 
marginal rate than directly inherited wealth. 

e For younger lives, participating whole life insurance can provide a simple, 
passive long-term investment opportunity, with the advantage of substantial 
death benefit (compared with premiums) in the event of early death. 


As mentioned above, for some policies, particularly those designed for older 
policyholders (for tax planning or funeral expenses), cash values may not be 
offered on surrender of the contract. This can reduce the premiums, as the 
excess funds from lapsed contracts subsidize the remaining policies. This is 
called lapse-supported insurance. However, if policyholders have the ability 
to sell their policies to a third party, then the lapsation profits may be very low. 
This has led to the rise of Stranger Owned Life Insurance, or STOLI, where an 
investment firm (usually specializing in this business) makes a cash payment 
to a policyholder who wants to surrender their policy. The investment firm 


1.3 Traditional life insurance contracts 9 


then takes over the payment of premiums as long as the original policyholder 
survives, and receives the sum insured on their death. If the value of the cash 
settlement to the original policyholder plus the cost of premiums after the sale 
of the policy is less than the value of the sum insured, then the investment 
firm makes a profit. If the original policyholder survives longer than expected, 
then the firm may make a loss. Often the policy is exchanged for a very deep 
discount on the sum insured, even for quite elderly policyholders, allowing 
the investment firm to make very significant profits on a large proportion of 
their policies. 


1.3.4 Endowment insurance 


Endowment insurance offers a lump sum benefit paid either on the death of the 
policyholder or at the end of a specified term, whichever occurs first. This is 
a hybrid of a term insurance and a fixed term investment. If the policyholder 
dies, the sum insured is paid, just as it would be under a term insurance; if 
the policyholder survives, the sum insured is paid at the end of the contract. 
Similarly to whole life insurance, the probability of a payout on an endowment 
insurance, ignoring lapses, is 100%. For similar reasons to the whole life case, 
endowment insurance typically offers cash values on early surrender, and may 
be issued in participating or non-participating forms. 

Endowment insurance is no longer offered through mainstream insurers in 
North America or the UK. The main purpose of endowment insurance is as 
an investment, but the low returns offered and lack of flexibility meant that 
the contract could not compete with an increasing variety of pure investment 
options that became widely available in the latter part of the twentieth 
century. Traditional endowment insurance then evolved into modern insur- 
ance/investment hybrids such as the Universal Life or Unit Linked policies 
described later in this chapter. 

It is interesting to note, however, that traditional endowment insurance 
policies are increasing in popularity in developing nations, notably for microin- 
surance, where the amounts involved are small. In this context endowment 
insurance policies may be used in conjunction with microfinance, to support 
small sum lending to individuals and small businesses who may not have 
access to traditional banking services. 


1.3.5 Options and variations on traditional insurance 


Insurance riders are optional benefits that a policyholder can select at the 
issue of a contract. In this section we describe some common riders and other 
variations associated with traditional insurance. 
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Joint life insurance: For term and whole life insurance, policies issued on 
‘joint lives’ have premiums and benefits that depend on the survival 
of two people, typically spouses. The most common format is a first- 
to-die policy, where the death benefit is paid on the first death of the 
couple, provided (for term insurance) that the death occurs within the 
policy term. 

Joint life policies are increasingly popular as households increasingly 
rely on the earnings of two partners, not just one. 

Multiple life insurance: Similarly to joint life policies, multiple life term 
insurance policies offer a benefit payable on the first death, or on each 
death, within a specified group of individuals, provided death occurs 
within the term of the policy. This feature is commonly used to insure 
business partners. 

Guaranteed cash values: As discussed above, whole life and endowment 
insurance policies usually offer cash values on surrender. The policy- 
holder may be able to lock in guaranteed cash values by paying an 
additional premium. In some jurisdictions, guaranteed cash values are 
required by law. 

Policy loans: For policies that offer cash values, policyholders may be 
able to borrow money from the insurer, using the cash value of the 
policy as collateral. A common use for this is to pay premiums when 
the policyholder cannot otherwise raise the necessary funds. When the 
policy with an outstanding policy loan attached becomes a claim (or is 
surrendered), the sum insured (or cash value) is reduced by the amount 
of the outstanding loan and interest. 

Allowing policy loans increases the chance that the policyholder will 
continue with the policy, rather than surrender. Since, in most cases, 
continuing with the policy offers a better opportunity for the insurer to 
make profits, it is to the insurer’s advantage to facilitate policy loans. 
Consequently, the interest rates charged on policy loans may be quite 
low, relative to market rates. 

Accelerated benefits due to terminal illness: Under this rider, the death 
benefit will be paid early if the policyholder can provide medical 
documentation that they are suffering from a terminal illness, and are 
not expected to live more than one year. 

The early payment of benefit on terminal illness is called an 
accelerated death benefit. For the insurer, paying the claim slightly 
early reduces the incentive for the policyholder to sell the policy on to 
a third party, in a special kind of end-of-life STOLI called a viatical 
settlement. 
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Accidental death benefit: For a small additional premium, policyholders 
can choose to have an increased sum insured payable if the cause of 
death is accidental, rather than through natural causes. Surprisingly, this 
concept provided the inspiration for the Hollywood feature film Double 
Indemnity, which was released in 1944. 

Premium waiver on disability: This policy rider allows policyholders to 
suspend paying premiums during periods of severe illness or disability. 
The premium waiver would require medical evidence, and would be 
limited to premiums due during the policyholder’s normal working 
lifetime, typically up to age 65. 

Family income benefit (FIB): One of the purposes of term insurance is to 
provide funds to bridge the policyholder’s family through the financial 
strain following his or her death. The FIB rider offers a specified amount 
to be paid at regular intervals between the policyholder’s death and the 
end of the original contract term. For example, consider a policyholder 
who takes out a 20-year term insurance, with an FIB rider with benefit 
$10000 per year. Now suppose the policyholder dies 15 years into the 
policy term. Then, in addition to the regular term insurance death benefit, 
the FIB would pay the policyholder’s family $10000 per year for the 
remaining five years of the original contract. 

Critical illness insurance: A benefit is paid on diagnosis of one of a 
specified set of critical illnesses or disabilities, typically including most 
cancers, stroke and heart disease. Critical illness cover is discussed in 
more detail in Section 1.7. 


1.4 Modern insurance contracts 
1.4.1 Why innovate? 


Compared with traditional policies, modern insurance is more complex, 
apparently more transparent in terms of costs and benefits, with flexibility in 
premiums and variability in benefits. We explain some reasons below. 


1. Competition with mutual funds and banks for policyholders’ savings 
Insurers developed combined insurance/investment hybrid products to 
attract savings away from other investment options such as mutual funds. 
This gives insurers more assets under management, and more chance to 
generate profits for their shareholders. 

2. Changing demographics and lifecycles impact insurance design 
Nowadays, many jobs are more short term; as policyholders move in 
and out of work, insurance needs to offer increased flexibility, to meet 
policyholders’ needs in both good times and bad. 
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3. Developments in science and technology 
The science of financial risk management has developed significantly in the 
past 30 years, offering insurers the possibility of designing valuable guar- 
antees that can be safely risk managed. Also, more powerful computational 
facilities allow more complex modelling and prediction. 

4. Better informed customers 
Potential policyholders are better informed about how products work, as 
financial advice has become more reliable (though there are still very many 
examples of bad financial advice), and is more freely available, through 
newspapers, or through social media. This has reduced (but, unfortunately, 
not eliminated) the creation of insurance products that are very profitable 
for the insurers and the sales intermediaries, but were not really suitable for 
the individuals persuaded to purchase them. 


1.4.2 Universal life insurance 


Universal life insurance is a very important product, particularly in North 
America. It is generally issued as a whole life contract, but with transparent 
cash values, so that policyholders can view the policy as a form of savings 
account with built-in life insurance, rather than a whole life contract. Given 
that most policyholders will surrender their policies for a significant cash value, 
perhaps when they retire, the Universal Life contract can be seen as an updated 
and more flexible version of traditional endowment insurance. 

Policyholders choose a level of death benefit, which may be fixed, or may 
increase as the invested premiums earn interest. Premiums are deposited into 
a notional account (notional, as the assets are not actually separate from the 
general funds of the insurer). The insurer shares investment profits through 
the credited interest rate which is declared and applied by the insurer at 
regular intervals, typically monthly, and which reflects (perhaps indirectly) 
the investment performance of the underlying assets. The credited interest rate 
cannot be less than 0%, so the account cannot lose value. In some cases, there 
may be a guaranteed minimum rate which is greater than 0%. Unlike traditional 
insurance, which uses fixed premiums, Universal Life premiums are quite flex- 
ible. Provided there are sufficient funds in the policyholder’s account to cover 
costs, the policyholder may reduce or even skip paying premiums for a period. 

The notional account, made up of the premiums and credited interest, is sub- 
ject to monthly deductions; there is a charge for the cost of life insurance cover, 
and a separate charge to cover expenses. The account balance or account 
value is the balance of funds in the policyholder’s account. The account value 
represents the cash value for a surrendering policyholder, after an initial period 
(typically 7-10 years) during which surrender charges are applied to ensure 
recovery of the costs incurred by the insurer in issuing the policy. 
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1.4.3 Unitized with-profit 


Unitized with-profit (UWP) is an evolution of traditional with-profit insurance 
which was popular for a time in the UK and Australia. It is similar to Universal 
Life insurance, except that in place of account values, policyholders’ funds are 
expressed in terms of units, which are shares in a notional asset portfolio. The 
units increase in value, through the performance of the underlying investments. 
Bonuses may be awarded by adding additional units to the account. On 
death or maturity an additional terminal bonus may be added. On surrender, 
policyholders receive the cash value of their units, with a surrender penalty 
applied in the early period of the policy. 

After some poor publicity surrounding with-profit business and, by 
association, unitized with-profit business, these product designs were largely 
withdrawn from the UK and Australian markets in the early 2000s. However, 
they will remain important for many years as many companies carry large 
portfolios of UWP policies issued during the 1980s and 1990s. 


1.4.4 Equity-linked insurance 


Equity-linked life insurance has an endowment insurance structure, with a 
fixed term, and with benefits paid on the earlier of the policyholder’s death 
and the end of the contract term. Policyholders who surrender their contracts 
before the end of the term will generally receive a cash surrender value at that 
time. The death, surrender and maturity benefits are linked to the performance 
of a specified investment fund. 

So far this sounds similar to the unitized with-profit policy, but there are two 
important differences. 


e For equity-linked insurance, the fund that determines the return on invested 
premiums is a real fund, not a notional collection of assets within the 
insurer’s general account, as for the UWP contract. 

e Equity-linked insurance benefits may increase or decrease over time, in line 
with the underlying fund. The UWP and Universal Life benefits will only 
increase (or stay the same); they cannot decrease. 


There are several different varieties of equity-linked insurance, but they 
operate in similar ways. 


1. The policyholder’s premiums are invested in an open-ended, mutual fund 
style account. 

2. On death before the maturity date, the death benefit will be at least the value 
of the accumulated premiums; often there will be a Guaranteed Minimum 
Death Benefit, or GMDB, that will increase the payout if the underlying 
investments have performed poorly over the term of a contract. 
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3. On early surrender, the policyholder receives the value of the accumulated 
premiums, with a surrender penalty deducted at early durations. 

4. On survival to the end of the contract, the policyholder receives at least the 
value of their accumulated premiums, possibly more if the policy offers a 
Guaranteed Minimum Maturity Benefit, or GMMB. 


Unit-linked insurance is a form of equity-linked insurance sold outside North 
America. Like the UWP policies, policyholders’ funds are expressed in units 
(or shares) of the underlying assets. Unit-linked policies generally do not 
offer a GMMB. The death benefit is often a multiple of the value of the 
policyholder’s units at the time of death. 

Variable annuities, also known as segregated funds, are equity-linked 
insurance policies sold in North America, which are becoming increasingly 
popular in other areas. Despite the name, the benefit under a Variable Annuity 
is a lump sum, not an annuity, although the policies carry the option to convert 
the proceeds to an annuity at maturity. A Variable Annuity policy will offer a 
GMDB and a GMMB, with additional guarantees available at additional cost. 


1.5 Marketing, pricing and issuing life insurance 
1.5.1 Insurance distribution methods 


Most people find insurance dauntingly complex. Brokers who connect 
individuals to an appropriate insurance product have, since the earliest times, 
played an important role in the market. There is an old saying amongst 
actuaries that ‘insurance is sold, not bought’, which means that the role of an 
intermediary in persuading potential policyholders to take out an insurance 
policy is crucial in maintaining an adequate volume of new business. Brokers 
and other financial advisors are often remunerated through a commission 
system. The commission would be specified as a percentage of the premium 
paid. Typically, there is a higher percentage paid on the first premium than 
on subsequent premiums. This is referred to as a front-end load. Some 
advisors may be remunerated on a fixed fee basis, or may be employed by 
one or more insurance companies on a salary basis. Face-to-face insurance 
sales focus on higher-wealth individuals who are already connected with 
financial advisors. For other customers, banks may act as intermediaries, but 
the rising trend is for direct marketing. This covers insurance sold through 
television advertising, but the more recent developments involve online 
sales. 

The nature of the business sold by direct marketing methods tends to differ 
from the broker-sold business, as the target audience is likely to be less 
wealthy. Television advertising is used, for example, for pre-need insurance, 
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which is aimed at older lives and covers funeral costs. Term insurance is a 
relatively straightforward contract, and as long as the sum insured is not too 
high, is highly suited to online marketing and issue. 


1.5.2 Underwriting 


It is important in modelling life insurance liabilities to consider what happens 
when a life insurance policy is purchased. Selling life insurance policies is a 
competitive business and life insurance companies are constantly considering 
ways in which to change their procedures so that they can improve the service 
to their customers and gain a commercial advantage over their competitors. 
The account given below of how policies are sold covers some essential points 
but is necessarily a simplified version of what actually happens. 

For a given type of policy, such as a 10-year term insurance, the insurer 
will have a schedule of premium rates. These rates will depend on the 
size of the policy and some other factors known as rating factors. An 
applicant’s risk level is assessed by asking them to complete a proposal form 
giving information on relevant rating factors, generally including their age, 
gender (where legislation permits), smoking habits, occupation, any dangerous 
hobbies, and personal and family health history. The insurer may ask for 
permission to contact the applicant’s doctor to enquire about their medical 
history. In some cases, particularly for very large sums insured, the life insurer 
may require that the applicant’s health be checked by a doctor employed by 
the insurer. 

The process of collecting and evaluating this information is called under- 
writing. The purpose of underwriting is, first, to classify potential policyhold- 
ers into broadly homogeneous risk categories, and secondly to assess what 
additional premium would be appropriate for applicants whose risk factors 
indicate that standard premium rates would be too low. 

On the basis of the application and supporting medical information, poten- 
tial life insurance policyholders will generally be categorized into one of the 
following groups. 


e Preferred lives have very low mortality risk based on the standard infor- 
mation. The preferred applicant would have no recent record of smoking; 
no evidence of drug or alcohol abuse; no high-risk hobbies or occupations; 
no family history of disease known to have a strong genetic component; no 
adverse medical indicators such as high blood pressure or cholesterol level 
or body mass index. 

The preferred life category is commonly used in North America, but has 
not yet caught on elsewhere. In other areas there is no separation of preferred 
and normal lives. 
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e Normal lives may have some higher-rated risk factors than preferred lives 
(where this category exists), but are still insurable at standard rates. Most 
applicants fall into this category. 

e Rated lives have one or more risk factors at raised levels and so are not 
acceptable at standard premium rates. However, they can be insured for a 
higher premium. An example might be someone having a family history of 
heart disease. These lives might be individually assessed for the appropriate 
additional premium to be charged. This category would also include lives 
with hazardous jobs or hobbies which put them at increased risk. 

e Uninsurable lives have such significant risk that the insurer will not enter 
an insurance contract at any price. 


Within the first three groups, applicants would be further categorized 
according to the relative values of the various risk factors, with the most fun- 
damental being age, gender and smoking status. Note, however, that gender- 
based premiums are no longer permitted in some jurisdictions, including the 
European Union countries. 

Most applicants (around 95% for traditional life insurance) will be accepted 
at preferred or standard rates for the relevant risk category. Another 2%-3% 
may be accepted at non-standard rates because of an impairment, or a 
dangerous occupation, leaving around 2%-3% who will be refused insurance. 

The rigour of the underwriting process will depend on the type of insurance 
being purchased, on the sum insured and on the distribution process of the 
insurance company. Term insurance, particularly if the sum insured is very 
large, is generally more strictly underwritten than whole life insurance, as the 
risk taken by the insurer is greater. If the underwriting is not strict there is 
a risk of adverse selection by policyholders. Adverse selection (also called 
anti-selection) in insurance arises when policyholders use information about 
their own individual risk profile to make choices that will benefit them, with 
a potential adverse outcome for the insurer. So, we would expect very high- 
risk individuals to apply for insurance with larger death benefits than low- 
risk individuals. Since the risk to the insurer rises with the sum insured, 
applications involving very large sums insured would generally trigger more 
rigorous underwriting to counter the adverse selection risk. 

The distribution method also affects the level of underwriting. Often, direct 
marketed contracts are sold with relatively low benefit levels, and with the 
attraction that no medical evidence will be sought beyond a standard ques- 
tionnaire. The insurer may assume relatively heavy mortality for these lives 
to compensate for potential adverse selection. By keeping the underwriting 
relatively light, the expenses of writing new business, termed acquisition 
expenses, can be kept low, which is an attraction for high-volume, low-sum- 
insured contracts. 
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It is interesting to note that with no third party medical evidence the insurer 
is placing a lot of weight on the veracity of the policyholder. Insurers have 
a phrase for this — that both insurer and policyholder may assume ‘utmost 
good faith’ or ‘uberrima fides’ on the part of the other side of the contract. In 
practice, in the event of the death of the insured life, the insurer may investigate 
whether any pertinent information was withheld from the application. If it 
appears that the policyholder held back information, or submitted false or 
misleading information, the insurer may not pay the full sum insured. 


1.5.3 Premiums 


A life insurance policy may involve a single premium, payable at the outset of 
the contract, or a regular series of premiums payable provided the policyholder 
survives, perhaps with a fixed end date. In traditional contracts the regular 
premium is generally a level amount throughout the term of the contract; in 
more modern contracts the premium might be variable, at the policyholder’s 
discretion for investment products such as equity-linked insurance, or at the 
insurer’s discretion for certain types of renewable term insurance. 

Regular premiums may be paid annually, semi-annually, quarterly, monthly 
or weekly. Monthly premiums are common as it is convenient for policyholders 
to have their outgoings payable with approximately the same frequency as their 
income. 

An important feature of all premiums is that they are paid at the start of each 
period. Suppose a policyholder contracts to pay annual premiums for a 10-year 
insurance contract. The premiums will be paid at the start of the contract, and 
then at the start of each subsequent year provided the policyholder is alive. 
So, if we count time in years from t = 0 at the start of the contract, the first 
premium is paid at t = 0, the second is paid at t = 1, and so on, to the tenth 
premium paid at t = 9. Similarly, if the premiums are monthly, then the first 
monthly instalment will be paid at t = 0, and the final premium will be paid at 
the start of the final month at t = 95 years. (Throughout this book we assume 
that all months are equal in length, at b years.) 


1.6 Life annuities 


Annuity contracts offer a regular series of payments. When an annuity depends 
on the survival of the recipient, it is called a ‘life annuity’. The recipient is 
called an annuitant. If the annuity continues until the death of the annuitant, it 
is called a whole life annuity. If the annuity is paid for some maximum period, 
provided the annuitant survives that period, it is called a term life annuity. 

Annuities are often purchased by older lives to provide income in retirement. 
Buying a whole life annuity guarantees that the income will not run out before 
the annuitant dies. 
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Annuities cannot be surrendered; there is no cash value once the annuity 
payments commence. The main reason is that allowing surrenders would create 
unmanageable risk of adverse selection — the lives who are most unwell are 
most likely to surrender. Annuity pricing assumes that on the annuitant’s death, 
any excess funds built up from investing the premiums are then used to offset 
the costs of annuities for surviving annuitants. 

Types of annuities that may be issued include the following. 


e Single Premium Deferred Annuity (SPDA): Under an SPDA contract, 
the policyholder pays a single premium in return for an annuity which 
commences payment at some future, specified date. The annuity is ‘life 
contingent’, by which we mean the annuity is paid only if the policyholder 
survives to the payment dates. If the policyholder dies before the annuity 
commences, there may be a death benefit due. If the policyholder dies 
soon after the annuity commences, there may be some minimum payment 
period, called the guarantee period, and the balance would be paid to the 
policyholder’s estate. 

e Single Premium Immediate Annuity (SPIA): This contract is the same 
as the SPDA, except that the annuity commences as soon as the contract is 
effected. This might, for example, be used to convert a lump sum retirement 
benefit into a life annuity to supplement a pension. As with the SPDA, there 
may be a guarantee period applying in the event of the early death of the 
annuitant. 

e Regular Premium Deferred Annuity (RPDA): The RPDA offers a 
deferred life annuity with premiums paid through the deferred period. It 
is otherwise the same as the SPDA. 

e Joint life annuity: A joint life annuity is issued on two lives, typically a 
couple (that is, married or cohabiting). The annuity, which may be single 
premium or regular premium, immediate or deferred, continues while both 
lives survive, and ceases on the first death of the couple. 

e Last survivor annuity: A last survivor annuity is similar to the joint 
life annuity, except that payment continues while at least one of the lives 
survives, and ceases on the second death of the couple. 

e Reversionary annuity: A reversionary annuity is contingent on two lives, 
usually a couple. One is designated as the annuitant, and one the insured. No 
annuity benefit is paid while the insured life survives. On the death of the 
insured life, if the annuitant is still alive, the annuitant receives an annuity 
for the remainder of their life. 

e Guaranteed annuity: A guaranteed annuity is paid for a minimum period, 
regardless of the survival or death of the annuitant. After the guarantee 
period, if the annuitant is still alive, the annuity is paid for the remainder 
of their lifetime. 
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Annuity sales methods are similar to life insurance, with individual brokers 
playing an important role for higher-wealth individuals. In addition, as annu- 
ities are often used to convert retirement savings into retirement income, 
pension plan managers may work with retirees on annuity purchase. 

There is no underwriting for regular annuities. The risk to the insurer (or 
annuity provider) is that the annuitant lives longer than expected; it is not 
considered feasible to seek health evidence that potential annuitants are too 
long-lived. 


1.7 Long-term coverages in health insurance 
1.7.1 Disability income insurance 


Disability income insurance, also known as income protection insurance, is 
designed to replace income for individuals who cannot work, or cannot work 
to full capacity due to sickness or disability. Typically, level premiums are 
payable at regular intervals through the term of the policy, but are suspended 
during periods of disability. Benefits are paid at regular intervals during periods 
of disability. The benefits are usually related to the policyholder’s salary, but, to 
encourage the policyholder to return to work as soon as possible, the payments 
are often capped at 50-70% of the salary that is being replaced. The policy 
could continue until the insured person reaches retirement age. 

Common features or options of disability income insurance include the 
following. 


e The waiting period or elimination period is the time between the beginning 
of a period of disability and the beginning of the benefit payments. Policy- 
holders select a waiting period from a list offered by the insurer, with typical 
periods being 30, 60, 180 or 365 days. 

The payment of benefits based on total disability requires the policyholder 
to be unable to work at their usual job, and to be not working at a different 


job. Medical evidence of the disability is also required by the insurer at 
intervals. 


If the policyholder can do some work, but not at the full earning capacity 
established before the period of disability, they may be eligible for a lower 
benefit based on partial disability. 

The amount of disability benefits payable may be reduced if the policyholder 
receives disability-related income from other sources, for example from 


workers’ compensation or from a government benefit programme. 

The benefit payment term is selected by the policyholder from a list of 
options. Typical terms are two years, five years, or up to age 65. Once the 
disability benefit comes into payment, it will continue to the earlier of the 
recovery of the policyholder to full health, or the end of the selected benefit 
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term, or the death of the policyholder. If the policyholder moves from full 
disability to partial disability, then the benefit payments may be decreased, 
but the total term of benefit payment (covering the full and partial benefit 
periods) could be fixed. 

For shorter benefit payment terms, the policy covers each separate period 

of disability, so even if the full benefit term of, say, two years has expired, if 
the policyholder later becomes disabled again, provided sufficient time has 
elapsed between periods of disability, the benefits would be payable again 
for another period of two years. 
When two periods of disability occur with only a short interval between 
them, they may be treated as a single period of disability for determining 
the benefit payment term. The off period determines the required interval 
for two periods of disability to be considered separately rather than together, 
and it is set by the insurer. 

For example, suppose a policyholder purchases disability income insur- 
ance with a two-year benefit term, monthly benefit payments and a two- 
month waiting period. The insurer sets the off period at six months. The 
policyholder becomes sick on 1 January 2017, and remains sick until 30 June 
2017. She returns to work but suffers a recurrence of the sickness on 
1 September 2017. 

The first benefit payment would be made at the end of the elimination 
period, on 1 March 2017, and would continue through to 30 June. Since 
the recurrence occurs within the six-month off period, the second period 
of sickness would be treated as a continuation of the first. That means that 
the policyholder would not have to wait another two months to receive the 
next payment, and it also means that on 1 September, four months of the 
24-month benefit term would have expired, and the benefits would continue 
for another 20 months, or until earlier recovery. 

Own job or any job: the definition of total disability may be based on 
the policyholder’s inability to perform their own job, or on their ability to 
perform any job that is reasonable given the policyholder’s qualifications and 
experience. A policy that pays benefits only if the policyholder is unable to 
perform any job requires the policyholder to be very ill before any payments 
are made. On the other hand, the policy that pays out when the policyholder 
is unable to do her/his own job, even if they can undertake paid work that 
is less demanding then their own job, will pay out more often, and will 
therefore be more costly. 

Disability income insurance may be purchased as a group insurance by an 
employer, to offset the costs of paying long-term disability benefits to the 
employees. Group insurance rates (assuming employees cannot opt out) may 
be lower than the equivalent rates for individuals, because the group policies 
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carry less risk from adverse selection. There are also economies of scale, and 
less risk of non-payment of premiums from group policies. 


Long-term disability benefits may be increased in line with inflation. 
Policies often include additional benefits such as return to work assistance, 
which offsets costs associated with returning to work after a period of 


disability; for example, the policyholder may need some re-training, or it 
may be appropriate for the policyholder to phase their return to work by 
working part-time initially. It is in the insurer’s interests to ensure that the 
return to work is as smooth and as successful as possible for the policyholder. 


1.7.2 Long-term care insurance 


In a typical North American long-term care (LTC) contract, premiums are paid 
regularly while the policyholder is well. When the policyholder requires care, 
based on the benefit triggers defined in the policy, there is a waiting period, 
similar to the elimination period for disability income insurance; 90 days is 
typical. After this, the policy will pay benefits as long as the need for care 
continues, or until the end of the selected benefit payment period. 

Common features or options associated with LTC insurance in the USA and 
Canada include the following. 


The trigger for the payment of benefits is usually described in terms of the 
Activities of Daily Living, or ADLs. There are six ADLs in common use: 
— Bathing 
— Dressing 
— Eating (does not include cooking) 
— Toileting (ability to use the toilet and manage personal hygiene) 
— Continence (ability to control bladder and bowel functions) 
— Transferring (getting in and out of a bed or chair) 
If the policyholder requires assistance to perform two or more of the 
ADLs, based on certification by a medical practitioner, then the LTC benefit 
is triggered, and the waiting period, if any, commences. 


There is often an alternative trigger based on severe cognitive impairment of 
the policyholder. 
Although the most common policy design uses two ADLs for the benefit 


trigger, some policies use three. 


At issue, the policyholder may select a definite term benefit period (typical 
options are between two years and five years), or may select an indefinite 
period, under which benefit payments continue as long as the trigger 
conditions apply. 

The benefit payments may be based on a reimbursement approach, under 


which the benefits are paid directly to the caregiving organization, and 
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cover the cost of providing appropriate care, up to a daily or monthly limit. 
Alternatively, the benefit may be based on a fixed annuity payable during the 
benefit period. The policyholder may have the flexibility to apply the benefit 
to whatever form of care is most suitable, but there is no guarantee that the 
annuity would be sufficient for the level of care required. 


The insurer may offer the option to have the payments, or payment limits, 
increase with inflation. 


Similarly to disability income insurance, an off period, typically six months, 
is used to determine whether two successive periods of care are treated 
separately or as a single continuous period. 


Hybrid LTC and life insurance policies are becoming popular. There are 

different ways to combine the benefits. 

— Under the return of premium approach, if the benefits paid under the 
LTC insurance are less than the total of the premiums paid, the balance is 
returned as part of the death benefit under the life insurance policy. 

— Under the accelerated benefit approach, the sum insured under the life 
insurance policy is used to pay LTC benefits. If the policyholder dies 
before the full sum insured has been paid in LTC benefits, the balance 
is paid as a death benefit. 

— The policyholder may add an extension of benefits option to the hybrid 
insurance, which would provide for continuation of the LTC benefits for a 
pre-determined period after the original sum insured has been exhausted. 
Typically, extension periods offered are in the range of two to five years. 


Premiums are designed to be level throughout the policy term, but insurers 
may retain the right to increase premiums for all policyholders if the 
experience is sufficiently adverse. Generally, insurers must obtain approval 
from the regulating body for such rate increases. In this circumstance, 
policyholders may be given the option to maintain the same premiums for 
a lower benefit level. 


LTC insurance in other countries is generally similar to the North American 
design, with some variation that we describe briefly here. 

Policies in France, where LTC insurance is very popular, are simpler and 
cheaper than in the USA; with average premiums of around 25% of those 
in the USA. Benefits are paid as a fixed or inflation-indexed annuity. The 
policyholder may choose a policy based on ‘mild or severe dependency’ or 
one based on ‘severe dependency’ only, which is the cheaper and more popular 
option. Severe dependency is defined as bed- or chair-bound, requiring 
assistance several times a day or cognitive impairment requiring constant 
monitoring. Mild dependency refers to cases where the individual needs help 
with eating, bathing and/or some mobility, but is not bed- or chair-bound. 
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Reasons for the lower premiums, relative to the North American model, 
include (i) lower average benefits; (ii) lower risk of payment, as the “severe 
dependency’ requirement is more stringent than the US ADL requirements; 
(iii) policies are often purchased through group plans facilitated by employers, 
reducing the expenses; and (iv) individuals in France tend to purchase their 
policies at younger ages than in the USA. 

In Germany, basic LTC costs are covered under the government-provided 
social health insurance. Individuals can top up the government benefit with 
private LTC insurance, or can opt out of the state benefit (and thereby opt out 
of the tax supporting the benefit) and use LTC insurance instead. The benefits 
are fixed annuities. 

In Japan, LTC insurance is offered on a stand-alone basis or as a rider on 
a whole life policy. The benefit is triggered when the policyholder reaches a 
specified level of dependency, and additional benefits may be added when the 
level of dependency increases. 

In the UK, regular premium LTC policies are no longer offered, as they 
never reached the necessary level of popularity for the business to be sustained. 
In their place is a different kind of pre-funding, called an immediate needs 
annuity. This is a single premium immediate annuity that is purchased as 
the individual is about to move permanently into residential long-term care. 
The benefit is paid as a regular fixed annuity, but is paid directly to the care 
home, saving the policyholder from having to pay income tax on the proceeds. 
Because the lives are assumed to be somewhat impaired, and the insurer’s 
exposure to adverse selection with respect to longevity is reduced, the benefit 
amount per unit of single premium may be significantly greater than a regular 
single premium life annuity at the same age. 


1.7.3 Critical illness insurance 


Critical illness insurance pays a lump sum benefit on diagnosis of one of a 
list of specified diseases and conditions. Different policies and insurers may 
cover slightly different illnesses, but virtually all include heart attack, stroke, 
major organ failure and most forms of cancer. Policies may be whole life or 
for a definite term. Unlike disability income insurance or LTC insurance, once 
the claim arises, the benefit is paid and the policy expires. A second critical 
illness diagnosis would not be covered. Some policies offer a partial return of 
premium if the policy expires or lapses without a critical illness diagnosis. 

Level premiums are typically paid monthly throughout the term, though they 
may cease at, say, 75 for a long-term policy. 

Critical illness cover may be added to a life insurance policy as an 
accelerated benefit rider. In this case, the critical illness diagnosis triggers 
the payment of some or all of the death benefit under the life insurance. Where 
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the full benefit is accelerated, the policy expires on the critical illness diagnosis. 
If only part of the benefit is accelerated, then the remainder is paid out when 
the policyholder dies. 


1.7.4 Chronic illness insurance 


Chronic illness insurance pays a benefit on diagnosis of a chronic illness, 
defined as one from which the policyholder will not recover, although the 
illness does not necessarily need to be terminal. The illness must be sufficiently 
severe that the policyholder is no longer able to perform two or more of the 
ADLs listed in the LTC insurance section. The benefit under a chronic illness 
policy is paid as a lump sum or as an annuity. 

Chronic illness insurance is typically added to a standard life insurance 
policy as an accelerated benefit rider, similar to the critical illness case. 


1.8 Mutual and proprietary insurers 


A mutual insurance company is one that has no shareholders. The insurer is 
owned by the with-profit policyholders. All profits are distributed to the with- 
profit policyholders through dividends or bonuses. 

A proprietary insurance company has shareholders, and usually has with- 
profit policyholders as well. The participating policyholders are not owners, 
but have a specified right to some of the profits. Thus, in a proprietary insurer, 
the profits must be shared in some predetermined proportion between the 
shareholders and the with-profit policyholders. 

Many early life insurance companies were formed as mutual companies. 
More recently, in the UK, Canada and the USA, there has been a trend 
towards demutualization, which means the transition of a mutual company 
to a proprietary company, through issuing shares (or cash) to the with-profit 
policyholders. Although it would appear that a mutual insurer would have 
marketing advantages, as participating policyholders receive all the profits 
and other benefits of ownership, the advantages cited by companies who 
have demutualized include increased ability to raise capital, clearer corporate 
structure and improved efficiency. 


1.9 Other life contingent contracts 


In the following sections we discuss benefit and payment streams which, like 
the life and health insurance premiums and benefits described above, are life 
contingent, and are subject to actuarial valuation and risk management, but 
which are not insurance contracts. 
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1.9.1 Continuing care retirement communities 


Continuing care retirement communities (CCRCs) are residential facilities for 
seniors, with different levels of medical and personal support designed to adapt 
to the residents as they age. Many CCRCs offer funding packages where the 
costs of future care are covered by a combination of an entry fee and a monthly 
charge. The description below, and examples used in subsequent chapters of 
this book, follow the US industry standard definitions and systems. 

There are generally three or four of the following categories of residence in 
a CCRC. 


Independent living units (ILUs) represent the first stage of residence 
in a CCRC. These are apartments with fairly minimal external care 
provided (for example, housekeeping, emergency call buttons, transport 
to shopping). 

Assisted living units (ALUs) allow more individual support for residents 
who need help with at least one, and commonly several, of the activities 
of daily living. Most of the support at this level is non-medical — help 
with bathing, dressing, preparation of meals, etc. 

The skilled nursing facility (SNF) is for residents who need ongoing 
medical care. The SNF often looks more like a hospital facility. 

Memory care units (MCU) offer a separate, more secure facility for 
residents with severe dementia or other cognitive impairment. 


The industry has developed different forms of funding for CCRCs. Not every 
CCRC will offer all funding options, and some will offer variants that are not 
described here, but these are the major forms in current use. 


Residents can choose to pay a large upfront fee, and monthly payments 
which are level, or which are only increasing with cost of living adjustments. 
The resident is guaranteed that all residential, personal assistance and health 
care needs will be covered without further cost. This is called a full life care 
contract, or life care contract. 

Under a modified life care contract, residents pay lower monthly fees, and 
possibly a lower entry fee, but will have to pay additional costs for some 
services if they need them. For example, residents may be charged a higher 
monthly fee as they move into the ALU, with further increases on entry to the 
SNF or the MCU. Typically, the increases would be less than the full market 
cost of the additional care, meaning that the costs are partially pre-funded 
through the entry fee and regular monthly payments. 

Fee-for-service contracts involve little or no pre-funding of health care. 
Residents pay for the health care they receive at the current market rates. 
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Fee-for-service contracts have the lowest entry fee and monthly payments, 
as these only cover the accommodation costs. 

e Prospective residents entering under full life care or modified life care 
must be sufficiently well to live independently when they enter the CCRC, 
and a medical examination is generally required. Entrants who are already 
sufficiently disabled to need more care are eligible only for fee-for-service 
contracts. 

e Under full or modified life care contracts, the CCRC may offer a partial 
refund of the entry fee on the resident’s death or when the resident moves 
out. This may involve some options, for example, the resident can choose a 
higher entry fee with a partial refund, or a lower entry fee with no refund. 

e There are some CCRCs that offer (partial) ownership of the ILU, in place 
of some or all of the entry fee. When the resident moves out of independent 
living permanently, or dies, the unit is sold, with the proceeds shared between 
the resident (or her estate) and the CCRC. 

e It is common for couples to purchase CCRC membership jointly, and 
different payment schedules may be applied to couples in comparison with 
schedules for single residents entering the CCRC. 


The average age at entry to a CCRC in the USA is around 80, with full life 
care entrants generally being younger than modified life care entrants, who are 
younger than fee-for-service entrants, on average. 

The full life care and (to a lesser extent) modified life care contracts transfer 
the risk of increasing health care costs from the resident to the CCRC, and 
therefore are a form of insurance. 


1.9.2 Structured settlements 


When a person is injured because of a negligent or criminal act committed by 
another person, or by an institution, legal processes will determine a suitable 
amount of compensation paid to the injured party (IP) by the person or institu- 
tion who caused the injury (the responsible person, RP). Often cases are solved 
outside of the formal court system, but, if the issue is settled through a court 
case, the IP might be referred to as the plaintiff, and the RP as the defendant. 
The compensation may be paid as a lump sum, but in some jurisdictions it 
is more common for the payment to be paid as an annuity, or as a combination 
of a lump sum and an annuity. If the injury is very serious, such as paralysis, 
loss of limbs, or permanent brain damage, the settlement will be a whole life 
annuity. Less severe injuries may be compensated with a term life annuity, 
extending to the point where the individual is expected to be recovered. 
Annuity payments may increase from time to time to offset the effects of 
inflation. The reason for using an annuity format rather than a lump sum 
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is that the annuity better replicates the losses of the IP, in the form of lost 
wages and/or ongoing expenses associated with medical care or additional 
needs arising from the injury. Rehabilitation costs and any expenses associ- 
ated with re-training for the workplace would also be covered through the 
settlement. 

A structured settlement is the payment schedule agreed between the IP 
and the RP, usually through their lawyers, or through an insurer when the RP’s 
liability is covered by an insurance policy. The annuity part may be funded 
with a single premium immediate annuity purchased from an insurer or from a 
firm that specializes in structured settlements. 

Structured settlements are often used for payments under workers’ com- 
pensation insurance. Workers’ compensation (also known as Workers’ Comp, 
or Employer’s Liability) is a type of insurance purchased by employers to 
fund the costs of compensating employees who are injured at work. Structured 
settlements are also commonly used in medical malpractice cases, and for other 
personal injury claims, such as from motor vehicle accidents. 

Replacement of income will normally be at less than 100% of pre-injury 
earnings, and there are several reasons for this. 


e In some countries (including the USA and the UK) income from a structured 
settlement annuity is not taxed. Hence, less annuity is required to support the 
IP’s pre-injury lifestyle. 

e The insurer wants to ensure that the IP has a strong incentive to return to 
work. 

e The amount of compensation may be reduced if the IP is determined to be 
partially at fault in the incident. 


The annuity will typically include some allowance for inflation. This may be a 
fixed annual increase, or the annuity may be fully indexed to inflation. 

In cases of potentially severe injury, there is often a period of uncertainty as 
to the extent of damage and long-term prognosis for the IP. For example, it may 
take a year of treatment and rehabilitation to determine the level of permanent 
damage from a spinal cord injury. In such cases there may be an interim 
arrangement of benefit until the time of maximum medical improvement, 
at which point the final structured settlement will be determined. 

Structured settlements evolved from a system where the entire compensation 
was in a lump sum form, but paying compensation as a lump sum requires 
the IP to manage a potentially very large amount of money. There is a 
strong temptation for the IP to overspend; research indicates that 80%—90% of 
recipients spend their entire lump sum compensation within five years. Even a 
fairly prudent individual who invests the award in stocks and bonds could lose 
30% of their funds in a stock market crash. An annuity relieves the IP from 
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investment risk and from dissipation risk, which is the risk of overspending, 
leading to subsequent financial hardship. The move from lump sum to annuities 
in structured settlements has led to two different approaches to determining the 
payments. 


The top-down approach starts with determination of an appropriate lump 
sum compensation, and then converts that to an annuity. 

The bottom-up approach starts with a suitable income stream, and then 
converts that to a capital value. 


Because the purpose of the settlement is to restore the IP to their former 
financial position, as far as possible, the bottom-up method seems most 
appropriate. 

In some areas of the USA the IP may transfer their annuity to a specialist 
firm in exchange for a lump sum, under a ‘structured settlement buy-out’. 
After concerns that the buy-out firms were making excessive profits on these 
transactions, the market has become more regulated, with buy-outs in many 
areas prohibited or at least requiring court approval. Structured settlement buy- 
outs are not permitted in Canada, where the structured settlement provider 
must ensure that the payments are going directly to the IP. 


1.10 Pensions 


Many actuaries work in the area of employer-sponsored pension plan design, 
valuation and risk management. Pension plans typically offer employees (also 
called plan members) lump sum and annuity benefits (or a combination 
of these) when the employee retires. Some plans also offer benefits if the 
employee dies while still employed. Pension benefits therefore depend on the 
survival and employment status of the member, and are quite similar in nature 
to life insurance benefits — that is, they involve investment of contributions long 
into the future to pay for future life contingent benefits. In this section we give 
a slightly more detailed description of the different types of pension plan that 
actuaries typically work with. 


1.10.1 Defined Benefit pensions 


Defined Benefit (DB) pension plans provide members with lifetime retirement 
income, with the amount of annual pension determined using a formula that 
depends on the member’s salary and period of service. The pension plan may 
also offer a lump sum retirement benefit, usually a multiple of the annual 
pension. 

The benefits are funded by contributions paid by the employer and (usually) 
the employee over the working lifetime of the employee. The contributions are 
invested, and the accumulated contributions must be enough, on average, to 
pay the pensions when they become due. 
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The annual pension benefit in a defined benefit pension plan, which we 
denote as B, is typically determined from the formula 


B=aSn (1.1) 


where a is the plan accrual rate, typically around 1%-2%; n is the number of 
years of employment within the plan (n does not need to be an integer) and S 
is one of the following measures of the retiree’s pensionable salary, depending 
on the plan type: 


Final Salary Pension Plan: S is the retiree’s average salary over the last 
few years of employment (typically three to five years). This type of plan 
is also sometimes (and more accurately) called a Final Average Salary 
plan. 

Career Average Earnings Pension Plan: S is the average salary earned 
by the retiree over their entire period of employment within the plan. 
Career Average Revalued Earnings Pension Plan: S is the average 
salary earned by the retiree over their entire career, but with all salaries 

adjusted for inflation to values at retirement. 


The interpretation of the benefit formula is that during each year of pension- 
able employment, the employee accrues a S of annual retirement pension. 

DB plans may also offer withdrawal benefits for employees who leave 
before retirement age. A typical benefit would be a pension based on the 
benefit formula above, but with the start date deferred until the employee 
reaches the normal retirement age. Employees who leave to move to a new 
employer may have the option of taking a lump sum with the same value as 
the deferred pension, which can be invested in the pension plan of the new 
employer. 

Some pension plans also offer death in service benefits, for employees 
who die during their period of employment. The benefit might be a lump sum 
payment, where the amount depends on the salary at the time of death, and a 
pension for the employee’s spouse, based again on formula (1.1), but with a 
different accrual rate. 


1.10.2 Defined Contribution 


Defined Contribution (DC) pensions work more like a bank account than 
an insurance or annuity contract. Employees and their employer pay a prede- 
termined contribution (usually a fixed percentage of salary) into a fund, and 
the fund earns interest. When the employee leaves or retires, the proceeds are 
available to them as a lump sum. The employee may use the proceeds to buy 
an annuity. Alternatively, they may live on the funds without purchasing an 
annuity, drawing down some amount each year until the retiree dies, or the 
funds are exhausted. 
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Using the DC funds to purchase a life annuity offers the security of lifetime 
income, but takes away the flexibility provided by having the money readily 
available. If the retiree does not buy an annuity, they run the risk that their 
funds will expire before they do. This is another example of dissipation risk. 


1.11 Typical problems 


We are concerned in this book with developing the mathematical models and 
techniques used by actuaries working in long-term insurance and pensions. 
The primary responsibility of the life or health insurance actuary is to maintain 
the solvency and profitability of the insurer. Premiums must be sufficient to 
pay benefits; the assets held must be sufficient to pay the contingent liabilities; 
bonuses and benefits payable to policyholders should be fair. 

Consider, for example, a whole life insurance contract issued to a life aged 
50. The sum insured may not be paid for 40 years or more. The premiums 
paid over the period will be invested by the insurer to earn significant interest; 
the accumulated premiums must be sufficient to pay the benefits, on average. 
To ensure this, the actuary needs to model the survival probabilities of the 
policyholder, the investment returns likely to be earned and the expenses 
likely to be incurred in maintaining the policy. The actuary may take into 
consideration the probability that the policyholder decides to terminate the 
contract early. The actuary may also consider the profitability requirements for 
the contract. Then, when all of these factors have been modelled, the actuary 
must use the results to set an appropriate premium. 

Subsequently, at regular intervals over the term of the policy, the actuary 
must determine how much money the insurer should hold to ensure that, with 
very high probability, the funds will be sufficient to cover future benefits and 
expenses. This is called the valuation process. For with-profit insurance, the 
actuary must also determine a suitable level of bonus or dividend. 

The problems are rather more complex if the insurance also covers morbid- 
ity (sickness) risk, or involves several lives. All of these topics are covered in 
the following chapters. 

The actuary may also be involved in decisions about how the premiums are 
invested. It is vitally important that the insurer remains solvent, as the contracts 
are very long-term and individual policyholders rely on the insurer for their 
future financial security. The selection and management of investments can 
increase or mitigate the risk of insolvency. 

The pensions actuary working with defined benefit pensions must determine 
contribution rates which will be sufficient to meet the benefits promised, 
allowing for investment proceeds, and using models that allow for the working 
patterns of the employees. Sometimes, the employer may want to change the 
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benefit structure, and the actuary is responsible for assessing the potential cost 
and impact. When one company with a pension plan takes over another, the 
actuary will assist with determining the best way to allocate the assets from the 
two plans, and perhaps how to merge the benefits. On a smaller scale, when a 
pension plan member divorces, an actuary may be involved in assessing a fair 
division of the pension assets. 


1.12 Notes and further reading 


A number of essays describing actuarial practice can be found in Renn (1998). 
This book also provides both historical and more contemporary contexts for 
life contingencies. 

The original papers of Graunt and Halley are available online (and any 
search engine will find them). Anyone interested in the history of probability 
and actuarial science will find these interesting, and remarkably modern. 

Charles et al. (2000) gives more information on the behaviour of recipients 
of compensation under structured settlements. 


1.13 Exercises 


Shorter exercises 
Exercise 1.1 Explain why premiums are payable in advance, so that the first 
premium is due now rather than in one year’s time. 


Exercise 1.2 It is common for insurers to design whole life contracts with 
premiums payable only up to age 80. Why? 


Exercise 1.3 Is term insurance lapse-supported? Justify your answer. 


Exercise 1.4 Explain with reasons which of the following contract types will 
have the highest initial fees for a healthy life entering an independent living 
unit: 


(A) Full life care, 
(B) Modified life care, 
(C) Fee-for-service. 


Longer exercises 
Exercise 1.5 (a) Why do insurers generally require evidence of health from a 
person applying for life insurance but not for an annuity? 
(b) Explain why an insurer might demand more rigorous evidence of a 
prospective policyholder’s health status for a term insurance than for a 
whole life insurance. 
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Exercise 1.6 Lenders offering mortgages to home owners may require the 
borrower to purchase life insurance to cover the outstanding loan on the death 
of the borrower, even though the mortgaged property is the loan collateral. 


(a) Explain why the lender might require term insurance in this circumstance. 

(b) Describe how this term insurance might differ from the standard term 
insurance described in Section 1.3. 

(c) Can you see any problems with lenders demanding term insurance from 
borrowers? 


Exercise 1.7 Describe the difference between a cash bonus and a reversionary 
bonus for participating whole life insurance. What are the advantages and 
disadvantages of each for (a) the insurer and (b) the policyholder? 


Exercise 1.8 A policyholder purchases a participating whole life policy, with 
sum insured $50 000. Profits are distributed through reversionary bonuses. 

Calculate the total sum insured plus bonus in each of the first five years of 
the contract, under each of the following assumptions. 


(a) Simple reversionary bonuses of 5% are declared at the start of each year 
after the first. 

(b) Compound reversionary bonuses of 5% are declared at the start of each 
year after the first. 

(c) Super-compound reversionary bonuses of 5% of the initial sum insured, 
plus 10% of past bonuses, are declared at the start of each year after 
the first. 


Exercise 1.9 Mungo purchases disability income insurance. The benefit is a 
payment of $2000 per month during qualifying periods of disability. The term 
for each period of benefit is five years. The waiting period is one year, and the 
off period is six months. The policy expires after 10 years. 

Determine the amounts and times of benefit payments under the scenario 
described in the following table. Time is measured from the inception of the 
policy, and ‘sick’ indicates that, subject to the waiting period and benefit term 
constraints, Mungo is sufficiently unable to work to qualify for the insurance 
benefits. 


Time interval Time interval 
from inception Sick or Healthy from inception Sick or Healthy 


0.00-1.00 Healthy 3.50-3.75 Healthy 
1.00-1.25 Sick 3.75-8.00 Sick 
1.25-2.00 Healthy 8.00-8.75 Healthy 


2.00-3.50 Sick 8.75-10.00 Sick 
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Exercise 1.10 Andrew is retired. He has no pension, but has capital of 
$500 000. He is considering the following options for using the money: 


(a) Purchase an annuity from an insurance company that will pay a level 
amount for the rest of his life. 

(b) Purchase an annuity from an insurance company that will pay an amount 
that increases with the cost of living for the rest of his life. 

(c) Purchase a 20-year annuity certain. 

(d) Invest the capital and live on the interest income. 

(e) Invest the capital and draw $40 000 per year to live on. 


What are the advantages and disadvantages of each option? 


Answers to selected exercises 


1.4 (A) Full life care 
1.8 The total sum insured and bonus are as follows: 


Year Simple Compound  Super-Compound 


1 50.000 50.000 50.000 
2 52 500 52500 52 500 
3 55 000 55 125 55250 
4 57 500 57881 58275 
5 60 000 60775 61 603 


1.9 Benefit payments are as follows: 


Time from inception Benefit payments 
3.00-3.50 6 months at $2000 per month 
3.75-8.00 51 months at $2000 per month 


9.75—10.00 3 months at $2000 per month 
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Survival models 


2.1 Summary 


In this chapter we represent the future lifetime of an individual as a random 
variable, and show how probabilities of death or survival can be calculated 
under this framework. We then define the force of mortality, which is a 
fundamental quantity in mortality modelling. We introduce some actuarial 
notation, and discuss properties of the distribution of future lifetime. We 
introduce the curtate future lifetime random variable, which represents the 
number of complete years of future life, and is a function of the future 
lifetime random variable. We explain why this function is useful and derive 
its probability distribution. 


2.2 The future lifetime random variable 


In Chapter | we saw that many insurance policies provide a benefit on the 
death of the policyholder. When an insurance company issues such a policy, 
the policyholder’s date of death is unknown, so the insurer does not know 
exactly when the death benefit will be payable. In order to estimate the time at 
which a death benefit is payable, the insurer needs a model of human mortality, 
from which probabilities of death at particular ages can be calculated, and this 
is the topic of this chapter. 

We start with some notation. Let (x) denote a life aged x, where x > 0. 
The death of (x) can occur at any age greater than x, and we model the future 
lifetime of (x) by a continuous random variable which we denote by Ty. This 
means that x + Ty represents the age-at-death random variable for (x). Let Fy 
be the distribution function of Ty, so that 


F(t) = Pr[Ty = t]. 


Then F,(t) represents the probability that (x) does not survive beyond age 
x + t, and we refer to F, as the lifetime distribution from age x. In many 
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life insurance problems we are interested in the probability of survival rather 
than death, and so we define Sy as 


S,@) = 1—F,@ = Pr[Tx > t]. 


Thus, S,(f) represents the probability that (x) survives for at least t years, and 
S, is known as the survival function. 

Given our interpretation of the collection of random variables {Ty}x>0 as 
the future lifetimes of individuals, we need a connection between any pair of 
them. To see this, consider To and Ty for an individual who is now aged x. The 
random variable Tp represented the future lifetime at birth for this individual, 
so that, at birth, the individual’s age at death would have been represented by 
To. This individual could have died before reaching age x — the probability of 
this was Pr[To < x] — but has survived. Now that the individual has survived 
to age x, so that we know that Ty > x, her future lifetime is represented by Ty 
and her age at death is now x + Ty. If she dies within ¢ years from now, then 
Tx < t and Ty < x + t. Loosely speaking, we require the events [Ty < t] and 
[To < x + t] to be equivalent, given that the individual survives to age x. We 
achieve this by making the following assumption for all x > 0 and for all t > 0 


Pr[Ty < t] = Pr[To < x + t|To > x]. (2.1) 


This is an important relationship. 
Now, recall from probability theory that for two events A and B 


Pr[A and B] 
Pr[A|B] = ———_, 
Pr[B] 
so, interpreting [To < x + t] as event A, and [To > x] as event B, we can 
rearrange the right-hand side of (2.1) to give 


PIT. <= Prix < Tp < x+ 4] 
tts $= So sa] 
that is, 
Fy.(t) = Aod a, (2.2) 
Also, using S(t) = 1 — Fy (4), 
s) = Set (23) 


which can be written as 


So + 1) = So) S0). (2.4) 
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This is a very important result. It shows that we can interpret the probability 
of survival from birth to age x + t as the product of 


(1) the probability of survival to age x from birth, and 
(2) the probability, having survived to age x, of further surviving to age x + t. 


Note that S(t) can be thought of as the probability that (0) survives to at least 
age x + t given that (0) survives to age x, so this result can be derived from the 
standard probability relationship 


Pr[A and B] = Pr[A|B] x Pr[B] 
where the events here are A = [Tọ > x + t] and B = [To > x], so that 
Pr[A|B] = Pr[To > x+ t|To > x], 


which we know from equation (2.1) is equal to Pr[T), > t]. 

Similarly, any survival probability for (x), for, say, t + u years can be split 
into the probability of surviving the first t years, and then, given survival to age 
x + t, subsequently surviving another u years. That is, 


So(x+t+u) 
S oa 
x(t + u) S00 
_ So(x + t) Sox +t +u) 
ET a EFA 
S EHO = k Seali. (2.5) 


We have already seen that if we know survival probabilities from birth, then, 
using formula (2.4), we also know survival probabilities for our individual 
from any future age x. Formula (2.5) takes this a stage further. It shows that 
if we know survival probabilities from any age x (> 0), then we also know 
survival probabilities from any future age x + t (> x). 

Any survival function for a lifetime distribution must satisfy the following 
conditions to be valid. 


Condition 1 S,(0) = 1; that is, the probability that a life currently aged x 
survives 0 years is 1. 


Condition 2 jim S(t) = 0; that is, all lives eventually die. 
00 


Condition 3 The survival function must be a non-increasing function of t; that 
is, it cannot be more likely that (x) survives, say 10.5 years than 10 years, 
because in order to survive 10.5 years, (x) must first survive 10 years. 


These conditions are both necessary and sufficient, so that any function Sy 
which satisfies these three conditions as a function of t (> 0), for a fixed 
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x (= 0), defines a lifetime distribution from age x, and, using formula (2.5), 
for all ages greater than x. 

For all the distributions used in this book, we make three additional 
assumptions: 


Assumption 2.1 S,(t) is differentiable for all t > 0. 


Note that together with Condition 3 above, this means that as x(t) < 0 for all 
t>0. 


Assumption 2.2 jim, tS;,() = 0. 
Assumption 2.3 jim Ê S(t) = 0. 
00 


These last two assumptions ensure that the mean and variance of the 
distribution of Ty exist. These are not particularly restrictive constraints — we 
do not need to worry about distributions with infinite mean or variance in the 
context of individuals’ future lifetimes. These three extra assumptions are valid 
for all distributions that are feasible for human lifetime modelling. 


Example 2.1 Let 


1 — (1 — t/120)!/6 for0 < t< 120, 


Fo(t) = 
u for t > 120. 
Calculate the probability that 


(a) a newborn life survives beyond age 30, 
(b) a life aged 30 dies before age 50, and 
(c) a life aged 40 survives beyond age 65. 


Solution 2.1 (a) The required probability is 
So(80) = 1 — Fo(30) = (1 — 30/120)'/° = 0.9532. 


(b) From formula (2.2), the required probability is 
Fo(50) — Fo (30) 


F30(20) = ————__—— = 0.0410. 
30(20) 1- FGO) 
(c) From formula (2.3), the required probability is 
So(65) 
S40(25) = = 0.9395. 
40(25) 540) 


We remark that in the above example, So(120) = 0, which means that under 
this model, survival beyond age 120 is not possible. In this case we refer to 120 
as the limiting age of the model. In general, if there is a limiting age, we use 
the Greek letter w to denote it. In models where there is no limiting age, it is 
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often practical to introduce a limiting age in calculations, at some point where 
the probability of surviving longer is negligible. We will see examples later in 
this chapter. 


2.3 The force of mortality 


The force of mortality is an important and fundamental concept in modelling 
future lifetime. We denote the force of mortality at age x by ux and define it as 


1 
ux= lim —Pr[To < x + dx | To > x]. (2.6) 


dx—>0+ dx 


From equation (2.1) we see that an equivalent way of defining jz, is 


1 
¿= lim —Pr[T, < d 
i eae dx il x], 


which can be written in terms of the survival function S, as 


Ux = lim | — a — S;(dx)). (2.7) 
dx—>0+ 
Note that the force of mortality depends, numerically, on the unit of time; if 
we are measuring time in years, then uy is measured per year. 
The force of mortality is best understood by noting that for very small dx, 
formula (2.6) gives the approximation 


py dx © Pr|To < x + dx | To > x]. (2.8) 


Thus, for very small dx, we can interpret j1,dx as the probability that a life 
who has attained age x dies before attaining age x + dx. For example, suppose 
we have a life aged exactly 50, and that the force of mortality at age 50 is 
0.0044 per year. A small value of dx might be a single day, or 0.00274 years. 
Then the approximate probability that the life dies on his 50th birthday is 
0.0044 x 0.00274 = 1.2 x 1075. 

We can relate the force of mortality at age x to the survival function from 
birth, So. As S,(dx) = Et% | formula (2.7) gives 


~ So) 
1 .  So(x) — So(x + dx) 
i= lim 
So(x) dx—>0+ dx 


1 d 
= Soe) (- 790). 
Thus, 


= Tssa ). (2.9) 
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From standard results in probability theory, we know that the probability 
density function for the random variable Ty, which we denote fy, is related 
to the distribution function Fy and the survival function Sy by 


t= d D= fi (t) 
f T dt x ~~ t x . 


So, it follows from equation (2.9) that 


E fow) 
So) 


X 


We can also relate the force of mortality function at any age x + t, t > 0, 
to the lifetime distribution of Ty. Assume x is fixed and ¢ is variable. Then 
d(x + t) = dt and so 


1 


d 
= em 
itp A 


1 d 
~ oat dt 
= ~— + 4 says.) 

So(x + t) dt 
So(x) d 


E e 


So(x + t) 


Hence 


= 2, (2.10) 


This relationship gives a way of finding x+ given the survival function Sy. 

We can also use equation (2.9) to develop a formula for S(t) in terms of 
the force of mortality function, 1,45, for 0 < s < t. We use the fact that for a 
function h whose derivative exists, and where h(x) > 0 for all x, 


i h(x) = l d nla) 
ae oA dx XxX), 


so, from equation (2.9), we have 


d 
h=- log So (x), 
E 
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and integrating this identity over (0, y) yields 


y 


i ux dx = —(log Soy) — log So(0)). 
0 


As log So(0) = log Pr[To > 0] = log 1 = 0, we obtain 


y 


So(y) = exp - f mas , 


0 
from which it follows that 
x+t t 
Si t 
go- De, - f mar = exp = f ussas J aay 
Sox) J 
p o 


This means that if we know jy for all y > 0, then we can calculate all 


the survival probabilities S(t), for any x and t. In other words, the force of 


mortality function fully describes the lifetime distribution, just as the function 


So does. In fact, it is often more convenient to describe the lifetime distribution 


using the force of mortality function than the survival function. 
Example 2.2 As in Example 2.1, let 

Fo(x) = 1 — (1 — x/120)!/6 
for O < x < 120. Derive an expression for Hy. 


Solution 2.2 As So(x) = (1 — x/120)!/°, it follows that 


d 1 —5/6 1 
go = gl = x/ 120)! (-t). 
and so 


ld j -1 
— sox) = 7p — x/120) = 


Pa s(x) dx = 720 — 6x" 


As an alternative, we could use the relationship 


d afi 1 
==" beeps] -1og(1 — x/120) | = ——" —_— 
Heen Ce = (; ogli =a >) 720(1 — x/120) 


B 1 
~ 720 — 6x` 
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2.3.1 Mortality laws 


We saw in equation (2.11) that the full distribution of Ty can be determined 
if we know the force of mortality jy for all y > x. This has led to 
several important distributions for future lifetime being derived by assuming a 
mathematical function for the force of mortality; historically, these are called 
mortality laws. 

Two of the most useful mortality laws are Gompertz’ law, given by 


Ly =Bc* whereB>0,c>1, 
and Makeham’s law, which is a generalization of Gompertz’ law, given by 
by =A+Bc* whereA, B>0,c> 1. 


The force of mortality under Gompertz’ law increases exponentially with age 
since c > 1; we have B > 0 since the force of mortality must be positive. 

The force of mortality under Makeham’s law adds a constant term which 
was designed to reflect the risk of accidental death. This term has more impact 
at younger ages, when the age-related force of mortality is very small. At older 
ages, the exponential term is the dominant one. These two formulae are very 
similar (and a simple way to remember which is which is that the letter ‘a’ 
appears in both Makeham’s name and his mortality law). 

We will see in the next chapter that the force of mortality for most 
populations is not an increasing function of age over the entire age range. 
Nevertheless, both models often provide a good fit to mortality data over 
certain age ranges, particularly from middle age to early old age. 


Example 2.3 Derive expressions for S,(t) for (a) Gompertz’ law, and (b) 
Makeham’s law. 


Solution 2.3 (a) For Gompertz’ law, using equation (2.11), we have 
x+t 
S,(t) = exp 4 — / Bc dr 


Writing c” as exp{r log c}, 


x+t xt 
frea = B fexpiriog c}dr 
x x 
B x+t 
= — exp{r logc} 
logc p 
= B eo _ c") i 


~ loge 
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giving 
— 
S,(t) = exp “Tena” (c —1)}. 


(b) Similarly to (a), we have 


Ipi X+t 


| (A + Bc')dr = At + B| exp{r log c} dr 

x x 
= Át Xt+t x 
T logc (c es 
giving 
B Xt 
Sx(t) = exp į —At c(c —1)f. (2.12) 

logc 


We remark that this is often written as 


m 
SC) = sigh, 


where s = e~4 and g = exp{—B/ log c}. 


One of the earliest mortality laws proposed was De Moivre’s law which 
states that ux = 1/(@ — x) for O < x < œ. This is a very unrealistic 
model, and therefore impractical for human populations. Under De Moivre’s 
law, Ty is uniformly distributed on the interval (0, w—x), which means that the 
probability that a life currently aged x dies between ages x + t and x + t + dt is 
the same for all t > 0, as long as x + t < o. 

The generalized De Moivre’s law states that yy = a/(w — x) for some 
a > 0, and for 0 < x < œ. We have already met an example of this mortality 
law in Example 2.2 where œ = 120 anda = 1/6. Again, it does not in 
any way represent human mortality, and so is not useful in practice. Under 
the generalized De Moivre’s law, Tẹ has a beta distribution on (0,@ — x) for 
O<x<o. 

Another simple mortality law that is very unrealistic for modelling human 
mortality is the constant force of mortality assumption which states yy = u 
for all x > 0. Under this model, Ty has an exponential distribution. (See 
Exercise 2.7.) 

Although the De Moivre and constant force models are not useful for overall 
mortality for humans, they may be used in other contexts, such as modelling 
the failure time of machine components. In addition, in Chapter 3, we use these 
models in a limited sense, to model mortality between integer ages. 
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Example 2.4 Calculate the survival function and probability density function 
for Tx using Gompertz’ law of mortality, with B = 0.0003 and c = 1.07, for 
x = 20,x = 50 and x = 80. Plot the results and comment on the features of 
the graphs. 


Solution 2.4 For x = 20, the force of mortality is u20}, = Bc?°+' and the 
survival function is 


B 
Soo(t) = exp [|--Z ae — D] ! 


The probability density function is found from (2.10): 


PERS foo) 
S20 (t) 
=> foo(t) = 12044 S20(t) = Bc?! exp {=o = D] ; 
logc 


Figure 2.1 shows the survival functions for ages 20, 50 and 80, and Figure 2.2 
shows the corresponding probability density functions. These figures illustrate 
some general points about lifetime distributions. 

First, we see an effective limiting age, even though, in principle there is no 
age at which the survival probability is exactly zero. Looking at Figure 2.1, we 
see that although S,(t) > 0 for all combinations of x and ¢, survival beyond age 
120 is very unlikely. 


Survival probability 


0 10 20 30 40 50 60 70 80 90 100 
Time, t 


Figure 2.1 S;(f) for x = 20 (bold), 50 (solid) and 80 (dotted). 
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SD 


Time, t 


Figure 2.2 f,(t) for x = 20 (bold), 50 (solid) and 80 (dotted). 


Second, we note that the survival functions are ordered according to age, 
with the probability of survival for any given value of ¢ being highest for age 
20 and lowest for age 80. For survival functions that give a more realistic 
representation of human mortality, this ordering can be violated, but it usually 
holds at ages of interest to insurers. An example of the violation of this ordering 
is that So(1) may be smaller than $,(1) for x > 1, as a result of perinatal 
mortality. 

Looking at Figure 2.2, we see that the densities for ages 20 and 50 have 
similar shapes, but the density for age 80 has a quite different shape. For ages 
20 and 50, the densities have their respective maximums at (approximately) 
t = 60 and tf = 30, indicating that death is most likely to occur around 
age 80. The decreasing form of the density for age 80 also indicates that death 
is more likely to occur at age 80 than at any other age for a life now aged 
80. A further point to note about these density functions is that although each 
density function is defined on (0,00), the spread of values of f(t) is much 
greater for x = 20 than for x = 50, which, as we will see in Table 2.1, results 
in a greater variance of future lifetime for x = 20 than for x = 50. 


2.4 Actuarial notation 
The notation used in the previous sections, S,(f), F(t) and f(t), is standard 
in statistics. Actuarial science has developed its own notation, International 
Actuarial Notation, that encapsulates the probabilities and functions of 
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greatest interest and usefulness to actuaries. The force of mortality notation, 
Hx, comes from International Actuarial Notation. We summarize the relevant 
actuarial notation in this section, and rewrite the important results developed 
so far in this chapter in terms of actuarial functions. 

The actuarial notation for survival and mortality probabilities is 


iPx = Pr[Ty > t] = Sx, (2.13) 
19x = Pr[T, < t] = 1-S.0 = F.C, (2.14) 
ult9x = Prlu < Ty < u + t] = Sx(u) — Sy(u+ t). (2.15) 


That is 


tPy is the probability that (x) survives to at least age x + t, 

tqx is the probability that (x) dies before age x + t, 

ult% is the probability that (x) survives u years, and then dies in the 
subsequent f years, that is, between ages x + u and x +u +t. 


We may drop the subscript t if its value is 1, so that py represents the probability 
that (x) survives to at least age x + 1. Similarly, qx is the probability that (x) 
dies before age x + 1. In actuarial terminology qx is called the mortality rate 
at age x. We call ,,|;¢, a deferred mortality probability, because it is the 
probability that death occurs in the interval of t years, following a deferred 
period of u years. 

The relationships below follow immediately from the definitions above and 
the previous results in this chapter: 


tPx + 19x = 1. 
ultQx = uPx T u+tPx> 
t+uPx = tPxuPx+t (from (2.5)), (2.16) 
l d 
Ux = —— — po (from (2.9)). (2.17) 
xPo dx 
Similarly, 
l d d 
Ux+t = Px dt tPx => dt tPx = —tPx Mx+t> (2.18) 
hO 
Ux+ = => f(t) = Px Ux+t (from (2.10)), (2.19) 
S(t) 
t 
p=apl -= / jx+sds$ (from (2.11). (2.20) 


0 
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As F; is a distribution function and fy is its density function, it follows that 


t 
F(t) = | Rds 
0 


which can be written in actuarial notation as 
t 


tGx = J sPx Hx+s ds. (2.21) 
0 


This is an important formula, which can be interpreted as follows. Consider 
time s, where 0 < s < t. The probability that (x) is alive at time s is spx, 
and the probability that (x) dies between ages x + s and x + s + ds, having 
survived to age x + s, is (loosely) ux+sds, provided that ds is very small. Thus 
sPx Ux+sds can be interpreted as the probability that (x) dies between ages 
x + s and x + s + ds. Now, we can sum over all the possible death intervals 
s to s + ds — which requires integrating because these are infinitesimal 
intervals — to obtain the probability of death before age x + f. 

We illustrate this event sequence using the time-line diagram shown in 
Figure 2.3. 

This type of interpretation is important as it can be applied to more compli- 
cated situations, and we will employ the time-line again in later chapters. 

In the special case when t = 1, formula (2.21) becomes 


1 
g= fo Hx+s ds. 
0 


When qx is small, it follows that p, is close to 1, and hence spx is close to | for 
0< s< 1. Thus 


qx ~ J Ux+s ds © Ux+1/2> 
0 


Time 0 sS s+ds t 
Age x x+s  x+s+ds x+t 
Event (x) survives s years (x) 

Ke A dies J) 
Probability sPx Ux+sds 


Figure 2.3 Time-line diagram for tqx 
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where the second relationship follows by the mid-point rule for numerical 
integration. 


Example 2.5 As in Example 2.1, let 
Fo(x) = 1 — (1 — x/120)!/6 


for 0 < x < 120. Calculate both qx and f4x41/2 for x = 20 and for x = 110, 
and comment on these values. 


Solution 2.5 We have 
o weI | i 1 1/6 
pem Balay 120 —x 


giving q20 = 0.00167 and q110 =0.01741, and from the solution to Exam- 
ple 2.2, Hao} = 0.00168 and Hiio} = 0.01754. We see that 4x+1/2 is a good 


` 


approximation to qy when the mortality rate is small, but is not such a good 
approximation, at least in absolute terms, when the mortality rate is not 
close to 0. 


2.5 Mean and standard deviation of Ty 


Next, we consider the expected future lifetime of (x), E[Tx], denoted in 
actuarial notation by ex. We call this the complete expectation of life. We 
note from formulae (2.18) and (2.19) that 


d 
AO = Px Uxt = =m tPx- (2.22) 


From the definition of an expected value, we have 


(oe) 


è= fikoa 


0 
oo 

= ft, Hx+r dt. 
0 


We now use (2.22) to evaluate this integral, using integration by parts as 


oe) 

o d 

& = J f ($ vs) dt 
(0) 
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Now recall that in Section 2.2, we stated (in Assumption 2.2) that we will 
assume throughout that jim t ;px = 0, which means that 
00 


[0,0] 


ex = i „Px dt. (2.23) 


0 


Similarly, for E[T?], we have 


(oe) 


E[T?] = f P ipx Uxt dt 
0 
[0.6] 
=— f ETAT? 
E ae 
0 
[0] 
CO 
i J tPx 2t dt 
0 


tipxdt. (2.24) 


2 
t tPx 


2 


| 


So we have integral expressions for E[T,] and Bi. For some lifetime 
distributions (though not the useful ones) we are able to integrate directly. In 
other cases we have to use numerical integration techniques to evaluate the 
integrals in (2.23) and (2.24). The variance of Ty can then be calculated as 


VITJ]=E [7] = OE 
Example 2.6 As in Example 2.1, let 
Fo(x) = 1 — (1 — x/120)!/6 
for 0 < x < 120. Calculate ex and V[T7,.] for (a) x = 30 and (b) x = 80. 


Solution 2.6 As So(x) = (1 — x/120)!/9, we have 
e+) t 1/6 
P=- Sot) 20—-x) ` 


Now recall that this formula is valid for 0 < t < 120 — x, because, under this 
model, survival beyond age 120 is impossible. Technically, we have 


, \L6 
palem) forx+rs 120, 
0 for x+ t > 120. 
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So the upper limit of integration in equation (2.23) is 120—x, and 


120—x 


5 t 1/6 
2 J ( 120 —) i 
0 


We make the substitution y = 1 — t/(120 — x), so that t = (120 — x)(1 — y), 
giving 


& 
= 
ll 


1 
(120-2) f yay 
0 


$(120 — x). 


So e30 = 77.143 and ego = 34.286. We note that under this model the 
expectation of life at any age x is 6/7 of the time to age 120. 
For the variance we require E[T?]. Using equation (2.24) we have 


120—x 120—x 


‘ 1/6 
=x 
0 0 


Again, we substitute y = 1 — t/(120 — x) giving 


1 
E [7] = 2(120 — » f O16 — y7/%) dy 
0 


= rf 08 
= 2(120 — x) (i £). 


Then 


o 


2 
VT] = E[T?] — (ex) = (120 — x)? (26/7 — 6/13) — 6/7”) 
= (120 — x)? (0.056515) = ((120 — x) (0.23773))*. 
So V[T30] = 21.3962 and V[Tgo] = 9.5097. 
Since we know under this model that all lives will die before age 120, it 


makes sense that the uncertainty in the future lifetime should be greater for 
younger lives than for older lives. 


A feature of the model used in Example 2.6 is that we can obtain analytic 
formulae for quantities of interest such as 2x, but for many models this is not 
possible. For example, when we model mortality using Gompertz’ law, there is 
no explicit formula for ex and we must use numerical integration to calculate 
moments of Ty. In Appendix B we describe in detail how to do this. 
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Table 2.1 Values of ex, SD[T,] and expected age at death 
for the Gompertz model with B = 0.0003 and c = 1.07. 


x ex SD[Tx] x+ex 
0 71.938 18.074 71.938 
10 62.223 17.579 72.223 
20 52.703 16.857 72.703 
30 43.492 15.841 73.492 
40 34.752 14.477 74.752 
50 26.691 12.746 76.691 
60 19.550 10.693 79.550 
70 13.555 8.449 83.555 
80 8.848 6.224 88.848 
90 5.433 4.246 95.433 
100 3.152 2.682 103.152 


Table 2.1 shows values of ex and the standard deviation of Ty (denoted 
SD[T,]) for a range of values of x using Gompertz’ law, ux = Bc*, where 
B = 0.0003 and c = 1.07. For this survival model, 130p0 = 1.9 x 10713, so 
that using 130 as the maximum attainable age in our numerical integration is 
accurate enough for practical purposes. 

We see that ex is a decreasing function of x, as it was in Example 2.6, but in 
that example ex was a linear function of x, which is not the case here. 

We are sometimes interested in the future lifetime random variable subject 
to a cap of n years, which is represented by the random variable min (T,, n). 
For example, suppose that (x) is entitled to a benefit payable continuously for a 
maximum of n years, conditional on survival. Then min(Ty, n) would represent 
the payment period for the benefit. We derive the mean and variance of this 
random variable, using a similar approach to the derivation of the mean and 
variance of Ty. The expected value of min (Tx, n) is called the term expectation 
of life, is denoted era and is found as 


n [e6] 


E[min(Ty, n)] = eva = fins Ux+ dt + f N Px HUx+t dt 
0 n 


n 
d 
aji (-2 p) dt + nnpx 
0 


n 


t Pro _ I tPx dt | + n nPx 
0 


n 


ie) 
=> Cn) = fos dt. 
0 


2.6 Curtate future lifetime 51 


The 7 notation is used to denote a period n-years (just as in annuity-certain 
notation), and is used extensively in later chapters. 


2.6 Curtate future lifetime 
2.6.1 Ky and ex 


In many insurance applications we are interested not only in the future lifetime 
of an individual, but also in what is known as the individual’s curtate future 
lifetime. The curtate future lifetime random variable is defined as the integer 
part of future lifetime, and is denoted by K, for a life aged x. If we let | | 
denote the floor function, we have 


Ky = [Ty]. 


We can think of the curtate future lifetime K, as the number of complete years 
lived in the future by (x). As an illustration of the importance of curtate future 
lifetime, consider the situation where a life aged x at time 0 is entitled to 
payments of 1 at times 1,2,3,... provided that (x) is alive at these times. Then 
the number of payments made equals the number of complete years lived after 
time 0 by (x). This is the curtate future lifetime. 

For k = 0,1,2,..., we note that Ky = k if and only if (x) dies between the 
ages of x + k and x + k + 1. Thus 


Pr[K, = k] = Pr[k < Ty < k+ 1] 
= kldx 
= kPx — k+1Px 
= kPx — kPx Px+k 
= kPx Yx+k- 


The expected value of Ky is denoted by ex, and is referred to as the curtate 
expectation of life (even though it represents the expected curtate lifetime). So 


E[Ky] = ex = 5 k Pr[Ky = k] 
k=0 


OO 
= È k (pr tipa) 
k=0 


= (1Px — 2Px) + 2(2Px — 3Px) + 3GPx — 4Px) +++: 


[0,6] 
IS (2.25) 
k=1 


Note that the lower limit of summation is k = 1. 
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Similarly, 
0O 
EIK] = $ (apy — tripa) 
k=0 


= (1px — 2Px) + 4(opx — 3Px) + 9GPx — 4px) + 16(4Px — 5px) +--+ 


o0 fore) 
=29 kiz- D> wx 
k=1 k=1 
o0 
= 2S kips ex 
k=1 


As with the complete expectation of life, there are few lifetime distributions 
that allow E[K,.] and E[K?] to be calculated analytically. For more realistic 
models, such as Gompertz or Makeham, we can calculate the values easily 
using Excel or other suitable software, and by setting an effective limiting age, 
as we did for Table 2.1. 

Analogous to the random variable min(T,,n) we have the random variable 
min(K,,”). For example, if a life aged x is entitled to payments of 1 at times 
1,2,3,...,, where n is an integer, then min(K,, n) represents the number of 
payments made. An important difference between these two random variables 
is that min(7;, 7) is a mixed random variable (with a density over (0,7) and 
a mass of probability at n), whereas min(K,, 7) is a discrete random variable 
since Kx is a discrete random variable. The expected value of min(K,, 7) is 
denoted e,.7, and when n is an integer is given by 


n 
Cxm = > kPx- 
k=1 


The proof of this result is set as Exercise 2.5. 


2.6.2 Comparing ex and ex 


As the curtate future lifetime is the integer part of future lifetime, it is natural 
to ask if there is a simple relationship between ex and ey. We can obtain an 
approximate relationship by writing 


o0 so ttl 
ex = fra 5 foa 
0 j=0 f 


If we approximate each integral using the trapezium rule for numerical 
integration (see Appendix B), we obtain 
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Table 2.2 Values of ex and ex for Gompertz’ law with 
B = 0.0003 and c = 1.07. 


X ex ex 
0 71.438 71.938 
10 61.723 62.223 
20 52.203 52.703 
30 42.992 43.492 
40 34.252 34.752 
50 26.192 26.691 
60 19.052 19.550 
70 13.058 13.555 
80 8.354 8.848 
90 4.944 5.433 
100 2.673 3,152 

j+1 


fo dt X 5 (iPx + j41Px) > 
J 


and hence 


JPx: 


Me 


[0,6] 
ex% D5 (Pr + j+1Px) = 3 + 
j=0 j 


1 


Thus, we have an approximation that is frequently applied in practice, namely 
eeth. (2.26) 


In Chapter 5 we will meet a refined version of this approximation. Table 2.2 
shows values of ex and e, for a range of values of x when the survival model is 
Gompertz’ law, with B = 0.0003 and c = 1.07. Values of ey were calculated 
by applying formula (2.25) with a limiting age of 130, and values of ey are as 
in Table 2.1. Table 2.2 illustrates that in this particular case, formula (2.26) is 
a very good approximation for younger ages, but is less accurate at very old 
ages. This observation is true for most realistic survival models. 


2.7 Notes and further reading 


In recent times, the Gompertz—Makeham approach has been generalized 
further to give the GM(r, s) (Gompertz—Makeham) formula, 


bx = hh (x) + expt}, 
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where hl and h? are polynomials in x of degree r and s respectively. 
A discussion of this formula can be found in Forfar et al. (1988). Both 
Gompertz’ law and Makeham’s law are special cases of the GM formula. A 
more comprehensive list of mortality laws is given in Macdonald et al. (2018). 

In Section 2.3, we noted the importance of the force of mortality. A further 
significant point is that when mortality data are analysed, the force of mortality 
is a natural quantity to estimate, whereas the lifetime distribution is not. 
This is discussed more in Chapter 18, and in more specialized texts, such as 
Macdonald et al. (2018). 

For more general distributions, the quantity fo (x) /So(x), which actuaries call 
the force of mortality at age x, is known as the hazard rate in survival analysis 
and the failure rate in reliability theory. 


2.8 Exercises 


Shorter exercises 
Exercise 2.1 You are given that 


px = 0.99, px+1 = 0.985,  3px41 = 0.95, and qx+3 = 0.02. 


Calculate (a) px+3, (b) 2px, (C) 2Px41, (d) 3px, (©) 1124x- 


Exercise 2.2 Show that ey = px(1 + ex+1), and hence calculate 3p¢69 from the 
following table. 


x ex 
60 15.96 
6l 15.27 
62 14.60 


63 13.94 


Exercise 2.3 Suppose that Gompertz’ law applies with B = 0.00013 and 
c = 1.03. Calculate (a) 10p40 and (b) 4 tp40 at t = 10. 


Exercise 2.4 Let 4.4; = 0.002 + 0.001t for 0 < t < 1. Calculate qx. 


Exercise 2.5 Show that for integer n, 


n 
Cn = >» kPx- 
k=1 
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Longer exercises 
Exercise 2.6 The function 


18 000 — 110x — x? 
18 000 


has been proposed as the survival function So(x) for a mortality model. 


G(x) = 


(a) What is the implied limiting age w? 

(b) Verify that the function G satisfies the criteria for a survival function. 
(c) Calculate 29p0. 

(d) Determine the survival function for a life aged 20. 

(e) Calculate 19] 10920. 

(f) Calculate p50. 


Exercise 2.7 Let Fo(t) = 1 — e~*’, where à > 0. 


(a) Show that S,(t) = e™. 

(b) Show that uy = À. 

(c) Show that ey = (e — 1)7!. 

(d) What conclusions do you draw about using this lifetime distribution to 
model human mortality? 


. $ Z 2, 
Exercise 2.8 You are given that So(x) = e~ °°! for x > 0. 


(a) Derive a formula for fo(x). 
(b) Derive a formula for uy. 
(c) Calculate 5|15q65. 


Exercise 2.9 Show that 


d 
ae Px = tPx (Mx — Hx+t)- 


Exercise 2.10 You are given that mortality follows Makeham’s law, and that 
10P50 = 0.974054, 10P60 = 0.935938 and 10P70 = 0.839838. Calculate c. 


Exercise 2.11 (a) Show that ey < e41 + 1. 
(b) Show that e, > ey. 
(c) Explain (in words) why ey X ex + 5 


ie} . . . 
(d) Is e, always a non-increasing function of x? 


Exercise 2.12 (a) Show that 


o 


i o0 
ex = E 


(b) Hence, or otherwise, prove that Ler = [x ey — 1. 
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x a 
d d 
Hint: — fso dt ¢ = g(x). What about — fso dt}? 
dx dx 
a X 
(c) Deduce that x + ex is an increasing function of x, and explain this result 
intuitively. 


Exercise 2.13 Let the random variable T denote the time lived by a life (x) 
after the age of x + n. 


(a) Write down the distribution function of T in terms of the lifetime distribu- 
tion function Fy. 

(b) Use your answer to part (a) to write down an integral expression for E[T] 
in terms of the probability density function of Ty, and then simplify this 
expression as far as possible. 


Exercise 2.14 (a) Show that under De Moivre’s law (i.e. yx = 1/(w—x)), Ty 
is uniformly distributed on (0, w — x). 

(b) Calculate the difference between ey and ex, assuming that the future 
lifetime of (x) follows De Moivre’s law and that both x and w are integers. 


Exercise 2.15 A new machine component is assumed to fail at time T, where 
the force of failure is 


Lt for 0<t< 10. 


~ 4(10 — 2) 


(a) Derive the density function, f(t), and the survival function, S(t), for this 
distribution. 
(b) Calculate the mean and standard deviation of the time to failure. 


Excel-based exercises 


1 C C 
Exercise 2.16 Let So(x) = exp Axe -Bx + D* , where 
2 log D log D 


A, B,C and D are all positive. 


(a) Show that the function Sọ is a survival function. 
(b) Derive a formula for S(t). 

(c) Derive a formula for ux. 

(d) Now suppose that 


A = 0.00005, B= 0.0000005, C = 0.0003, D = 1.07. 


(i) Calculate 29| 10930. 
(ii) Calculate e70. 
(iii) Calculate e70 using numerical integration. 
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Exercise 2.17 (a) Construct a table of px for Makeham’s law with parameters 
A = 0.0001, B = 0.00035 and c = 1.075, for integer x from age 0 to age 
130, using Excel. You should set the parameters so that they can be easily 
changed, and you should keep the table, as many exercises and examples 
in future chapters will use Makeham’s law. 

(b) Use the table to determine the age last birthday at which a life currently 
aged 70 is most likely to die. 

(c) Use the table to calculate e70. 

(d) Using a numerical approach, calculate e70. 


Exercise 2.18 A life insurer assumes that the force of mortality of smokers at 
all ages is twice the force of mortality of non-smokers. 


(a) Show that, if * represents smokers’ mortality, and the ‘unstarred’ function 
represents non-smokers’ mortality, then 


pt = GPx . 


(b) Calculate the difference between the life expectancy of smokers and 
non-smokers aged 50, assuming that non-smokers’ mortality follows 
Gompertz’ law, with B = 0.0005 and c = 1.07. 

(c) Calculate the variance of the future lifetime for a non-smoker aged 50 and 
for a smoker aged 50 under Gompertz’ law. 


Hint: You will need to use numerical integration for parts (b) and (c). 


Answers to selected exercises 


2.1 (a) 0.98 (b) 0.97515 (c) 0.96939 (d) 0.95969 (e) 0.03031 
2.2 0.93834 

2.3 (a) 0.995078 (b) —0.000567 

2.4 0.00250 

2.6 (a)90 (c) 0.8556 (d) 1 — 3x/308 — x*/15400 (e) 0.1169 (f) 0.021 
2.8 (c) 0.45937 

2.10 1.105 

2.15 (b) The mean is 8 and the standard deviation is 23 

2.16 (d) (i) 0.1082 (ii) 13.046 (iii) 13.544 

2.17 (b) 73 (c) 9.339 (d) 9.834 

2.18 (b) 6.432 (c) 125.89 (non-smokers), 80.11 (smokers) 
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Life tables and selection 


3.1 Summary 


In this chapter we define a life table. For a life table tabulated at integer ages 
only, we show, using fractional age assumptions, how to calculate survival 
probabilities for all ages and durations. 

We discuss some features of national life tables from Australia, England & 
Wales and the United States. 

We then consider life tables appropriate to individuals who have purchased 
particular types of life insurance policy and discuss why the survival proba- 
bilities differ from those in the corresponding national life table. We consider 
the effect of ‘selection’ of lives for insurance policies, for example through 
medical underwriting. We define a select survival model and we derive some 
formulae for such a model. 

We consider heterogeneity in populations, exploring how combining lives 
with different underlying mortality impacts the mortality experience of the 
group as a whole. 

Finally, we present some methods for constructing survival models which 
allow for trends in underlying population mortality rates. 


3.2 Life tables 


Given a survival model, with survival probabilities ;p,, we construct the life 
table for the model, from some initial age x, to a maximum or limiting age 
œ, using a function {l4}, X% < x < œ, where ly, is an arbitrary positive number 
(called the radix of the table) and, for 0 < t < w—~%, 


lytt = by, Px: 


58 
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From this definition we see that, for x% <x<x+t<a, 
lett = Ly x+t-%P% 
= l% xx Px tPx 
= lx 1Px> 


so that 


tPx = bL+t/lx- (3.1) 


For any x > x, we can interpret /,,, as the expected number of survivors at 
age x + t from ly independent lives aged x. This interpretation is more natural 
if J, is an integer, in which case the number of survivors to age x + t, denoted 
by Ly, is a binomial random variable, with parameters ly and ;p,. That is, 
suppose we have l, independent lives aged x, and each life has a probability 
tPx Of surviving to age x + t. Then the number of survivors to age x + t is a 
binomial random variable, Lys ~ B(lx, (Px). The expected value of the number 
of survivors is E[L,.;], which is 


E[Ly 1] = I, tPx = Lett. 


We always use the life table in the form /,,/1, which is why the radix of the 
table is arbitrary — it would make no difference to the survival model if all the 
lų values were multiplied by 100, for example. 

From (3.1), if we only have the l, values, we can use them to calculate 
survival and mortality probabilities. For example, 


Br  bo- bi 


go = 1 - — (3.2) 
139 l30 
and 
I55 lg5 ls5 — lg5 
15130940 = 15P40 30455 = (: ) = : (3.3) 
lao I55 lao 


In principle, a life table may be defined for all x from the initial age, x, to the 
limiting age, œ. In practice, it is very common for a life table to be presented, 
and in some cases even defined, at integer ages only. In this form, the life 
table is a useful way of summarizing a lifetime distribution since, with a single 
column of numbers, it allows us to calculate probabilities of surviving or dying 
over integer numbers of years starting from an integer age. 

In some cases, a life table tabulated at integer ages also shows values of dy, 
where 


dx = ly = lx+1, (3.4) 
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Table 3.1 Extract from a life table. 


x le dy 

30 10 000.00 34.78 
31 9965.22 38.10 
32 9927.12 41.76 
33 9 885.35 45.81 
34 9 839.55 50.26 
35 9 789.29 55.17 
36 9 734.12 60.56 
37 9 673.56 66.49 
38 9 607.07 72.99 
39 9 534.08 80.11 


as these are used to compute qy. From (3.4) we have 


bet 
dy = Ly (: = tt) _ LC — px) = lx qx. 


x 


We can also arrive at this relationship if we consider the random variable Dy, 
representing the number of deaths between ages x and x + 1, from ly lives 
aged x. This is a binomial random variable — that is Dy ~ B(lx, qx). Then 
dy = E[D,] is the expected number of deaths in the year of age from x to 
x+ 1, from a group of ly lives aged exactly x, and 


dy = Ix dx - (3.5) 


Example 3.1 Table 3.1 gives an extract from a life table. Calculate 


(a) l4o, (b) 10p30, (c)q35s, (d) sq30,_— (©) 5 | q30- 
Solution 3.1 (a) From equation (3.4), lag = 139 — d39 = 9453.97. 


(b) From equation (3.1), 19p30 = — = ae = = 0.94540. 


(c) From equation (3.5), q35 = = = eee = 0.00564. 


(d) Following equation (3.2), 5430 = hos = = 0.02107. 


(e) Following equation (3.3), 5| 430 = =n — a = = 0.00552. 


l30 


3.3 Fractional age assumptions 


A life table {lx}x>x provides exactly the same information as the corresponding 
survival distribution, S,,. However, we commonly use the term ‘life table’ to 
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mean the l, function tabulated at integer ages only. This does not contain all 
the information in the corresponding survival model, as it is not sufficient for 
calculating probabilities involving non-integer ages or durations. For example, 
the life table gives us 1p39 = l31/l30, but not 1p30.5 (non-integer age) or 
0.75P30 (non-integer duration), or 0.75p30.5 (non-integer age and duration). So, 
if we only have values of ly at integer ages from the life table, we need an 
additional assumption, or some further information, to calculate probabilities 
involving non-integer ages and durations. Specifically, we need to make 
some assumption about the distribution of the future lifetime random variable 
between integer ages. 

We use the term fractional age assumption to describe such an assumption. 
It may be specified in terms of the force of mortality function or the survival 
or mortality probabilities. 

In this section we assume that a life table is specified at integer ages only 
and we describe the two most useful fractional age assumptions. 


3.3.1 Uniform distribution of deaths 


The uniform distribution of deaths (UDD) assumption is the most common 
fractional age assumption. It can be formulated in two different, but equivalent, 
ways as follows. 


UDD1 For integer x, and for 0 < s < 1, assume that 


s4x = Sqx - (3.6) 


That is, for any integer x, the mortality probability over s < | years is 
s times the one-year mortality probability. 

UDD2 For a life (x), where x is an integer, with future lifetime random 
variable, Tą, and curtate future lifetime random variable, K,, define a 
new random variable Ry to represent the fractional part of the future 
lifetime of (x) lived in the year of death, so that Ty = Ky + Ry. 
We assume 


R, ~ U(O, 1), independent of Ky. 


So this assumption states that R, has a uniform distribution on (0,1), 
regardless of the distribution of Ky. Recall that if X ~ U(O, 1), then 
Pr(X < u) = u for 0 < u < 1 (see Appendix A). 


The equivalence of these two assumptions is demonstrated as follows. First, 
assume that UDD1 is true. Then for integer x, and for 0 < s < 1, 
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CO 
Pr[R; < s] = 5 Pr[Ry < s and K, = k] 
k=0 
foe) 
=) Prk < Tr <k +5] 
k=0 


o0 
= > kPx sOx+k 
k=0 


CO 
> kPxS (Gx+k) using UDD1 
k=0 


o0 
=S8 > kPx Gx+k 


=s} Pk, = k] 


This proves that Ry ~ U(0,1). To prove the independence of R, and Ky, 
note that 


Pr[R, < s and Ky = k] = Pr[k < T< k+ s] 


= kPx sQx+k 


= SkPx qx+k 
= Pr[Ry < s] Pr[K, = k] 
since Ry ~ U(0, 1). This proves that UDD1 implies UDD2. 


To prove the reverse implication, assume that UDD2 is true. Then for 
integer x, and for 0 < s < 1, 


sx = Pr[Ty < s] 
= Pr[K, = 0 and R, < s] 
= Pr[R, < s] Pr[K, = 0] 
as Ky and Rx are assumed independent. Thus, 
sOx = S qx- (3.7) 


The UDD2 derivation of the result explains why this assumption is called 
the Uniform Distribution of Deaths, but in practical applications of this 
assumption, formulation UDD1 is the more useful of the two. 
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An immediate consequence is that 


lus =h—sd O<s<l. (3.8) 
This follows because for 0 < s < 1 
ly = lets 
a=->3. 
lx 
and substituting s qx = sd,/l, for sqxy, we have 
5 dx — ly = Lyrs 
a a7 ; 


Hence 
bts = ly — s dx fr0<s< l1. 


Thus, UDD implies that /,4; is a linearly decreasing function of s between 
integer ages. In practice this can be very useful, as it allows us to use linear 
interpolation to calculate survival probabilities for non-integer terms, provided 
the starting age is an integer. Thus, if t and x are both integers, and 0 < s < 1, 
then under UDD 


Lettts 
ttsPx = —— 
lx 
_ Lt — S dx+t 
lx 
= Lege — S (lst — Let) 
= i 
_ =) h E Shee 1 (3.9) 
ly 
= t+sPx = (1 — 5) X Px +8 X Px- (3.10) 


Note that both (3.9) and (3.10) are linear interpolations. 
Differentiating equation (3.6) with respect to s, we obtain 
d d 
ds tT dst I” O<s<l. 
We also know that 
= sqx = sPx Hx+s, 8 > 0, 
ds 
because the left-hand side is the derivative of the distribution function for Ty, 
which is equal to the density function on the right-hand side. So, between 
integer ages, the density function is constant, and more specifically, 


sPx Mx+s = qx forO<s <1. (3.11) 
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Since qx is constant with respect to s, and spx is a decreasing function 
of s, we can see that ux+s is an increasing function of s, which is appropriate 
for ages of interest to insurers. However, if we apply the approximation over 
successive ages, we obtain a discontinuous function for the force of mortality, 
with discontinuities occurring at integer ages, as we illustrate in Example 3.4. 
Although this is undesirable, it is not a serious drawback in practice. 


Example 3.2 Given that p4ọ = 0.999473, calculate 0.4q40.2 under the assump- 
tion of a uniform distribution of deaths. 


Solution 3.2 It is important to remember that the UDD result, that 5g, = S qx, 
requires x to be in integer and requires 0 < s < 1. So the first step in applying 
UDD to this problem is to restate the required probability in terms that involve 
survival probabilities from age 40 as 


0.6P40 _ 1 — 0.6940 
0.2P40 1 — 0.2440 ` 


0.4q40.2 = 1— 0.4p40.2 = 1 


Now we can apply UDD to the numerator and denominator giving 


1— 0.6q40 


~ = 0.000211. 
1 — 0.2q40 


0.4940.2 = 1 — 


Example 3.3 Use the life table extract in Table 3.1, with the UDD assumption, 
calculate (a) 1.7433 and (b) 1.7q33.5. 


Solution 3.3 (a) Because the starting age is an integer, we can use the linear 


interpolation approach from equation (3.9), with x = 33,t = 1, and 
s = 0.7, giving 
0.31 0.71 
1.7933 = l — 1.7p33 = 1 "t 3 = 1 — 0.991808 
33 
= 0.008192. 


(b) To calculate 1.7q33.5, we first need to express it in terms of survival 
probabilities from age 33, as 
2.2P33 1 0.8/35 + 0.2136 


1.79335 = 1 —1.7p33.5 = 1 = 
a j 0.5P33 0.5133 + 0.5134 


= 0.008537. 


Alternatively, using (3.8), 


135.2 135 — 0.2d35 
153.5 l33 — 0.5d33 


1.79335 = 1 — 1.7p33.5 = 1 


= 0.008537. 
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Example 3.4 Under the assumption of a uniform distribution of deaths, 
calculate im LM4o+r Using Pap = 0.999473, and calculate im [44+ using 
t>1- t> 0+ 


pai = 0.999429, 


Solution 3.4 From formula (3.11), we have 44+ = qx/tPx for0 < t< 1. 
Setting x = 40 yields 


Picts 1.4041 = 940/p4o = 5.27 x 10-4, 
while setting x = 41 yields 


lim (4141 = 41 = 5.71 x 10-4. 
t—0+ 


3.3.2 Constant force of mortality 


A second fractional age assumption is that the force of mortality is constant 
between integer ages. Thus, for integer x and 0 < s < 1, we assume that [W,+5 
does not depend on s, and we denote it už. We can obtain the value of u* from 
the life table by using the fact that 


1 
Px = €Xp ) — I [xt ds 
0 
So, if ux+s = wy forO < s < 1 then py = es and už = — log px. Further, 
given už, and r < 1, we have 
s 
rPx = exp -f ds} = e7" = (px)’. 
0 


Similarly, for r,t > 0 andr+t <1, 


r 


rPx+t = Xp -fw ds} = (px)’. (3.12) 
0 


Thus, under the constant force assumption, the probability of surviving for 
a period of r < 1 years from age x + t is independent of t, provided that 
r+t<l. 

The assumption of a constant force of mortality between integer ages leads 
to a step function for the force of mortality over successive years of age, 
whereas we would expect the force of mortality to increase smoothly. However, 
if the true force of mortality increases slowly over the year of age, the constant 
force of mortality assumption is reasonable. 
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Example 3.5 Given that pap = 0.999473, calculate 0.4q40.2 under the assump- 
tion of a constant force of mortality. 


Solution 3.5 We have 0.4q40.2 = 1 — 0.4p40.2 = 1 — (p40)?4 = 2.108 x 1074. 


Example 3.6 Given that g79 = 0.010413 and q7;} = 0.011670, calculate 
0.7970.6 under the assumption of a constant force of mortality. 


Solution 3.6 We will work from the survival probability. We need to separate 
the survival probabilities applying in different age-years to use (3.12). That is 


0.7P70.6 = 0.4P70.6 X 0.3P71 
= p+ x p93 = 0.989587" x 0.988330°3 
= 0.992321 
= 9.7970.6 = 0.007679. 


Example 3.7 Using the life table extract in Table 3.1, with the constant force 
of mortality assumption, calculate (a) 1.7q33 and (b) 1.7q33.5. 


Solution 3.7 (a) We write 1.7433 in terms of survival probabilities over whole 
and fractional years as 


1.7933 = 1 — 1.7p33 = | — p33 0.7p34 = 1 — p33 pel = 1 — 0.991805 
= 0.008195. 


(b) Similarly, 


2.2P33 2P33 0.2P35 
1.79335 = 1 —17p335 = 1 =1 
0.5P33 0.5P33 
2p33 p9? 
=i 0.5 
P33 
= 0.008537. 


Note that in Examples 3.2 and 3.5, and in Examples 3.3 and 3.7, we have used 
two different methods to solve the same problems, and the solutions agree to at 
least five decimal places. It is generally true that the assumptions of a uniform 
distribution of deaths and a constant force of mortality produce very similar 
solutions to problems. The reason for this is that under the constant force of 
mortality assumption 


3 
hy mw 1) * 
qx =1—e x py 
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provided that u% is small, and for 0 < t < 1, 
tx = ji — ete 7 te. 


In other words, the approximation to ;q, is t times the approximation to qy, 
which is what we obtain under the UDD assumption. 


3.4 National life tables 


Life tables based on the mortality experience of the whole population of a 
country are regularly produced for countries around the world. Separate life 
tables are usually produced for males and for females and possibly for some 
other groups of individuals, for example by race or socio-economic group. 

Table 3.2 shows values of qy x 10°, where qx is the probability of dying 
within one year, for selected ages x, separately for males and females, for the 
populations of Australia, England & Wales and the United States. These tables 
are constructed using records of deaths and census data. The relevant years are 
indicated in the column headings. 

Figure 3.1 shows the US 2013 Social Security mortality rates for males and 
females; the national life table graphs for England & Wales and for Australia 
are similar. Note that we have plotted these on a logarithmic scale in order to 
highlight the main features. Also, we have plotted a continuous line although 
the data are by integer age only. 


Table 3.2 Values of qx x 10° from some national life tables. 


Australian Life Tables English Life Table 17 US Life Tables 
2010-12 2010-2012 2013 

x Males Females Males Females Males Females 
0 412 335 476 381 651 537 
1 35 27 31 24 46 38 
2 21 17 21 18 29 22 
10 9 7 9 7 9 9 
20 61 26 50 20 104 38 
30 83 34 73 36 147 67 
40 134 75 147 86 210 130 
50 287 172 310 214 509 321 
60 660 384 802 533 1126 660 
70 1675 980 2 069 1330 2 283 1533 
80 5189 3150 5740 4070 5830 4255 
90 16121 12 825 16814 13 509 16504 13 102 


100 31255 35 130 36 107 32 134 35 354 30.467 
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Figure 3.1 US 2013 mortality rates, male (dotted) and female (solid). 


For all three national life tables, and for both males and females, the values 
of qx follow very similar patterns relative to age x. We note the following points 
from Table 3.2 and Figure 3.1. 


e The value of qo is relatively high. Mortality rates immediately following 
birth, termed perinatal mortality, are high, largely due to the low survival 
rates for babies born with serious congenital disabilities. The value of qx 
does not reach this level again until about age 55. This can be seen from 
Figure 3.1. 

e The rate of mortality is much lower after the first year, less than 10% of its 
level in the first year, and declines until around age 10. 

e In Figure 3.1 we see that the pattern of male and female mortality in the late 
teenage years diverges significantly, with a steeper incline in male mortality. 
Not only is this feature of mortality for young adult males common for 
different populations around the world, it is also a feature of historical 
populations in countries such as the UK where mortality data has been 
collected for several centuries. It is sometimes called the accident hump, 
as many of the deaths causing the ‘hump’ are from accidental rather than 
natural causes. 

e Mortality rates increase from age 10, with the accident hump creating a 
relatively large increase between ages 10 and 20 for males, a more modest 
increase from ages 20 to 40, and then steady increases from age 40. 
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Figure 3.2 US 2015 male mortality rates (solid), with fitted Gompertz 
mortality rates (dotted). 


e For each age, all six values of qy are broadly comparable, with, for 
each country, female mortality rates less than male rates, sometimes very 
significantly. 

e The Gompertz model introduced in Chapter 2 is relatively simple, in 
that it requires only two parameters and has a force of mortality with 
a straightforward exponential functional form, py = Bc*. We stated in 
Chapter 2 that this model does not provide a good fit across all ages. We 
can see from Figure 3.1 that the model cannot fit the perinatal mortality, 
nor the accident hump. However, the mortality rates at later ages are rather 
better behaved, and the Gompertz model often proves useful over older age 
ranges. Figure 3.2 shows a Gompertz curve fitted to the US male population 
mortality rates from 2015, for ages 50-100. The Gompertz curve provides 
a pretty close fit — which is a particularly impressive feat, considering that 
Gompertz proposed the model in 1825. 


A final point about Table 3.2 is that we have compared three national life tables 
using values of the probability of dying within one year, qx, rather than the 
force of mortality, ux. This is because values of uy are not published for any 
ages for the US Life Tables. Also, values of jz, are not published for age 0 for 
the other two life tables — there are technical difficulties in the estimation of 
Hx Within a year in which the force of mortality is changing rapidly, as it does 
between ages 0 and 1. 
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3.5 Survival models for life insurance policyholders 


Suppose we have to choose a survival model appropriate for a man who is 
currently aged 50 and living in the UK, and who has just purchased a 10- 
year term insurance policy. We could use a national life table, such as English 
Life Table 17, so that, for example, we could assume that the probability 
this man dies before age 51 is 0.00310 as shown in Table 3.2. However, in 
the UK, as in other countries with well-developed life insurance markets, the 
mortality experience of people who purchase life insurance policies tends to be 
different from the population as a whole. The mortality of different types of life 
insurance policyholders is investigated separately, and life tables appropriate 
for these groups are published. 

Table 3.3 shows values of the force of mortality (x 10°) at two-year intervals 
from age 50 to age 60 taken from English Life Table 17, Males (ELTM 17), and 
from a life table prepared from data relating to term insurance policyholders 
in the UK in 1999-2002 and which assumes the policyholders purchased their 
policies at age 50. This second set of values comes from Table A14 of a 2006 
working paper of the Continuous Mortality Investigation in the UK. Hereafter 
we refer to this working paper as CMI; further details are given at the end of 
this chapter. The values of the force of mortality for ELTM 17 correspond to 
the values of qx shown in Table 3.2. 

The striking feature of Table 3.3 is the difference between the two sets 
of values. The values from the CMI table are very much lower than those 
from ELTM 17. There are at least three reasons why we would expect these 
probabilities to be different. 


(1) The data on which the two life tables are based relate to different calendar 
years; 2010-2012 in the case of ELTM 17 and 1999-2002 in the case 
of CMI. Mortality rates in the UK, as in many other countries, have 
been decreasing for some years so we might expect rates based on more 
recent data to be lower. (See Section 3.11 for more discussion of mortality 
trends). However, this would mean that, all else being equal, the ELTM 17 


Table 3.3 Values of the force of mortality x 10°. 


x ELTM 17 CMI A14 
50 297 78 
52 361 152 
54 437 240 
56 532 360 
58 643 454 


60 768 573 


(2 


wm 


(3) 
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probabilities should be lower than the CMI rates. Since they are actually 
significantly higher, other explanations for the differences are needed. 

An important difference is that ELTM 17 is a life table based on the 
whole male population of England & Wales, whereas CMI Table A14 is 
based on the experience of males who are term insurance policyholders. 
Within any large group, there are likely to be variations in mortality rates 
between subgroups. This is true in the case of the population of England 
and Wales, where socio-economic classification, usually defined in terms 
of occupation, has a significant effect on mortality. Put simply, the better 
your job, and hence the wealthier you are, the lower your mortality rates. 
Given that people who purchase term insurance policies are likely to be 
among the better paid people in the population, we have an explanation 
for a large part of the difference between the values in Table 3.3. 

The third reason, which is the most significant, arises from the underwrit- 
ing process which policyholders must complete before the insurer will 
issue the insurance policy. Underwriting ensures that people who purchase 
life insurance are healthy at the time of purchase, so the CMI figures apply 
to lives who were all healthy at age 50, when the insurance was purchased. 
The English Life Tables, on the other hand, are based on whole population 
data, which is a mixture of healthy and unhealthy lives. This is an example 
of selection, and we discuss it in more detail in the following section. 


3.6 Life insurance underwriting 


The values of the force of mortality in Table 3.3 are based on data for males 
who purchased term insurance at age 50. CMI Table A14 gives values for 
different ages at the purchase of the policy ranging from 17 to 90. Values for 
ages at purchase 50, 52, 54 and 56 are shown in Table 3.4. 


Table 3.4 Values of the force of mortality x 10° from CMI Table A14. 


Age at purchase of policy 


x 50 52 54 56 
50 78 — — — 
52 152 94 — — 
54 240 186 113 — 
56 360 295 227 136 
58 454 454 364 278 
60 573 573 573 448 
62 725 725 725 725 
64 917 917 917 917 
66 1159 1159 1159 1159 
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There are two significant features of the values in Table 3.4, which can be 
seen by looking at the rows of values for ages 56 and 62. 


(1) Consider the row of values for age 56. Each of the four values in this row is 
the force of mortality at age 56 based on data from the UK over the period 
1999-2002 for males who are term insurance policyholders. The only 
difference is that they purchased their policies at different ages. The more 
recently the policy was purchased, the lower the force of mortality. For 
example, for a person who purchased their policy at age 56, the value is 
0.00136, whereas for someone of the same age who purchased his policy 
at age 50, the value is 0.00360. 

Now consider the row of values for age 62. These values, all equal to 
0.00725, do not depend on whether the policy was purchased at age 50, 
52, 54 or 56. 


(2 


wa 


These features are due to life insurance underwriting, which we described in 
Chapter 1. Recall that the life insurance underwriting process evaluates medi- 
cal and lifestyle information to assess whether the policyholder is insurable at 
normal rates. 

The important point for this discussion is that the mortality rates in the CMI 
tables are based on individuals accepted for insurance at normal premium rates, 
that is, individuals who have passed the required health checks. This means, 
for example, that a man aged 50 who has just purchased a term insurance 
at the normal premium rate is known to be in good health, (assuming the 
health checks are effective) and so is likely to be much healthier, and hence 
have a lower mortality rate, than a man of age 50 picked randomly from the 
population. When this man reaches age 56, we can no longer be certain he is in 
good health — all we know is that he was in good health six years ago. Hence, 
his mortality rate at age 56 is higher than that of a man of the same age who 
has just passed the health checks and been permitted to buy a term insurance 
policy at normal rates. This explains the differences between the values of the 
force of mortality at age 56 in Table 3.4. 

The effect of passing the health checks at issue eventually wears off, so that 
at age 62, the force of mortality does not depend on whether the policy was 
purchased at age 50, 52, 54 or 56. This is point (2) above. However, note that 
these rates, 0.00725, are still much lower than 462 (= 0.0091) from ELTM 17, 
despite the fact that the ELTM values are from more recent data. This is a 
combination of the residual selection effect from underwriting, and the lighter 
mortality experience of the socio-economic subgroup of the population who 
tend to buy insurance. 

In the USA, there has been much growth in marketing insurance for 
“preferred lives’, who are assumed to be even healthier than the standard 
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insured population. These preferred lives tend to be from the highest socio- 
economic groups. Mortality and wealth are closely linked. 


3.7 Select and ultimate survival models 


A feature of the survival models studied in Chapter 2 is that probabilities of 
future survival depend only on the individual’s current age. For example, for a 
given survival model and a given term f, ;px, the probability that an individual 
currently aged x will survive to age x + t, depends only on the current age x. 
Such survival models are called aggregate survival models, because lives are 
all aggregated together. 

The difference between an aggregate survival model and the survival model 
for term insurance policyholders discussed in Section 3.6 is that, in the latter 
case, probabilities of future survival depend not only on current age but also 
on how long ago the policy was purchased, which was when the policyholder 
joined the group of insured lives. 

This leads us to the following definition. The mortality of a group of 
individuals is described by a select and ultimate survival model, usually 
shortened to select survival model, if the following statements are true. 


(a) Future survival probabilities for an individual in the group depend on the 
individual’s current age and on the age at which the individual joined the 
group. 

(b) There is a positive number (generally an integer), which we denote by d, 
such that if an individual joined the group more than d years ago, future 
survival probabilities depend only on current age. The initial selection 
effect is assumed to have worn off after d years. 


We use the following terminology for a select survival model. An individual 
who enters the group at, say, age x, is said to be selected, or just select, at 
age x. The period d after which the age at selection has no effect on future 
survival probabilities is called the select period for the model. The mortality 
that applies to lives after the select period is complete is called ultimate 
mortality, so that the complete model comprises a select period followed by 
the ultimate period. 

Going back to the term insurance policyholders in Section 3.6, we can 
identify the ‘group’ as male term insurance policyholders in the UK. A select 
survival model is appropriate in this case because passing the health checks at 
age x indicates that the individual is in good health and so has lower mortality 
rates, on average, than someone of the same age who passed these checks some 
years ago. There are indications in Table 3.4 that the select period, d, for this 
group is less than or equal to six years. In fact, the select period is five years 
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for this particular model. Select periods typically range from one year to 15 
years for life insurance mortality models. 

For the term insurance policyholders in Section 3.6, selection leads to lower 
mortality at early durations. However, selection can occur in many different 
ways and does not always lead to lower mortality rates, as Example 3.8 shows. 


Example 3.8 Consider men who need to undergo surgery because they are 
suffering from a particular disease. The surgery is complicated and there is a 
probability of only 50% that they will survive for a year following surgery. If 
they do survive for a year, then they are fully cured and their future mortality 
follows the Australian Life Tables 2010-12, Males, from which you are given 
the following values: 


len = 91649, 16, = 91044, lyo = 82577. 
Calculate 


(a) the probability that a man aged 60 who is just about to have surgery will 
be alive at age 70, 

(b) the probability that a man aged 60 who had surgery at age 59 will be alive 
at age 70, and 

(c) the probability that a man aged 60 who had surgery at age 58 will be alive 
at age 70. 


Solution 3.8 In this example, the ‘group’ is all men who have had the 
operation. Being selected at age x means having surgery at age x. The select 
period of the survival model for this group is one year, since if they survive 
for one year after being ‘selected’, their future mortality depends only on their 
current age. 


(a) The probability of surviving to age 61 is 0.5. Given that he survives to age 
61, the probability of surviving to age 70 is 


l70/l61 = 82 577/91 044 = 0.9070. 
Hence, the probability that this individual survives from age 60 to age 70 is 
0.5 x 0.9070 = 0.4535. 


(b) Since this individual has already survived for one year following surgery, 
his mortality follows the Australian Life Tables 2010-12, Males. Hence, 
his probability of surviving to age 70 is 


l10/l60 = 82 577/91 649 = 0.9010. 


(c) Since this individual’s surgery was more than one year ago, his future 
mortality is exactly the same, probabilistically, as the individual in part 
(b). Hence, his probability of surviving to age 70 is 0.9010. 
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Selection is not a feature of national life tables since, ignoring immigration, 
an individual can enter the population only at age zero. It is an important 
feature of many survival models based on data from, and hence appropriate 
to, life insurance policyholders. We can see from Tables 3.3 and 3.4 that its 
effect on the force of mortality can be considerable. For these reasons, select 
survival models are important in life insurance mathematics. 

The select period will be different for different contexts. For CMI Table A14, 
which relates to term insurance policyholders, it is five years, as noted above; 
for CMI Table A2, which relates to whole life and endowment policyholders, 
the select period is two years. Generally, the underwriting process is more 
rigorous for term insurance, as the risk of adverse selection is greater, which 
leads to a longer selection impact for term insurance. 

In the next section we introduce notation and develop some formulae for 
select survival models. 


3.8 Notation and formulae for select survival models 


A select survival model represents an extension of the ultimate survival model 
studied in Chapter 2. In Chapter 2, survival probabilities depended only on 
the current age of the individual. For a select survival model, probabilities of 
survival depend on current age and (within the select period) age at selection, 
i.e. age at joining the group. However, the survival model for those individuals 
all selected at the same age, say x, depends only on their current age and so fits 
the assumptions of Chapter 2. This means that, provided we fix and specify the 
age at selection, we can adapt the notation and formulae developed in Chapter 2 
to a select survival model. This leads to the following definitions: 


P[xj+s = Pr[ (x+5), who was select at age x, survives to age x + s + t], 


tdix}+s = Pr[(x+s), who was select at age x, dies before age x + s + t], 


Lpx]+s is the force of mortality at age x + s for an individual who was select 
at age x, 


Lees = lim 1 = pPixi+s 

hers h>0+ h i 

From these definitions we can derive the following formula 
t 


tPix]+s = exp = | mass du 
0 


This formula is derived precisely as in Chapter 2. It is only the notation that 
has changed. 


76 Life tables and selection 


For a select survival model with a select period d and for t > d, (that is, 
for durations at or beyond the select period) the values of Mjx-t+t, sP[x—A-+t 
and y|s4{x-74+r do not depend on ¢, they depend only on the current age x. So, 
for t > d we drop the selection information and just write functions in terms 
of the attained age, i.e. Ux, spx and „|sqx. For values of t < d, we refer to, for 
example, /[x—7-+1 as being in the select part of the survival model and for t > d 
we refer to Ujx-r]}+t (= Hx) as being in the ultimate part of the survival model. 


3.9 Select life tables 


For an ultimate survival model the life table {1} is useful since it can be used 
to calculate probabilities such as ;|,gx for values of t, u and x. We can construct 
a Select life table in a similar way but we need the table to reflect duration 
since selection, as well as age, during the select period. Suppose we wish to 
construct this table for a select survival model for ages at selection from, say, 
X (= 0). Let d denote the select period, assumed to be an integer number 
of years. 

The construction in this section is for a select life table specified at all ages 
and not just at integer ages. However, select life tables are usually presented at 
integer ages only, as for the life tables introduced earlier in this chapter. 

First we consider the survival probabilities of those individuals who were 
selected at least d years ago and hence are now subject to the ultimate part 
of the model. The minimum age of these lives is x + d. For these people, 
future survival probabilities depend only on their current age and so, as in 
Chapter 2, we can construct an ultimate life table, {/,}, for them from which 
we can calculate probabilities of surviving to any future age. 

Let lą +a be an arbitrary positive number. For y > x > x% + d, we define 


jaye. (3.13) 


Formula (3.13) defines the life table within the ultimate part of the model, 
which applies after the select period has expired. Within the ultimate part of 
the model we can interpret ly as the expected number of survivors to age y out 
of l lives currently aged x (< y), who were select at least d years previously. 
Next, we define the life table within the select period. We do this for a life 
who was select at age x by working backwards from the value of ly+q. For 
x > % and for 0 < t < d, we define lix]+ as 
Leta Leta 


=> liq = >, 
lix]+t d—tP{x]+t 


d—tP[x]J+t = (3.14) 


which means that if we had /[,j4; lives aged x + t, who were select t years ago, 
then the expected number of survivors to age x + d is la. 
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Example 3.9 A life currently aged 52 was select at age 50. The survival model 
has a select period of 10 years. Write down the following probabilities in terms 
of lix]+ and ly for appropriate x, t, and y: 


(a) the probability that the life survives to age 58, and 
(b) the probability that the life survives to age 62. 


Solution 3.9 (a) As the select period is 10 years, we are interested in the life 
surviving within the select period from [50] +2 to [50]+ 8, so the required 
probability is 

_ [soj+8 


6P[50]+2 = : 
li50]+2 


(b) We are now interested in the life surviving from [50] + 2 for a period of 
10 years, which takes the life beyond the end of the select period, so the 
required probability is 

— lsog+2 _— le 


10P[50]+2 = = . 
lisoj+2  lts0]+2 


The construction of the select life table preserves the interpretation of the ly 
and lix]+z functions as expected numbers of survivors within the ultimate and 
the select parts of the model respectively. For example, suppose we have lix]+r 
individuals currently aged x + t who were select at age x. 


For u such that u + t > d, we have 


lerttu = uPix]+t lx+ 
demonstrating that /,+;4,, is the expected number of survivors to age x+t+u 
from the /j,j+; lives aged x + t who were select at age x. 
For u such that u + t < d, we have 


lpjtetu = uP li 
demonstrating that lix]+t+u is the expected number of survivors to age x+t+u 


out of lix]+r lives currently aged x + t, who were select at age x. 


Example 3.10 Write an expression for 2|6q[30]+2 in terms of /[,j+; and ly for 
appropriate x, t, and y, assuming a select period of five years. 


Solution 3.10 Note that 2|6¢)30}+2 is the probability that a life currently aged 
32, who was select at age 30, will die between ages 34 and 40. We can write 
this probability as the product of the probabilities of the following events: 


e a life aged 32, who was select at age 30, will survive to age 34, and, 
e a life aged 34, who was select at age 30, will die before age 40. 


78 Life tables and selection 


Table 3.5 Extract from 2002 
US Life Tables, Females. 


x lx 

70 80556 
71 79 026 
72 77410 
73 75 666 
74 73 802 
B 71800 


Hence, 


2|64[30]+2 = 2P[30]+2 64[30]+4 


_ lBo+4 (: pone | 
lī30]+2 l{30]+4 


li3o]+4 — l4o 


[[30]+2 


Note that /;30}410 = l4o since 10 years is longer than the select period for this 


survival model. 


Example 3.11 A select survival model has a select period of three years. Its 
ultimate mortality is equivalent to the US Life Tables, 2002, Females. Some ly 
values for this table are shown in Table 3.5. 

You are given that for all ages x > 65, 


pix = 0.999, ppx-1j41 = 0.998, pjx—2}42 = 0.997. 


Calculate the probability that a woman currently aged 70 will survive to age 
75 given that 


(a) she was select at age 67, 

(b) she was select at age 68, 

(c) she was select at age 69, and 
(d) she is select at age 70. 


Solution 3.11 (a) Since the woman was select three years ago and the select 
period for this model is three years, she is now subject to the ultimate 
part of the survival model. Hence the probability she survives to age 75 is 
175/170, where the ly values are taken from US Life Tables, 2002, Females. 
The required probability is 


5P70 = 71 800/80 556 = 0.8913. 
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(b) We have 
Iosj+2+5 _ ls _ 71800 


5P[68]+2 = = = ; 
Itos}+2 ltss}+2  ll68]+2 


We calculate lj68]+2 by noting that 
lī681+2 x Pr6s1+2 = ltes1+3 = l71 = 79 026. 
We are given that pjes]+2 = 0.997. Hence, lj6g]}+2 = 79 264 and so 
5P[68]}+2 = 0.9058. 
(c) We have 


li69]+1+5 l75 71800 
5P[69]+1 = = = 


loot oot — lj69]+1 


We calculate /j69]+1 by noting that 


li69]+1 X Pr69]+1 X Pr69]+2 = lje9]+3 = 42 = 77410. 


We are given that pje9]}+1 = 0.998 and pje9]+2 = 0.997. Hence, /j6o9}41 = 
77799 and so 5P[69]+1 = 0.9229. 
(d) We have 


li70]+5 115 71 800 
Io) toy 0) 


5P[70] = 
Proceeding as in parts (b) and (c), 


170) X prol X Pl7O|+1 X Pp70}+2 = ![70143 = 173 = 75 666 
=> lio] = 75 666/(0.997 x 0.998 x 0.999) = 76 122 
=> 5Pi70] = 0.9432. 


Example 3.12 An extract from CMI Table A5 is given in Table 3.6. This table 
is based on UK data from 1999 to 2002 for male non-smokers who are whole 
life or endowment insurance policyholders. It has a select period of two years. 


(a) Use the table to calculate the following probabilities: 
(i) 4P170); (ii) 39[60]41; Gii) 21473- 

(b) You are given that e72 = 13.3122. 
(i) Calculate et70]. 


Gi) Calculate 2170] assuming UDD between integer ages. 


Solution 3.12 CMI Table AS gives values of gj,—14+4+ for t = 0 and t = 1 and 
also for £ > 2. Since the select period is two years qix-t+t = gx for t > 2. 
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Table 3.6 CMI Table AS: male non-smokers who have 
whole life or endowment policies. 


Duration 0 Duration 1 Duration 2+ 

Age, x qix] qix—1]+1 qx 

60 0.003469 0.004539 0.004760 
61 0.003856 0.005059 0.005351 
62 0.004291 0.005644 0.006021 
63 0.004779 0.006304 0.006781 
70 0.010519 0.014068 0.015786 
71 0.011858 0.015868 0.017832 
72 0.013401 0.017931 0.020145 
73 0.015184 0.020302 0.022759 
74 0.017253 0.023034 0.025712 
75 0.019664 0.026196 0.029048 


Note also that each row of the table relates to a life currently aged x, where x 
is given in the first column. Select life tables, tabulated at integer ages, can be 
set out in different ways — for example, each row could relate to a fixed age at 
selection — so care needs to be taken when using such tables. 


(a) (i) We calculate 4p;70 as 


4P[70] = P{70] X P[70]+1 X P{70]+2 X P[70}+3 


= p{70] X Pl70}+1 X P72 X P73 

= (1 — qro) x (1 — qoj+1) X Cl = qn) x (l — 473) 
= 0.989481 x 0.984132 x 0.979855 x 0.977241 

= 0.932447. 


(ii) We calculate 3qf60]+1 as 


34[60]+1 = 4160]+1 + Pleo]+1 462 + P[60]+1 P62 463 


= qoo}+1 + (1 — qr60]1+1) Go2 + (1 — qi60]+1) (1 — 462) G63 
= 0.017756. 


(iii) We calculate 2|q73 as 
21973 = 2P73 475 


= (1 — 473) (1 — 474) 475 
= 0.027657. 
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(b) (i) Recall from Exercise 2.2 that ey = px(1 + ex+1). 
Similarly, e[70) = po (1 + ep7oj41) and eoj} = Pr7oj+1C1 + €72), 
giving 
[70] = Pr70) + 2P170] (L + e72) 
= 0.989481 + 0.973780(1 + 13.3122) 
= 14.9264. 


Gi) We want to calculate 
[0,6] 
ei70] = I tPi70) dt, 
0 


and as UDD allows us to calculate survival probabilities from integer 
ages for non-integer terms, we restate this integral in terms of a sum 
of one-year integrals as 


1 2 3 
e170] - foo dt + foo dt + f Pro} dt +>. 
0 1 2 


Now consider each term in this sum: 
1 


1 1 
f P00 dt = Ji — 19{70)) dt = fo — tqo) dt = 1 — 5470] 
0 0 0 


= 1— 4(1 — ppo) = (1 + ppo), 
2 1 
J omoa = P{70) i Pr7o|+1 dt = P[70) 5(1 + pr70|+1) 
1 0 
= 5 (pro) + 2P{70]), 
3 1 
f voa =2P[70] fon dt = 2p{70] 5(1+ pr) = 5 (2p 170} + 3p (70). 
2 0 


and so on. Collecting the terms together gives 


5(1 + p70] + P[70] + 2P[70] + 2P[70) 
+ 3p(70) + 3p170] + apro +: -- ) 


e[70] 


5 + P[70] + 2P[70] + 3P{70] + °° 


= e(70] + 5 
= 15.4264. 
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Example 3.13 A select survival model has a two-year select period and is 
specified as follows. The ultimate part of the model follows Makeham’s law, 
so that 


Ux = A+ BA 
where A = 0.00022,B = 2.7 x 107° and c = 1.124. The select part of the 
model is such that for 0 < s < 2, 
pice =O" pig gs 
Starting with /o»9 = 100000, calculate values of 


(a) L for x = 21,22,...,82, 
(b) Ing41 for x = 20,21,...,80, and, 
(c) lx] for x = 20,21,..., 80. 


Solution 3.13 First, note that 


B xt 
tPx = exp į —At “(ec — 1) 


and for 0 < t < 2, 


t 


tPix] = CXP y — / M[x}+5ds 
0 


1-0.9 1209 | 
= exp [0.2 ( a Ea Jt (3.15) 


Be 
log(0.9) log(0.9/c) 


(a) Values of l, can be calculated recursively from 
ke = pik- for x =21,22,...,82. 
(b) Values of lix]+1 can be calculated from 
loge = lx+2/Pix]}+1 for x = 20,21,...,80. 
(c) Values of /[,] can be calculated from 
lig = Ley2/2Ppq for x = 20,21,...,80. 


Sample values are shown in Table 3.7. The full table up to age 100 is given in 
Table D.1 in Appendix D. 


This model is used extensively throughout this book for examples and 
exercises. We call it the Standard Select Survival Model in future chapters. 

The ultimate part of the model, which is a Makeham model with A = 
0.00022,B = 2.7 x 107 and c = 1.124, is also used in many examples 
and exercises where a select model is not required. We call this the Standard 
Ultimate Survival Model. 
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Table 3.7 Select life table with a two-year select period, Example 3.13. 


x lix] lx+ h42 x+2 x lix] lix]+1 Ingo x+2 


100000.00 20 50 98552.51 98450.67 98326.19 52 

99975.04 21 51 98430.98 98318.95 98181.77 53 

20 99995.08 99973.75 99949.71 22 52 98297.24 98173.79 98022.38 54 
21 99970.04 99948.40 99923.98 23 53 98149.81 98013.56 97846.20 55 
22 99944.63 99922.65 99897.79 24 54 97987.03 97836.44 97651.21 56 


47 98856.38 98778.94 98684.88 49 79 77465.70 75531.88 73186.31 81 
48 98764.09 98679.44 98576.37 50 80 75153.97 73050.22 70507.19 82 
49 98663.15 98570.40 98457.24 51 


3.10 Some comments on heterogeneity in mortality 


We noted in Section 3.5 the significant difference between the mortality of 
the population as a whole, and the mortality of insured lives. It is worth noting, 
further, that there is also considerable variability when we look at the mortality 
experience of different groups of insurance company customers and pension 
plan members. Of course, male and female mortality differs significantly, in 
shape and level. Actuaries will generally use separate survival models for 
men and women when this does not breach discrimination laws. Smoker and 
non-smoker mortality differences are very important in whole life and term 
insurance; smoker mortality is substantially higher at all ages for both sexes, 
and separate smoker/non-smoker mortality tables are in common use. 

In addition, insurers will generally use product-specific mortality tables for 
different types of contracts. Individuals who purchase immediate or deferred 
annuities may have different mortality to those purchasing term insurance. 
Insurance is sometimes purchased under group contracts, for example by an 
employer to provide death in service insurance for employees. The mortality 
experience from these contracts will generally be different to the experience 
of policyholders holding individual contracts. The mortality experience of 
pension plan members may differ from the experience of lives who purchase 
individual pension policies from an insurance company. Interestingly, the 
differences in mortality experience between these groups will depend signifi- 
cantly on country. Studies of mortality have shown, though, that the following 
principles apply quite generally. 


o Wealthier lives experience lighter mortality overall than less wealthy lives. 

o There will be some impact on the mortality experience from self-selection; 
an individual will only purchase an annuity if he or she is confident of 
living long enough to benefit; conversely, an individual who has some 
reason to anticipate heavier mortality is more likely to purchase term 
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insurance. While underwriting can identify some selective factors, there 
may be other information that cannot be gleaned from the underwriting 
process (at least not without excessive cost). So those buying term insurance 
might be expected to have slightly heavier mortality than those buying 
whole life insurance, and those buying annuities might be expected to have 
lighter mortality. This is often called adverse selection or anti-selection 
by actuaries, as the selection effect acts to make the insurance or annuity 
benefits more valuable to the purchaser. 

o The more rigorous the underwriting, the lighter the resulting mortality 
experience. For group insurance, there will be minimal underwriting. Each 
person hired by the employer will be covered by the insurance policy almost 
immediately; the insurer does not get to accept or reject the additional 
employee, and will rarely be given information sufficient for underwriting 
decisions. However, the employee must be healthy enough to be hired, which 
gives some selection information. 


All of these factors may be confounded by tax or legislative systems that 
encourage or require certain types of contracts. In the UK, it is very common 
for retirement savings proceeds to be converted to life annuities. In other coun- 
tries, including the USA, this is much less common. Consequently, the type of 
person who buys an annuity in the USA might be quite a different (and more 
self-select) customer than the typical individual buying an annuity in the UK. 


Example 3.14 Three-year term insurance policies are sold to a group of inde- 
pendent lives each aged 65. At the start of the term, 35% of the policyholders 
are smokers and 65% are non-smokers. The survival probabilities for the non- 
smokers are p65 = pés = P67 = 0.95. The force of mortality of the smokers is 
3.5 times that of non-smokers at all ages. Calculate the proportion of smokers 
amongst the policyholders expected to die during the three-year term. 


Solution 3.14 Let p} and jz} respectively denote the one-year survival prob- 
ability and force of mortality at age x for the smokers. Functions with no 
superscript are used for the non-smokers. The one-year survival probability 
for smokers is 

1 1 


p3. = exp = f ina = exp -3.5 f uspat =p. 
0 0 


So we have pi = 0.95? for x = 65, 66, 67. 
Suppose the initial group size is N. Then, since 3p65 = 0.953, the expected 
number of deaths from the non-smoker group is 


0.65 (1 = 0.95") = 0,09271N, 
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and the expected number of deaths from the smoker group is 
0.35N(1 — (0.95*>)3) = 0.14575N. 


So the proportion of deaths expected to come from the smoker group is 
0.14575N 
N(0.14575 + 0.09271) 


Even though the smokers comprise only 35% of the population, they are 
expected to account for over 60% of the deaths. 


= 61.1%. 


3.11 Mortality improvement modelling 


A challenge in developing and using survival models is that survival probabil- 
ities are not constant. Commonly, mortality experience gets lighter over time; 
each generation, on average, lives longer than the previous generation. This can 
be explained by advances in health care and by improved standards of living. 
Of course, there are exceptions, such as mortality shocks from war or from 
disease, or declining life expectancy in countries where access to health care 
worsens, often because of civil upheaval. 

The changes in mortality over time are sometimes separated into three 
components: trend, shock and idiosyncratic. The trend describes the gradual 
reduction in mortality rates over time. We often refer to this as the longevity 
trend. The shock describes short-term jumps in mortality rates, often caused by 
war or pandemic disease. The idiosyncratic component describes year-to-year 
random variation that does not come from trend or shock, though it is often 
difficult to distinguish. 

While the shock and idiosyncratic components are inherently unpredictable, 
we can identify trends by examining aggregate mortality patterns over a 
number of years. We can then allow for mortality improvement by using 
a survival model which depends on both age and calendar year. So, for 
example, we expect the mortality rate for lives who are aged 50 in 2015 to 
be different from the mortality rate for lives who are aged 50 in 2025; a life 
table that depends on both age and calendar year can be used to capture this. 
In this section we present some models and methods for integrating mortality 
improvement into actuarial analysis for life contingent risks. 

First, it might be valuable to demonstrate what we mean by mortality or 
longevity improvement. In Figure 3.3 we show raw (that is, with no smoothing) 
mortality rates for US males aged 30-44 from 1960-2015, and for US females 
aged 50—69 for the same period, obtained from the Human Mortality Database 
(HMD). In each figure the higher lines are for the older ages, and the lower 
lines for the younger ages. 
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Figure 3.3 US mortality experience 1960-2015 (from HMD): (a) males aged 
30-44 and (b) females aged 50-69. 


Overall, we see that, for each age, mortality rates are generally declining 


over time, although there are exceptional periods where the rates shift upwards. 
We also note that the rates are not very smooth. There appears to be some 
random variation around the general trends. 
When modelling mortality we generally smooth the raw data to reduce the 


impact of sampling variability. It is also common in longevity modelling to 


use heatmaps of mortality improvement to illustrate the two-dimensional data, 
rather than the age curves of mortality rates in Figure 3.3. 

In Figure 3.4 we show a plot of smoothed mortality improvement factors for 
US data, for 1951-2007. The mortality improvement factor is the percentage 
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Figure 3.4 US smoothed mortality improvement heatmaps, 1951-2007, for 


(a) males and (b) females. 
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reduction in the mortality rate for each age over each successive calendar year. 
That is, if the smoothed mortality rate for age x in year t is (x,t) then the 
smoothed mortality improvement factor at age x and year t is 


q(x, t) 
(x,t — 1) 

The heatmaps and the curves in Figure 3.3 illustrate the following three 
effects. 


g(x, t) =1— 


Year effects 
Calendar year effects are identified in the heatmaps with vertical 
patterns. For example, look at the years 1958—1970 in Figure 3.4(a). 
The vertical lighter column for those years indicates that longevity 
improvement was paused or reversed for all ages in those years, though 
the impact was different for different age groups; the same phenomenon 
is apparent in the raw data in Figure 3.3(a), where we see gently rising 
mortality rates over most ages between 1960 and 1970. The next vertical 
section of the graph shows mortality improving again, with improvement 
more marked for younger lives (illustrated with the darker tones) than 
for older. 

In Figures 3.3(a) and 3.4(a) we also see a very clear and severe 
deterioration in mortality between 1984 and 1991 most strongly affecting 
younger males. This area illustrates the impact of the HIV/AIDS 
epidemic on younger male mortality in the USA. In the following 
period, around 1993-2000, mortality in the same age range showed very 
strong improvement, as medical and social management of HIV/AIDS 
produced an extraordinary turnaround in the impact of the disease on 
population mortality. 


Age effects 

Age effects in the heatmaps are evident from horizontal patterns; in 
Figure 3.4 there is little evidence of pure age effects that are protracted 
across the whole period. The most obvious impact of age in the heatmaps 
is in the way that different age groups are impacted differently by 
the calendar year effects. For example, the mortality improvement 
experienced by US females in the 1970s was more significant for people 
below 45 years old than for older lives. 

In both the heatmaps, we see less intense patterns of improvement 
or decline at older ages. It is common to assume that we will not see 
any significant mortality improvement at the very oldest ages, say, 
beyond age 95. The idea is that, although more people are living to 
older ages, there is not much evidence that the oldest attainable age is 
increasing. This phenomenon is referred to as the rectangularization 
of mortality, from the fact that the trend in longevity is generating more 
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rectangular-looking survival curves (i.e. curves of ;po for values of t 
from age 0 to, say, age 120 years) without significantly shifting the right 
tail of the survival curve. 


Cohort effects 
Cohort effects refer to patterns of mortality that are consistent for lives 
born in the same year. Cohort effects can be seen in the individual age 
rates in Figure 3.3 as spikes or troughs that move up diagonally across 
the curves, as the lives who are, say, aged 40 in 1951, if they survive, 
become the lives who are aged 41 in 1952, and so on. Cohort effects are 
seen in the heatmaps as diagonal patterns from lower left to upper right. 
In Figure 3.4(a) there is a diagonal band of higher improvement applying 
to lives born around 1935-1942, and there is a similar band in 3.4(b), but 
for lives born a few years later, in the period from around 1940-1945. 
Cohort mortality effects are not observed in all populations, and there 
is still substantial uncertainty as to why they occur. 


If mortality rates are generally declining over time, it may not be suitable to 
assume the same rate of mortality in actuarial calculations regardless of how 
far ahead we are looking. Advances in medical science, and improvements 
in other social determinants of longevity, such as nutrition and access to 
health care, lead us to expect that, in general, mortality rates will continue 
to decline. 

To model mortality as a function of both age and time, we replace the age- 
based mortality rate qy with a rate based on the attained age x and on the 
calendar year that the age is attained, t. We let g(x, t) denote the mortality rate 
applying to lives who attain age x in year t, and p(x, t) = 1 — q(x, t). We may 
measure f relative to some base year, or it may be used to indicate the full 
calendar year. 

There are two approaches to modelling mortality trends. The first is a 
deterministic approach, where we model q(x, f) as a fixed, known function, 
using a deterministic mortality improvement scale function. The second is 
a stochastic approach, where we treat future values of q(x,t) as a series of 
random variables. In this chapter we consider some deterministic methods 
that are commonly used. In Chapter 19, we discuss some stochastic models 
of longevity that have been adopted by actuaries and others. 


3.12 Mortality improvement scales 


Broadly, the deterministic approach to mortality improvement models uses a 
two-step process. 


Step 1 Choose a base year and construct tables of mortality rates for lives 
attaining each integer age in the base year. This gives the values g(x, 0). 


90 


Life tables and selection 


Step 2 Construct a scale function that can be applied to the base mortality 
rates to generate appropriate rates for future years. 


3.12.1 Single-factor mortality improvement scales 


The simplest scale functions depend only on age. If we denote the improve- 
ment factor for age x as øx, then, for t = 1,2,3,..., 


q(x, t) = q(x, 0)(1 — gx)’. 


So, if ;p(x,t) denotes the probability that a life who is aged x at time t 
survives r years, using the single-factor improvement model we have 


rP(X, t) = p(x, t) p(x+l, t+1) p(x+2, t+2) a p(xt+r-1, t+r—1) 


= (1 — q&x, Ð) (1 — q@tl, t+1)) --- (1 


q(x+r—1, t+r 1)) 
= (1 — 4œ, O —p,)') (1 — ge+1,0)1—-gr41)*') 


. (1 = g@tr-1, 0) e171). 


In Figure 3.5, we show a set of age-based improvement factors published by 
the Society of Actuaries in 1994, known as Scale AA. 
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Figure 3.5 Scale AA mortality improvement factors. 
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Table 3.8 RP2000 Male healthy annuitant mortality 
rates, with Scale AA improvement factors. 


Age x q(x, 0) Px 
60 0.008196 0.016 
61 0.009001 0.015 
62 0.009915 0.015 
63 0.010951 0.014 
64 0.012117 0.014 
65 0.013419 0.014 
66 0.014868 0.013 
67 0.016460 0.013 
68 0.018200 0.014 
69 0.020105 0.014 
70 0.022206 0.015 


Example 3.15 In Table 3.8 we show base mortality rates for males in the year 
2000, and we show the Scale AA mortality improvement factors, denoted ¢,, 
for the same age range. 

Calculate the 10-year survival probability for a life aged 60, with and 
without the mortality improvement scale. 


Solution 3.15 Without mortality improvement we have 


9 


1opoo = | [C — q0 + t, 0)) = 0.87441. 
t=0 


With mortality improvement we have 


9 
10p60 = | [A — 960 + 4,0) 
t=0 
9 
=| [ (1 -460 +4001 — g6041)') = 0.88277. 
t=0 


As we expect, the survival probability is a little higher when we allow for 
mortality improvement. 


The one-factor mortality improvement scales have proven too simplistic. The 
AA scale predicts that mortality at age 70 would improve by 1.5% per year 
indefinitely, but the heatmap shows improvement rates of around 2.75% in the 
mid 2000s. On the other hand, the heatmap shows that the higher values of the 
improvement factors might not persist for later cohorts. 
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3.12.2 Two-factor mortality improvement scales 


A more robust approach to deterministic mortality improvement scales uses 
improvement factors that are a function of both age and calendar year. This 
approach is used in the MP2014 tables of the Society of Actuaries as well 
as in the CPM scales of the Canadian Institute of Actuaries. The two-factor 
mortality improvement function is g(x,t), where the mortality rate for a life 


aged x in year t, for t = 1,2,3,..., is determined from the base mortality 
rates as 
t 
q(x, 1) = q(x,0) |] d - 90.4). (3.16) 
k=1 


This means that the r-year survival probability, „p(x, t), is now 
p(x, t) = (1—q@, D) (1-¢@4+1,t+))--- -q@+r-1,t+r—-D) 
= (1 — (4,0) — pœ, DA — g@,2))--- — @,9))) 
x (1 — (4a +1,00 -¢@4+1,))---d-¢@+1,t+ 1))) 


x (1 = (qat+r— 10d—-—@g@+r-1,))---d-@@t+r-1, 
t+r— 1)))). 
Example 3.16 You are given mortality rates for lives aged 50 to 60 applying 
in 2010 in Table 3.9, and improvement factors for 2011 to 2020 in Table 3.10. 


Calculate the difference between the expected number of deaths between 
ages 50 and 55 from 100 000 independent lives, assuming (a) mortality follows 


Table 3.9 Mortality rates 
for Example 3.16. 


x q(x, 2010) 
50 0.002768 
51 0.002905 
32 0.003057 
33 0.003225 
54 0.003412 
55 0.003622 
56 0.003858 
57 0.004128 
58 0.004436 
59 0.004789 


60 0.005191 
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Table 3.10 Improvement factors for Example 3.16. 


g(x, 2010 + t) 


x t=1 2 3 4 5 6 7 8 9 10 


50 0.0206 0.0227 0.0238 0.0243 0.0241 0.0233 0.0221 0.0205 0.0188 0.0170 
51 0.0180 0.0205 0.0221 0.0229 0.0230 0.0226 0.0216 0.0203 0.0188 0.0171 
52 0.0156 0.0181 0.0201 0.0213 0.0218 0.0217 0.0210 0.0200 0.0186 0.0171 
53 0.0124 0.0148 0.0168 0.0184 0.0193 0.0195 0.0192 0.0185 0.0175 0.0162 
54 0.0093 0.0115 0.0134 0.0150 0.0164 0.0170 0.0171 0.0167 0.0160 0.0151 
55 0.0066 0.0085 0.0104 0.0120 0.0134 0.0145 0.0150 0.0150 0.0146 0.0140 
56 0.0045 0.0061 0.0078 0.0094 0.0109 0.0121 0.0130 0.0134 0.0134 0.0131 
57 0.0033 0.0045 0.0060 0.0075 0.0090 0.0103 0.0113 0.0121 0.0125 0.0124 
58 0.0031 0.0037 0.0049 0.0063 0.0078 0.0091 0.0102 0.0111 0.0117 0.0120 
59 0.0039 0.0039 0.0046 0.0057 0.0071 0.0084 0.0096 0.0105 0.0112 0.0117 
60 0.0055 0.0049 0.0050 0.0058 0.0069 0.0082 0.0094 0.0103 0.0110 0.0115 


the base table with no improvement, and (b) mortality improvement follows the 
age-year improvement factors in the table, and the lives are all aged 50 in 2015. 


Solution 3.16 With no mortality improvement, we have 5p59 = 0.98473, 
which means that the expected number of deaths before age 55 from 100000 
lives aged 50 is 100 000(1 — 0.98473) = 1527. 

With mortality improvement we have 


q(50, 5) = 0.002768 (1 — 0.0206)(1 — 0.0227) (1 — 0.0238) 
x (1 — 0.0243) (1 — 0.0241) 
= 0.002768 (0.889710) = 0.002463, 
q(51, 6) = 0.002905(1 — 0.0180) - -- (1 — 0.0226) = 0.002905 (0.877640) 
= 0.002550, 
q(52, 7) = 0.003057(1 — 0.0156) - -- (1 — 0.0210) = 0.003057 (0.868466) 
= 0.002655, 
q(53, 8) = 0.003225(1 — 0.0124) --- (1 — 0.0185) = 0.003225 (0.869233) 
= 0.002803, 
q(54, 9) = 0.003412(1 — 0.0093) - -- (1 — 0.0160) = 0.003412(0.875 102) 
= 0.002986. 
The five-year survival probability is then 
(1 — 4(50,5))C1 — g(51,6))--- (1 — g4, 9)) = 0.98662, 


and so the expected number of deaths before age 55 from 100 000 lives aged 50 
in 2015, allowing for mortality improvement, is 1338. The difference between 
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the number of expected deaths with and without mortality improvement is 
therefore 189. 


3.12.3 Cubic spline mortality improvement scales 


In this section we describe the method used to construct the age-year improve- 
ment factors for the US and Canadian tables, which was first proposed by the 
Continuous Mortality Investigation Bureau (CMIB), a standing committee of 
the Institute and Faculty of Actuaries in the UK. 

The improvement scales are determined in three steps. 


1. Determine short-term improvement factors, using regression or other 
smoothing techniques applied to recent experience. 

2. Determine long-term improvement factors, and the time at which the 
long-term factors will be reached. After this time, the factors are assumed 
to be constant. This step is usually based on subjective judgment. 

3. Determine intermediate improvement factors using smooth functions 
that will connect the short- and long-term factors. 


For the MP2014 tables, the Society of Actuaries used the following three 
steps to generate past and future improvement factors, (x,t), where x is 
the age (integer values from 15 to 95) and ¢ is the calendar year from 1950 
forwards. 


1. Improvement factors for calendar years 1950-2007 are determined by 
taking the raw mortality experience from the US Social Security Admin- 
istration (SSA) database. A two-dimensional smoothing method is applied 
to the logarithm of the raw mortality rates, generating smooth log-mortality 
rates denoted s(x, t). The two-dimensional smoothing ensures that s(x, t) is 
smooth across ages x and across calendar years t. The smoothed historical 
mortality rates up to 2007 are then 


q(x) = eP 


and the historical improvement factors for 1950-2007 are 


q(x, t) =i es &Dst— 1) 

q(x,t — 1) 

We remark that two-dimensional smoothing techniques are beyond the 
scope of this book; in what follows we assume that the required smoothed 
historical improvement factors based on smoothed mortality rates exist. 

2. Long-term improvement factors were set at 1% at all ages up to age 85, 
decreasing linearly to 0% at age 115, for both males and females. These 
factors are assumed to apply from 2027. 

3. Intermediate factors covering calendar years 2008-2026 are determined 
using cubic splines. Two distinct approaches could be taken to determining 


p(x,t) = 1 


3.12 Mortality improvement scales 95 


these intermediate factors. The first approach is age-based, under which we 
use historical improvement factors and the assumed long-term improvement 
factors for a given age to determine the intermediate factors for that 
age. The second approach is cohort-based, under which we use historical 
improvement factors and the assumed long-term improvement factors for 
a cohort. If we apply each approach over all ages and cohorts, we obtain 
two sets of intermediate improvement factors by age and by calendar year, 
and these sets of factors are typically different. In practice, the approach 
adopted was to average the factors. 


A spline is a smooth function that can be used to interpolate between two 
other functions. In our context, we have the historical improvement factors up 
to 2007, and we have the assumed long-term improvement factors applying 
from 2027, which are assumed to be constant for each age. A cubic spline is 
a cubic function of time (in years) measured from 2007 which matches the 
improvement function values at 2007 and 2027, and also matches the gradient 
of the improvement function at 2007 and at 2027. The two end points joined 
by the spline are called knots. Using the two knots, and the gradients at the 
two knots, we have four equations, which we can solve for the four parameters 
of the cubic function. 

The age-based cubic spline uses a fixed age for the spline function. The 
four equations for the function for age x are derived as follows. 


1. We set 2007 as our base year, when t = 0, as this is the last year of the 
historic data. From the historic data, we have g(x, 2007) for each age x, and 
this will be set to match the cubic function at t = 0. 

2. The first year of the assumed long-term factors is 2027, so g(x, 2027) will 
be set to match the cubic function at t = 20. 

3. The gradient at t = 0 will be estimated as g(x, 2007) — g(x, 2006), and this 
will be matched to the first derivative of the cubic function at t = 0. 

4. The gradient at t = 20 will be estimated as g(x, 2028) — g(x, 2027), and 
this will be matched to the first derivative of the cubic spline at t = 20. 
Generally g(x, 2028) — g(x, 2027) will be zero, as we assume constant long- 
term improvement factors. 


So, letting Cy (x, t) = at? + bt? + ct+d represent the age-based cubic spline, 
with derivative C’,(x, f) = 3at? + 2bt + c, the four conditions described above 
give the following four equations: 


Knot at t = 0: Cq(x,0) = d = g(x, 2007) 

Knot at t = 20: Ca(x,20) = 20° a + 20° b + 20c + d = g(x, 2027) 

Gradient at t = 0: C),(x,0) = c = g(x, 2007) — g(x, 2006) 

Gradient at t = 20: C! (x, 20) = 3a 20° + 40b + c = g(x, 2028) — g(x, 2027) 
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So we immediately have the values of c and d from the equations for t = 0, 
leaving two equations to be solved for a and b to give the polynomial Ca. 

The cohort-based spline is similar, but it smooths the improvement factors 
for a cohort, starting at age x, say, in 2007, and adding one year to the age as 
we move across one year in time. This gives the following four conditions for 
the cohort-based cubic spline. 


_ 


. The left side knot for the cohort spline for a life aged x in 2007 is 
g(x, 2007), as for the age-based spline, and again we set t = 0 at 2007. 

. The right side knot for the cohort-based spline matches the cubic function 
at t = 20 with the improvement factor for a life aged x + 20 in 2027, which 
is p(x + 20, 2027). 

. The left side gradient for the cohort-based spline is the difference between 
the improvement factor for age x in 2007 and the factor for age x — | in 
2006, that is g(x, 2007) — (x — 1,2006). This is matched to the first 
derivative of the cohort spline at t = 0. 

. The right side gradient for the cohort-based spline is the difference 
between the long-term improvement factor for age x + 21 in 2028 and 
the long-term improvement factor for age x + 20 in 2027. That is, we use 
g(x + 21,2028) — g(x + 20, 2027), which is matched to the first derivative 
of the cohort spline at t = 20. 
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So, letting Ce(x, t) = ap + b*P +t +d" represent the cohort-based 
cubic spline, with derivative C’.(x, tf) = 3a*t? + 2b*t + c*, the four conditions 
described above give the following four equations: 


Knot at t = 0: C.(x, 0) = d* = g(x, 2007) 
Knot at t = 20: C.(x + 20,20) = 20°a* + 207b* + 20c* + d* 
= (x + 20, 2027) 
Gradient at t = 0: C.(x,0) = c* = g(x, 2007) — g(x — 1, 2006) 
Gradient at t = 20: 
C.(x + 20, 20) = 3a*20" + 40b* + c* = v(x + 21, 2028) — p(x + 20, 2027) 


For the US tables, the improvement factor for age x in year f is then taken as 
the average of the two splines, namely 


v(x, 2007 + t) = 0.5C, (x,t) +0.5C-(x,1) fort =1,2,...,19. 


Example 3.17 Calculate the MP2014 one-year improvement factor for a 
female life aged 40 in 2020, given the following values for short- and long- 
term improvement factors: 
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(40, 2006) = 0.0162, (40,2007) = 0.0192, (40,2027) = 0.01, 
y (40, 2028) = 0.01, 
(26, 2006) = —0.0088, (27,2007) = —0.0088, (47,2027) = 0.01, 
y (48, 2028) = 0.01. 
Solution 3.17 The four equations for the age-based cubic spline are 
Knot at t = 0: C,(40,0) = d = (40,2007) = 0.0192 
Knot at t = 20: C,(40, 20) = 8000a + 400b + 20c + d = 0.01 
Gradient at t = 0: C/,(40, 0) = c = (40, 2007) — (40, 2006) = 0.003 
Gradient at t = 20: C/ (40,20) = 1200a + 40b + c 
= ~(40, 2028) — (40, 2027) = 0 


The equations for t = 0 give c = 0.003 and d = 0.0192, and the equations for 
t = 20 then yield a = 9.8 x 107% and b = —3.69 x 1074. 
So for a life aged 40 in 2020 we have 


C,(40, 13) = 13°a + 137b + 13c + d = 0.01737. 


The four equations for the cohort-based cubic spline for a life who is aged 
40 in 2020 apply to the cohort who are aged 27 in 2007, so the four equations 
for the spline are 


Knot at t = 0: C,(27,0) = d* = (27, 2007) = —0.0088 
Knot at t = 20: C.(47, 20) = 8000a* + 400b* + 20c* + d* = 0.01 
Gradient at t = 0: C’.(27,0) = c* = (27, 2007) — (26, 2006) = 0 
Gradient at t = 20: C’.(47, 20) = 1200a* + 40b* + c* 

= 9(48, 2028) — (47, 2027) = 0 


Solving as for the age-based spline we obtain 
a* = —4.7 x 1076, b*= 1.41 x 10%, c*=0, d* = —0.0088. 
So for a life aged 40 in 2020 we have 
Ce(40, 13) = 13°a* + 137b* + 13c* + d* = 0.00470, 
and hence the improvement factor for age 40 in 2020 is 


(40, 2020) = 0.5C, (40, 13) + 0.5C.(40, 13) = 0.011035. 


98 Life tables and selection 


3.13 Notes and further reading 


The mortality rates in Section 3.4 are drawn from the following sources: 


Australian Life Tables 2010-12 were produced by the Australian Govern- 
ment Actuary (2014). 

English Life Table 17 was prepared by the UK Government Actuary and 
published by the Office for National Statistics (2013). 

US Life Tables 2013 were prepared in the Division of Vital Statistics of the 
National Center for Health Statistics in the USA. 


The Continuous Mortality Investigation in the UK has been ongoing for 
many years. Findings on mortality and morbidity experience of UK policy- 
holders are published via a series of formal reports and working papers. In this 
chapter we have drawn on CMI (2006). 

In Section 3.5 we noted that there can be considerable variability in the 
mortality experience of different groups in a national population. Coleman and 
Salt (1992) give a good account of this variability in the UK population. 

The paper by Gompertz (1825), who was the Actuary of the Alliance 
Insurance Company of London, introduced the force of mortality concept. 

In Section 3.11 the data used are from the National Center for Health 
Statistics, Vital Statistics of the United States, Volume IT: Mortality, Part A. 
Washington, D.C.: Government Printing Office. These were obtained through 
the Human Mortality Database, www.mortality.org, which is a vast database 
of mortality data from a large number of countries. 
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Shorter exercises 
Exercise 3.1 Sketch the following as functions of age x for a typical (human) 
population, and comment on the major features: (a) ux, (b) ly, (€) dy. 


Exercise 3.2 You are given the following life table extract. 


Age, x ly 

52 89 948 
53 89 089 
54 88 176 
55 87 208 
56 86 181 
57 85 093 
58 83 940 
59 82719 


60 81429 
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Calculate each of the following probabilities assuming (i) uniform distribution 
of deaths between integer ages, and (ii) a constant force of mortality between 
integer ages: 


(a) 0.2952.4, 
(b) 5.7p52.4, 
(c) 3.212.5952.4- 


Exercise 3.3 Let Sọ denote the survival function from birth. A number of 
fractional age assumptions satisfy the condition 


A(So(x + H) = (1 — H AS) + th(So(x + 1) 


for some function h, where x is an integer and O < t < 1. On the assumption 
of a constant force of mortality between integer ages, find an expression 
for So(x + ft) where x is an integer and O < t < 1, and hence show that 
h(s) = logs. 


Exercise 3.4 Table 3.11 is an extract from a (hypothetical) select life table 
with a select period of two years. Note carefully the layout — each row relates 
to a fixed age at selection. 

Use this table to calculate 


(a) the probability that a life currently aged 75 who has just been selected will 
survive to age 85, 

(b) the probability that a life currently aged 76 who was selected one year ago 
will die between ages 85 and 87, and 

(©) 4loq[77)41 - 


Table 3.11 Extract from a (hypothetical) select life table. 


x Ix] M+ lz+2 x+2 
75 15930 15668 15286 77 
76 15 508 15224 14816 78 
77 15050 14744 14310 79 
80 12576 82 
81 11928 83 
82 11250 84 
83 10542 85 
84 9812 86 


85 9064 87 
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Table 3.12 Mortality rates for Exercise 3.5. 


Age, x Duration 0 Duration | Duration 2 Duration 3 Duration 4 Duration 5+ 


ajx] qix—1]+1 qfix—2]+2 dix—3]+3 qix—4]+4 qx 
69 0.003974 0.004979 0.005984 0.006989 0.007994 0.009458 
70 0.004285 0.005411 0.006537 0.007663 0.008790 0.010599 
71 0.004704 0.005967 0.007229 0.008491 0.009754 0.011880 
72 0.005236 0.006651 0.008066 0.00948 1 0.010896 0.013318 
73 0.005870 0.007456 0.009043 0.010629 0.012216 0.014931 
74 0.006582 0.008361 0.010140 0.011919 0.013698 0.016742 
T3. 0.007381 0.009376 0.011370 0.013365 0.015360 0.018774 
76 0.008277 0.010514 0.012751 0.014988 0.017225 0.021053 
TI 0.009281 0.011790 0.014299 0.016807 0.019316 0.023609 


Exercise 3.5 CMI Table A23 is based on UK data from 1999 to 2002 for 
female non-smokers who are term insurance policyholders. It has a select 
period of five years. An extract from this table, showing values of qjx-t+rt, 
is given in Table 3.12. 

Use this survival model to calculate 


(a) 2p) (b) 34i73}+2 (©) 1lapest+4 (d) 7P{70) 
(e) 3.89[70]+0.2 assuming UDD. 


Exercise 3.6 A select survival model has a select period of three years. 
Calculate 3753, given 


qso} = 9.01601, 2piso] = 0.96411, 2|qi50] = 0.02410, 2|3¢(50}41 = 0.09272. 


Exercise 3.7 An insurer is constructing a two-factor mortality improvement 
model. You are given the following information for the improvement factors 


applying at age x. 


e The one-year improvement factor in years 2019 and 2020 for age x are both 
equal to 0.02. 

e The long-term improvement factors apply from 2040, and are assumed to be 
0% at all ages. 

e Improvement factors for intermediate years are calculated using an age- 
based cubic spline. 


Calculate the improvement factor for age x in 2024. 


Longer exercises 
Exercise 3.8 A group of 100000 independent lives, each aged 65, purchases 
one-year term insurance. At the start, 20% of the group are preferred lives, 
with gos = 0.002 and 80% of the group are normal lives, with ges = 0.009. 
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(a) Calculate the standard deviation of the number of survivors at the end of 
the year. 

(b) Calculate the proportion of preferred lives expected in the survivor group. 

(c) Using a normal approximation, without continuity correction, calculate the 
90th percentile of the number of survivors at the end of the year. 


Exercise 3.9 You are given ly for integer valued x. Assuming a constant force 
of mortality between integer ages y and y+ 1 for y = 0, 1,2,..., show that for 
integer x, 


CO 
jPx — j+1Px 


qj 
where aj is a term that you should identify. 


Exercise 3.10 When posted overseas to country A at age x, the employees of 
a large company are subject to a force of mortality such that, at exact duration 
t years after arrival overseas (t = 0, 1,2, 3,4), 


er = (6 — Darts 


where qx+r is on the basis of US Life Tables, 2002, Females. For those who 
have lived in country A for at least five years the force of mortality at each age 
is 50% greater than that of US Life Tables, 2002, Females, at the same age. 
Some ly values for this table are shown in Table 3.13. 

Calculate the probability that an employee posted to country A at age 30 will 
survive to age 40 if she remains in that country. 


Exercise 3.11 A special survival model has a select period of three years. 
Functions for this model are denoted by an asterisk, *. Functions without an 


Table 3.13 An extract from the United 
States Life Tables, 2002, Females. 


Age, x lx 

30 98 424 
31 98 362 
32 98 296 
33 98 225 
34 98 148 
35 98 064 


40 97 500 
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Table 3.14 An extract from the 
Canada Life Tables 2000-02, Males. 


Age, x l 

15 99 180 
16 99 135 
17 99 079 
18 99 014 
19 98 942 
20 98 866 
21 98 785 
22 98 700 
23 98 615 
24 98 529 
25 98 444 
26 98 363 
62 87 503 
63 86 455 
64 85 313 
65 84 074 


asterisk are taken from the Canada Life Tables 2000-02, Males; an excerpt 
from this table is given in Table 3.14. You are given that, for all values of x, 
Pix = 4Px-5> Phi = 3Px-1; Pig = 2Px+2s Px = Pxtl- 


A life table, tabulated at integer ages, is constructed on the basis of the special 
survival model. The radix, Bs is set at 98 363 (i.e. l26 from the Table 3.14). 


(a) Construct the iy Iq ae Iq „2 > and i 3 columns for x = 20, 21,22. 


(b) Calculate 2 l384f21]+1 > 40P{22)° 40Pi21}41 > 40P120]42° and 40P3)- 


Exercise 3.12 (a) Show that a constant force of mortality between integer 
ages implies that the distribution of R,, the fractional part of the future 
life time, conditional on K, = k, has the following truncated exponential 
distribution for integer x, for 0 < s < 1 and fork = 0,1,... 


1 — exp{—u%, ,5] 


Pr[R, < s | K, = k] = 
E 1 = exp(—u%,,) 


(3.17) 


where 2%, = — log Px+k- 
(b) Show that if formula (3.17) holds for k = 0,1,2,... then the force of 


mortality is constant between integer ages. 
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Exercise 3.13 The model in Example 3.13 has a two-year select period. The 
ultimate survival model follows Makeham’s law, and the select part follows 
Mix}t+s = 09 is 
Verify equation (3.15); that is, for 0 < t < 2: 
1 — 0.9! t — 0.9! 
‘Pix = exp 40.97" A+ Bc*)}. 
log(0.9) log(0.9/c) 


Exercise 3.14 Improvement factors are being developed based on data up to 


2015 for a survival model. Long-term improvement factors are assumed to 
apply from 2040, and are assumed to be 1% at all ages up to age 90. 

The improvement factors for the years 2016 to 2039 are to be developed 
using the average of an age-based and a cohort-based cubic spline, following 
the same approach as in Example 3.17. 

Calculate the one-year improvement factor for a life aged 50 in 2025, given 
the following values for 2014 and 2015: 


(50, 2014) = 0.0134, (50,2015) = 0.0145, 
(39, 2014) = 0.0168, (40, 2015) = 0.0182. 


Answers to selected exercises 

3.2 (a)(i) 0.001917 (ii) 0.001917 

(b)(i) 0.935422 (ii) 0.935423 

(c)(i) 0.030957 (ii) 0.030950 
3.4 (a) 0.66177 (b) 0.09433 (c) 0.08993 
3.5 (a) 0.987347 (b) 0.044998 (c) 0.010514 (d)0.920271 (e) 0.027812 
3.6 0.902942 
3.7 0.01792 
3.8 (a) 27.45 (b) 0.201 (c) 99275 
3.10 0.977497 
3.11 (a) 


x Ih lg [2 b3 
20 99180 98942 98700 98529 
21 99135 98866 98615 98444 


22 99 079 98785 98529 98363 


(b) 0.121265, 0.872587, 0.874466, 0.875937, 0.876692 
3.14 0.018615 
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Insurance benefits 


4.1 Summary 


In this chapter we develop formulae for the valuation of traditional insurance 
benefits. In particular, we consider whole life, term and endowment insurance. 
For each of these benefits we identify the random variables representing the 
present values of the benefits and we derive expressions for moments of these 
random variables. The functions we develop for traditional benefits will also 
be useful when we move to modern variable contracts. 

We develop valuation functions for benefits based on the continuous future 
lifetime random variable, Tą, and the curtate future lifetime random variable, 
Kx, from Chapter 2. We introduce a new random variable, K™, which we use 
to value benefits which depend on the number of complete periods of length 
1/m years lived by a life (x). We explore relationships between the expected 
present values of different insurance benefits. 

We also introduce the actuarial notation for the expected values of the 
present value of insurance benefits. 


4.2 Introduction 


In the previous two chapters, we have looked at models for future lifetime. 
The main reason that we need these models is to apply them to the valuation 
of payments which are dependent on the death or survival of a policyholder 
or pension plan member. Because of the dependence on death or survival, the 
timing and possibly the amount of the benefit are uncertain, so the present 
value of the benefit can be modelled as a random variable. In this chapter we 
combine survival models with time value of money functions to derive the 
distribution of the present value of an uncertain, life contingent future benefit. 

We generally assume that the interest rate is constant and fixed. This is 
appropriate, for example, if the premiums for an insurance policy are invested 
in risk-free bonds, all yielding the same interest rate, so that the term structure 


104 


4.3 Assumptions 105 


is flat. In Chapter 12 we introduce more realistic term structures, and consider 
some models of interest that allow for uncertainty. 

For the development of present value functions, it is generally easier, 
mathematically, to work in continuous time. In the case of a death benefit, 
working in continuous time means that we assume that the death payment is 
paid at the exact time of death. In the case of an annuity, a continuous benefit 
of, say, $1 per year would be paid in infinitesimal units of $dt in every interval 
(t,t + dt). Clearly both assumptions are impractical; it will take time to process 
a payment after death, and annuities will be paid at most weekly, not every 
moment (though the valuation of weekly payments is usually treated as if 
the payments were continuous, as the difference is very small). In practice, 
insurers and pension plan actuaries work in discrete time, often with cash 
flow projections that are, perhaps, monthly or quarterly. In addition, when the 
survival model being used is in the form of a life table with annual increments 
(that is, ly for integer x), it is simplest to use annuity and insurance present value 
functions that assume payments are made at integer durations only. We work 
in continuous time in the first place because the mathematical development is 
more transparent, more complete and more flexible. It is then straightforward 
to adapt the results from continuous time analysis to discrete time problems. 


4.3 Assumptions 


To perform calculations in this chapter, we require assumptions about mortality 
and interest. We use the term basis to denote a set of assumptions used in life 
insurance or pension calculations, and we will meet further examples of bases 
when we discuss premium calculation in Chapter 6, policy values in Chapter 7 
and pension liability valuation in Chapter 11. 

In many of the examples and exercises of this and subsequent chapters, we 
use the following survival model which was introduced in Example 3.13. 


The Standard Ultimate Survival Model: 


Makeham’s Law, ux = A+ Bc*, 
A = 0.00022, B=2.7~x 10, c= 1.124. 


We also assume that interest rates are constant. As discussed above, this 
interest assumption can be criticized as unrealistic. However, it is a convenient 
assumption from a pedagogical point of view, is often accurate enough for 
practical purposes (but not always) and we relax the assumption in later 
chapters. 

It is convenient to work with interest theory functions that are in common 
actuarial and financial use. We review some of these here. 
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Given an effective annual rate of interest i > 0, we use v = 1/(1 + i), so 
that the present value of a payment of S which is to be paid in ¢ years’ time is 
Sv'. The force of interest per year is denoted ô where 


8 =log(1 +i) 1+i=e, and v=e; 


ô is also known as the continuously compounded rate of interest. In financial 
mathematics and corporate finance contexts, and in particular if the rate 
of interest is assumed risk free, the common notation for the continuously 
compounded rate of interest is r. 

The nominal rate of interest compounded p times per year is denoted 
iP) where 


® = p(0 +D -1) 614i=(14+ Mp)’. 


The effective rate of discount per year is d where 


d=1-v=iv=1- e, 


and the nominal rate of discount compounded p times per year is d”) where 


dP = p(l—v'/?) & (1 — d” /py =v. 


4.4 Valuation of insurance benefits 
4.4.1 Whole life insurance: the continuous case, Ay 


For a whole life insurance policy, the time at which the benefit will be paid is 
unknown until the policyholder actually dies and the policy becomes a claim. 
Since the present value of a future payment depends on the payment date, 
the present value of the benefit payment is a function of the time of death, 
and is therefore modelled as a random variable. Given a survival model and an 
interest rate we can derive the distribution of the present value random variable 
for a life contingent benefit, and can therefore compute quantities such as the 
mean and variance of the present value. 

We start by considering the value of a benefit of amount $1 payable 
following the death of a life currently aged x. Using a benefit of $1 allows us 
to develop valuation functions per unit of sum insured, then we can multiply 
these by the actual sum insured for different benefit amounts. 

We first assume that the benefit is payable immediately on the death of (x). 
This is known as the continuous case since we work with the continuous future 
lifetime random variable Tą. Although in practice there would normally be a 
short delay between the date of a person’s death and the time at which an 
insurance company would actually pay a death benefit (due to notification of 
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death to the insurance company and legal formalities) the effect is slight and 
we will ignore that delay here. 

For our life (x), the present value of a benefit of $1 payable immediately on 
death is a random variable, Z, say, where 


Z=" = eh, 


We are generally most interested in the expected value of the present value 
random variable for some future payment. We refer to this as the Expected 
Present Value or EPV. It is also commonly referred to as the Actuarial Value 
or the Actuarial Present Value. 

The EPV of the whole life insurance benefit payment with sum insured $1 
is Efe Tx], In actuarial notation, we denote this expected value by Ay, where 
the bar above A denotes that the benefit is payable immediately on death. 

As T, has probability density function f(t) = Px Hx+r, we have 


[0,6] 


A, = Ble" = f E (4.1) 
0 


It is worth looking at the intuition behind this formula. In Figure 4.1 we use 
the time-line format that was introduced in Section 2.4. 

Consider time t, where x < x +t < w. The probability that (x) is alive at 
time ¢ is ;px, and the probability that (x) dies between ages x + t and x + t + dt, 
having survived to age x + t, is, loosely, x+ dt, provided that dt is very small. 
In this case, the present value of the death benefit of $1 is e~’. Note that we 
regard the period from f to t + dt as so short that any payment in the interval 
can effectively be treated as occurring at time ¢ for discounting. 

Now we can integrate (that is, sum the infinitesimal components of) the 
product of present value and probability over all the possible death intervals 
t to t + dt to obtain the EPV of the death benefit that will be paid in exactly 


Time 0 t t+dt 
Age & att a+t+dt 
Event (x) survives t years (x) dies 

iS A. 
Probability tPx Hry dt 
Present Value ee 


Figure 4.1 Time-line diagram for continuous whole life insurance. 
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one of these intervals. The result is the integral in (4.1). Similarly, the second 
moment (about zero) of the present value of the death benefit is 


E[Z?] = Ele **)"] = Ele?” ™] 


ee) 


= J gmet iPx Ux+t dt 
0 


= Ay, (4.2) 


where the superscript? indicates that calculation is at force of interest 28, or, 
equivalently, at rate of interest j, where 1 + j = e° = (1 + D°. 

The variance of the present value of a unit benefit payable immediately on 
death is 


VIZ] = V[e7? T] = E[Z?] — E[Z]? = A, — (Ax)? (4.3) 


Now, if we introduce a more general sum insured, S, say, then the EPV of the 
death benefit is 


E[SZ] = E[Se~*™] = SA, 
and the variance is 
VISZ] = V[Se T] = S (A, — A?). 


In fact we can calculate any probabilities associated with the random variable 
Z from the probabilities associated with Ty. Suppose we are interested in the 
probability Pr[Z < 0.5], for example. We can rearrange this into a probability 
for Ty: 


Pr[Z < 0.5] = Pr[e7? ™ < 0.5] 
= Pr[—6 Ty < log(0.5)] 
= Pr[5 Ty > — log(0.5)] 
= Pr[5 Ty > log(2)] 
= Pr[T, > log(2)/3] 
= uPx 


where u = log(2)/5. We note that low values of Z are associated with high 
values of Ty. This makes sense because the benefit is more expensive to the 
insurer if it is paid early, as there has been little opportunity to earn interest. It 
is less expensive if it is paid later. 
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4.4.2 Whole life insurance: the annual case, Ax 


Suppose now that the benefit of $1 is payable at the end of the year of death of 
(x), rather than immediately on death. To value this we use the curtate future 
lifetime random variable, Ky, introduced in Chapter 2. Recall that Ky measures 
the number of complete years of future life of (x). The time to the end of the 
year of death of (x) is then K, + 1. For example, if (x) lived for 25.6 years from 
the issue of the insurance policy, the observed value of K, would be 25, and 
the death benefit payable at the end of the year of death would be payable 26 
years from the policy’s issue. 

We again use Z to denote the present value of the whole life insurance benefit 
of $1, so that Z is the random variable 


Z = phetl g 
The EPV of the benefit, E[Z], is denoted by A, in actuarial notation. 
In Chapter 2 we derived the probability function for Ky, Pr[K, = k] = xlqx. 
so the EPV of the benefit is 


lo) 
Ax = EEH] = Sv! iar = vg + vilas + Palae to .| (44) 
k=0 


Each term on the right-hand side of this equation represents the EPV of a death 
benefit of $1, payable at time k conditional on the death of (x) in (k — 1, k]. 

In fact, we can always express the EPV of a life-contingent benefit by 
considering each time point at which the benefit could be paid, and summing 
over all possible payment times the product of 


(1) the amount of the benefit, 
(2) the appropriate discount factor, and 
(3) the probability that the benefit will be paid at that time. 


We will justify this more rigorously in Section 4.6. We illustrate the process 
for the whole life insurance example in Figure 4.2. 
The second moment of the present value is 


[0,6] [0,6] 
POD play = LOD dgr = Dae + Pilas + 02a. 
k=0 k=0 


Just as in the continuous case, we can calculate the second moment about zero 
of the present value by an adjustment in the rate of interest from i to (1+i)?—1. 
We define 


oo 
2A, = XOVE ila, (4.5) 
k=0 
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Time 0 1 2 3 
Amount $1 $1 $1 
Discount v v? v? 
Probability qx 19x 2l4x 


Figure 4.2 Time-line diagram for discrete whole life insurance. 


and so the variance of the present value of a benefit of S payable at the end of 
the year of death is 


VEH] = LEA -— (4°). (4.6) 


4.4.3 Whole life insurance: the 1/mthly case, A” 


In Chapter 2 we introduced the random variable K,, representing the curtate 
future lifetime of (x), and we saw in Section 4.4.2 that the present value of an 
insurance benefit payable at the end of the year of death can be expressed in 
terms of K,. 

We now define the 1/mthly curtate future lifetime random variable, K” , 
where m > 1 is an integer, to be the future lifetime of (x) in years rounded 
to the lower Lth of a year. The most common values of m are 2, 4 and 12, 
corresponding to half years, quarter years and months. Thus, for example, K® 
represents the future lifetime of (x), rounded down to the lower 1/4. 

Symbolically, if we let | | denote the integer part (or floor) function, then 


1 
K” = — [mT (4.7) 


For example, suppose (x) lives exactly 23.675 years. Then 

K,=23, KO =235, K® =23.5, and KY? =238 = 23.6667. 

Note that K(” is a discrete random variable. K\” = k indicates that the life 
(x) dies in the interval [k, k+ +), fork = 0, i, Z, Aas 

The probability function for K% can be derived from the associated 
probabilities for Ty. For k = 0 2 


>m?>m?***? 
Pr[ky” =k] = Pr[k < Ty < k+ 5] = lage = Px py 1Pr- 


In Figure 4.3 we show the time-line for the 1/mthly benefit. At the end of each 
1/m year period, we show the amount of benefit due, conditional on the death 
of the insured life in the previous 1/m year interval, the probability that the 
insured life dies in the relevant interval, and the appropriate discount factor. 
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Time 0 1/m 2/m 3/m 
Amount $1 $1 $1 
Discount yi/m yo/m y3/m 
Probability 1d 1l14dy 2lidy 


m mm mm 


Figure 4.3 Time-line diagram for 1/mthly whole life insurance. 


Suppose, for example, that m = 12. A whole life insurance benefit payable 
at the end of the month of death has present value random variable Z where 


z= Pan 


We let AQ? denote the EPV of this benefit, so that 


E[Z] = A“ = vt b a a 
[Z] =A.’ =v 14gy+v baty 
Similarly, for any m, 
A™ = yh 2 = = 
{= ym igytv™ i lige tv™ 2|1gy+v™ 3ligyt--: 
m m 


m m m m m 


As for the continuous and annual cases, we can derive the variance of the 
present value of the 1/mthly whole life benefit by adjusting the interest rate for 
the first term in the variance. We have 


(12) 12) 5 
E[Z?] = Ep? +1/12)) = E[(v2)* +1/12) = Am 


so the variance is 
KOD 41/127 _ 24 (12) (12)\2 
V[v N2] = 49 (AO) 


4.4.4 Recursions 


In practice, it would be very unusual for an insurance policy to provide the 
death benefit at the end of the year of death. Nevertheless, the annual insurance 
function A, is still useful. We are often required to work with annual life tables, 
such as those in Chapter 3, in which case we would start by calculating the 
annual function Ax, then adjust for a more appropriate frequency using the 
relationships and assumptions we develop later in this chapter. 
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Using the annual life table in a spreadsheet, we can calculate the values of 
A, using backward recursion. To do this, we start from the highest age in the 
table, w. We assume all lives expire by age w, so that gy; = 1. If the life 
table does not have a limiting age, we choose a suitably high value for w so 
that g»—1 is as close to | as we like. This means that any life attaining age 
œw — | may be treated as certain to die before age w, in which case we know 
that K,_; = 0 and so 


Ao-1 = E[vke!t!] = v. 


Now, working from the summation formula for Ay, we have 


@—x-1 


x 
k+1 
Ay = X. vet kPx Ox+k 
k=0 


= V4 + v Px qx+1 + v? 2Px Ix4+2 +++: 
=VGx+ vpx(v qx+1 + v? Pett qx+2 + v 2Px+1 Ix+3 +*+: ), 


giving the important recursion formula 


Ay = Vqx + V Px Åx+1- (4.8) 


This formula can be used in spreadsheet format to calculate Ay backwards from 
Aw-—1 back to Ax, , where x, is the minimum age in the table. 

The intuition for equation (4.8) is that we separate the EPV of the whole 
life insurance into the value of the benefit due in the first year, followed by the 
value at age x + 1 of all subsequent benefits, multiplied by p, to allow for the 
probability of surviving to age x + 1, and by v to discount the value back from 
age x + 1 to age x. 

We can use the same approach for 1/mthly benefits; now the recursion will 
give A” in terms of A” ,- Again, we split the benefit into the part payable 


in the first period — now of length 1/m years — followed by the EPV of the 
insurance beginning after 1/m years. We have 


1 2 3 
AW = yin 1dx tvm 1 Px 144 1 + ym 2 Px 1g 2 +. 
m m e m m m 


m XT in 


1 1 1 2 
= pm 1dx +v” 1 Dx (vm Lys 1 vnm 1P 1 LY 2 + 
m m m m m m m m 


giving the recursion formula 


A™ pans ji + ya A™ 
x = 1qx 1px 


=. I? 
m m x+ m 


Example 4.1 Using the Standard Ultimate Survival Model from Section 4.3, 
and an interest rate of 5% per year effective, construct a spreadsheet of values 
of A, for x = 20,21,..., 100. Assume that A129 = v. 
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Table 4.1 Sample values of Ax using the Standard Ultimate 
Survival Model, Example 4.1. 


x Ax x Ax x Ax 

30 0.07698 50 0.18931 98 0.85177 
31 0.08054 51 0.19780 99 0.86153 
32 0.08427 52 0.20664 100 0.87068 


Solution 4.1 The survival model for the Standard Ultimate Survival Model is 
the ultimate part of the model used in Example 3.13 and so values of ;p, can 
be calculated as explained in the solution to that example. The value of q129 is 
0.99996, which is indeed close to 1. We can use the formula 


Á= Vdx + vpyAx+1 


to calculate recursively Aj2g,A127,...,A20, starting from A129 = v. Values for 
x = 20,21,...,80, are given in Appendix D Table D.3. Some excerpts are 
shown in Table 4.1. 


Example 4.2 Using the Standard Ultimate Survival Model from Section 4.3, 
and an interest rate of 5% per year effective, develop a spreadsheet of values 
of AQ? for x starting at age 20, in steps of 1/12. 


Solution 4.2 For this example, we follow exactly the same process as for the 
previous example, except that we let the ages increase by 1/12 years in each 
row. We construct a column of values of 1 py using 

12 


Px = exp { — A/12 — Be” (c? — 1)/logc}. 


We again use 130 as the limiting age of the table. Then set AD u= yi/l2 and 


12 


for all the other values of AĮ” use the recursion 


(12) 


A02 a Mtg gil py A 
x Lh Ps x+h 


The first and last few lines of the spreadsheet are reproduced in Table 4.2. 


It is worth making a remark about the calculations in Examples 4.1 and 4.2. 
In Example 4.1 we saw that q129 = 0.99996, which is sufficiently close 
to 1 to justify us starting our recursive calculation by setting A129 = v. 
In Example 4.2, our recursive calculation started from A, i= v!/12, If we 
calculate Laiz We find its value is 0.58960, which is certainly not close to 1. 
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Table 4.2 Sample values of A?” using the Standard Ultimate 
Survival Model, Example 4.2. 


x 1 Px I 4x Ay” 
12 12 
20 0.999979 0.000021 0.05033 
205 0.999979 0.000021 0.05051 
202, 0.999979 0.000021 0.05070 
203, 0.999979 0.000021 0.05089 
50 0.999904 0.000096 0.19357 
5045 0.999903 0.000097 0.19429 
12948 0.413955 0.586045 0.99427 
11 
12944 0.99594 


What is happening in these calculations is that, for Example 4.1, we are 
replacing the exact calculation 


A129 = v (4129 + P129 A130) 


by A129 = v, which is justifiable because A139 is close to 1, meaning that 
v(q129 + p129 A130) is very close to v. Similarly, for Example 4.2, we replace 
the exact calculation 


AP = yl/i2 ( 1 uti u ASh) 
12914 b291 T P1294 130 


by A“? ıı = v!/!?, As the value of A}? 


1291 130 1S very close to 1, it follows that 


me >) 
v 1 iiA a uA 
biz T P1294 4130 


can by approximated by v!/!?, 


Example 4.3 Using the Standard Ultimate Survival Model, and an interest 
rate of 5% per year effective, calculate the mean and standard deviation of 
the present value of a benefit of $100000 payable (a) immediately on death, 
(b) at the end of the month of death, and (c) at the end of the year of death for 
lives aged 20, 40, 60, 80 and 100, and comment on the results. 


Solution 4.3 For part (a), we must calculate 100 000A, and 


1000004 74, — (Ax)? 
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Table 4.3 Mean and standard deviation of the present value of a whole life 
insurance benefit of $100 000, for Example 4.3. 


Continuous (a) Monthly (b) Annual (c) 

Age, x Mean St. Dev. Mean St. Dev. Mean St. Dev. 
20 5043 5954 5033 5942 4922 5810 
40 12 404 9619 12379 9 600 12 106 9 389 
60 29 743 15 897 29 683 15 865 29 028 15517 
80 60 764 17685 60 641 17649 59 293 17255 

100 89 341 8127 89 158 8110 87 068 7860 


for x = 20, 40, 60 and 80, where A is calculated at effective rate of interest 
j= 10.25%. For parts (b) and (c) we replace each A, by A” and Ay, 
respectively. The values are shown in Table 4.3. The continuous benefit 
values in the first column are calculated by numerical integration, and the 
annual and monthly benefit values are calculated using the spreadsheets from 
Examples 4.1 and 4.2. 

We can make the following observations about these values. First, values for 
the continuous benefit are larger than the monthly benefit, which are larger than 
the annual benefit. This is because the death benefit is payable soonest under 
(a) and latest under (c). Second, as x increases the mean increases for all three 
cases. This occurs because the smaller the value of x, the longer the expected 
time until payment of the death benefit. Third, as x increases, the standard 
deviation decreases relative to the mean, in all three cases. And further, as we 
get to very old ages, the standard deviation decreases in absolute terms, as the 
possible range of payout dates is reduced significantly. 

It is also interesting to note that the continuous and monthly versions of the 
whole life benefit are very close. That is to be expected, as the difference arises 
from the change in the value of money in the period between the moment of 
death and the end of the month of death, a relatively short period. 


4.4.5 Term insurance 
: Al 
The continuous case, Aa 


Under a term insurance policy, the death benefit is payable only if the 
policyholder dies within a fixed term of, say, n years. 
In the continuous case, the benefit is payable immediately on death. The 
present value of a benefit of $1, which we again denote by Z, is 
vis =e FT if T <n, 


Z= . 
0 if 7, >n. 
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The EPV of this benefit is denoted Ala in actuarial notation. The bar above A 
again denotes that the benefit is payable immediately on death, and the 1 above 
x indicates that the life (x) must die before the term of n years expires in order 
for the benefit to be payable. 

Then 


n 


Al, = I e% Pr syi dt (4.9) 
0 


and, similarly, the expected value of the square of the present value is 


n 


Aim= I ot Px py dt 
0 


which, as with the whole life case, is calculated by a change in the rate of 
interest used. 


The annual case, Ala 
Next, we consider the situation when a death benefit of 1 is payable at the end 
of the year of death, provided this occurs within n years. The present value 


random variable for the benefit is now 


yt! if K <n-l, 


(0) if Ky >n. 


The EPV of the benefit is denoted Aim so that 


n—1 
> Beer (4.10) 
k=0 


The 1/mthly case, A” 1 


We now consider the situation when a death benefit of 1 is payable at the end 
of the 1/mth year of death, provided this occurs within n years. The present 
value random variable for the benefit is 


(m), 1 

Ky +> : (m) 1 

Z= yx Fm if Ky EnS 
0 if K” >n. 
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Table 4.4 EPVs of term insurance benefits. 


(4); 


k Ai x:10| Ala 

20 0.00214 0.00213 0.00209 
40 0.00587 0.00584 0.00573 
60 0.04356 0.04329 0.04252 
80 0.34550 0.34341 0.33722 


The EPV of the benefit is denoted a so that 


mn—1 
As ay, (4.11) 
k=0 


Example 4.4 Using the Standard Ultimate Survival Model as specified in 
Section 4.3, with interest at 5% per year effective, calculate A! TO? Aigi nd 
A. : w f! x = 20, 40, 60 and 80 and comment on the values. 


Solution 4.4 We use formula (4.9) with n = 10 to calculate Al z (using 
numerical e ane and formulae (4.11) and (4.10), with m = 4 and n= 10 
to calculate A“! wand A or 


The values are aes in Table 4.4, and we observe that values in each case 
increase as x increases, reflecting the fact that the probability of death in a 
10-year period increases with age for the survival model we are using. The 
ordering of values at each age is the same as in Example 4.3, for the same 
reason — the ordering reflects the fact that any payment under the continuous 
benefit will be paid earlier than a payment under the quarterly benefit. The 
end year benefit is paid later than the quarterly benefit, except when the death 
occurs in the final quarter of the year, in which case the benefit is paid at the 


same time. 


4.4.6 Pure endowment 


Pure endowment benefits are conditional on the survival of the policyholder 
at a policy maturity date. For example, a 10-year pure endowment with sum 
insured $10 000, issued to (x), will pay $10000 in 10 years if (x) is still 
alive at that time, and will pay nothing if (x) dies before age x + 10. Pure 
endowment benefits are not sold as stand-alone policies, but may be sold in 
conjunction with term insurance benefits to create an endowment insurance, 
which is covered in the next section. However, pure endowment valuation 
functions turn out to be very useful when we value other benefits. 
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The pure endowment benefit of $1, issued to a life aged x, with a term of n 
years has present value Z, say, where: 


0 if Ty <n, 


w if Ten. 


Z= 


There are two ways to denote the EPV of the pure endowment benefit using 
actuarial notation. It may be denoted Ait The ‘1’ over the term subscript 
indicates that the term must expire before the life does for the benefit to be 
paid. This notation is consistent with the term insurance notation, but it can 
be cumbersome, considering that this is a function which is used very often 
in actuarial calculations. A more convenient standard actuarial notation for the 
EPV of the pure endowment is „Ey. 
If we rewrite the definition of Z above, we have 


0 with probability 1 — ; 
Z= P ane (4.12) 


n 


v” with probability npx- 


Then we can see that the EPV is 


Ey = v" npx- (4.13) 


I _ 
Aam = 


Note that because the only possible payment date for the pure endowment 
is at time n, there is no need to specify continuous and discrete time versions; 
there is only a discrete time version. 

It is sometimes useful to have an expression for E[Z?], which we denote by 
2E,. As 


0 with probability 1 — ppx, 


‘a T i (4.14) 
v with probability „px, 
we have 
PEs = v” apr = V'nEx: (4.15) 
So the variance of the present value is 
VIZ] = pEr — nEk = nExv" (1 — nps) = nExV'ngs. (416) 


We will generally use v",p, Or nEx for the pure endowment function, rather 
than the Aa notation. 


4.4.7 Endowment insurance 


An endowment insurance provides a combination of a term insurance and a 
pure endowment. The sum insured is payable on the death of (x) if (x) dies 
within a fixed term, say n years, but if (x) survives for n years, the sum insured 
is payable at the end of the nth year. 
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Traditional endowment insurance policies were popular in Australia, North 
America and the UK up to the 1990s, but are rarely sold these days in these 
markets. However, as with the pure endowment, the valuation function turns 
out to be quite useful in other contexts. Also, companies operating in these 
territories will be managing the ongoing liabilities under the policies already 
written for some time to come. Furthermore, traditional endowment insurance 
is still relevant and popular in some emerging insurance markets, for example 
in the context of microinsurance. 

We first consider the case when the death benefit (of amount 1) is payable 
immediately on death. The present value of the benefit is Z, say, where 


if Ty <n, 
y” if T,>n 


— yimin(Tyn) — p78 min(Ty.n) 


Thus, the EPV of the benefit is 
n [0,6] 


E[Z] = | eo iPx Uys dt + / a iPx Uxt dt 
0 n 


n 


= J et tPx Hx+t dt + en nPx 
0 


Äl 1 
=z Aun T Aun 


and in actuarial notation we write 


Aya = Ana ae Aa = Ala + Ey. (4.17) 


Similarly, the expected value of the squared present value of the benefit is 


n 


—26t —26 
f e tPx Ux+t dt + e ý nPx» 
0 


which we denote 7A sī 
In the situation when the death benefit is payable at the end of the year of 
death, the present value of the benefit is 


v&tl if K <n-l, 


w” if K >n 


L= 


= pmin(Ky+ 1,1) 
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The EPV of the benefit is then 
n—1 


XO vH pgs + v" PriK, > n] = ALa + v" nps (4.18) 
k=0 


and in actuarial notation we write 


Axm = Aja t Ag = Aum t nEx. (4.19) 


Similarly, the expected value of the squared present value of the benefit is 
n—-1 


z y2k+1) 


Aum Kx +F v” apx 


k=0 
— 2a Í 2 
= "Al, + 2E 


Finally, when the death benefit is payable at the end of the 1 /mth year of death, 
the present value of the benefit is 


m), 1 
y% Fa if K&” = n— 1 


Z= m? 
y” if K™® >n 
A (m), 1 
= pinky Han, 
The EPV of the benefit is 
mn—1 
Yo VEDA aliq +V PAKP > n] = AML + ads, 
k=0 


and in actuarial notation we write 


(m) _ 4™ı 1 — gm) 
Aun =A xin] a Aun =A x:n] + nEx. (4.20) 


Example 4.5 Using the Standard Ultimate Survival Model with interest at 5% 
per year effective, calculate Ayal ; Ae and A,.7 for x = 20, 40, 60 and 80 
and comment on the values. 


) 
Tol’ 


Solution 4.5 We can obtain values of Å Tob Aa and Aaa by adding 


10Ex = v0 ops to the values of A!_, A“! in Example 4.4. The 


x10? x10) and Ala 
values are shown in Table 4.5. 

The actuarial values of the 10-year endowment insurance functions do not 
vary greatly with x, unlike the values of the 10-year term insurance functions. 
The reason for this is that the probability of surviving 10 years is large (19p20 = 
0.9973, 10p60 = 0.9425) and so for each value of x, the benefit is payable after 
10 years with a high probability. Note that v!? = 0.6139, and because t = 10 
is the latest possible payment date for the benefit, the values of A p> AS - 


T) and 
A „mo must be greater than this for any age x. 
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Table 4.5 EPVs of endowment insurance benefits. 


(4) 


* Ayal x:10| Ay] 

20 0.61438 0.61437 0.61433 
40 0.61508 0.61504 0.61494 
60 0.62220 0.62194 0.62116 
80 0.68502 0.68292 0.67674 


4.4.8 Deferred insurance 


Deferred insurance refers to insurance which does not begin to offer death 
benefit cover until the end of a deferred period. Suppose a benefit of $1 is 
payable immediately on the death of (x) provided that (x) dies between ages 
x+ u and x + u + n. The present value random variable is 


0 if Ty < u or T; > u +n, 


es ifu<T,<u+n. 


This random variable describes the present value of a deferred term insurance. 
We can, similarly, develop random variables to value deferred whole life or 
endowment insurance. 

The actuarial notation for the EPV of the deferred term insurance benefit is 
ulA L Thus 


u+n 
ulA im = / et Px Ute dt. (4.21) 
u 


Changing the integration variable to s = t — u gives 


n 


u Al = | goon stuPx Ux+s+u ds 
0 


n 


—ô — Âs 
=e uPx Í e” sPx+u Hx+s+u dS 


0 
— „—ôu A 1 _ yu Al = A 1 
=e uPx Ay um =y uPx Ay yan = „Ex Ayn ny (4.22) 
A further expression for „ Alm is 
Al — Al Ai 
7 lA vm = Aaa — Aom (4.23) 
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which follows from formula (4.21) since 


u+n u+n u 
—ôt —ôt —ôt 
e" Px Uxt dt = / e" iPx Uxt dt — f e€“ iPx x41 dt. 
u 0 0 


Thus, the EPV of a deferred term insurance benefit can be found by differenc- 
ing the EPVs of term insurance benefits for terms u + n and u. 

Note the role of the pure endowment term „Ey = v”upx in equation (4.22). 
This acts similarly to a discount function. If the life survives u years, to the 
end of the deferred period, then the EPV at that time of the term insurance 
is Aes Multiplying by vp, converts this to the EPV at the start of the 
deferred period. 

Our main interest in this EPV is as a building block. We observe, for 
example, that an m-year term insurance can be decomposed as the sum of n 
deferred term insurance policies, each with a term of one year, and we can write 


n 


Ala = e tPx Ux+t dt 


=§ 
= e™™ iPx fxr dt 


(4.24) 


A similar decomposition applies to a whole life insurance policy and we 
can write 


CO 
se 
r=0 


We can derive similar results for the deferred benefit payable at the end of the 
year of death, with EPV denoted „|A om : 
In particular, it is useful to note that 


Ay = Ala + nlAx, 


where ,,|A, is the EPV of a benefit of 1 payable at the end of the year of death 
of (x) if death occurs after time n, so that 


Aiz = Ax =n |Ax 


=A, — Vv" Dx Axtn = Ay — nEx Axtn- (4.25) 
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This relationship can be used to calculate Ala for integer x and n given a table 
of values of A, and L. 


4.5 Relating Ay, Ax and A” 


We mentioned in the introduction to this chapter that, even though insurance 
contracts with death benefits payable at the end of the year of death are 
very unusual, functions like A, are still useful. The reason for this is that 
we can approximate A, or A” from Ax, and we might wish to do this if 
the only information available is a life table, with integer age functions only, 
rather than a formula for the force of mortality that could be applied for 
all ages. 

In Table 4.6 we show values of the ratios of A® to A, and Ay to Ay, using 
the Standard Ultimate Survival Model from Section 4.3, with interest at 5% 
per year effective. 

We see from Table 4.6 that, over a very wide range of ages, the ratios of 
A® to Ay and A, to Ax are remarkably stable, giving the appearance of being 
independent of x up to around age 80. In the following section we show how 
we can approximate values of A®” and Ax using values of Ax. 


4.5.1 Using the uniform distribution of deaths assumption 


The difference between Ay and A, depends on the lifetime distribution between 
ages y and y + 1 for all y > x. If we do not have information about this, 
for example, because we have mortality information only at integer ages, 
we can approximate the relationship between the continuous function A, and 
the discrete function A, using one of the fractional age assumptions that we 
introduced in Section 3.3. The most convenient fractional age assumption for 
this purpose is the uniform distribution of deaths assumption, or UDD. 


Table 4.6 Ratios of A® to Ax and Ay to Ax, Standard 
Ultimate Survival Model. 


x Ay” /Ax Ax/Ax 
20 1.0184 1.0246 
40 1.0184 1.0246 
60 1.0184 1.0246 
80 1.0186 1.0248 
100 1.0198 1.0261 


120 1.0296 1.0368 
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Recall, from equation (3.11), that under UDD, for O < s < 1, and for integer 
y, we have spy My+s = qy. Using this assumption we can derive a relationship 
between A, and Ax, under the UDD assumption: 


00 
Ay = [Mes Ux+ dt 
0 


k+1 


(oe) 
=>) / e™™ Px fxr dt 
k 
m 1 
= > oa Í gn Prk Ux+k+s ds 
0 


1 
lee) 
= DD kpv“! ave f e1798 ds using UDD 
0 


= 1 


=A — 


Because eê = 1 + i, under the assumption of UDD we have 


Ā = sAr (4.26) 


The same approximation applies to term insurance and deferred insurance, 
which we can show by changing the limits of integration in the proof above. 

We may also want to derive a 1/mthly death benefit EPV, such as A®™ , from 
the annual function Ay. 

Under the UDD assumption we also find that 


i 


A® = —A,, (4.27) 


po) 


and the proof of formula (4.27) is left as an exercise for the reader. 

These results are exact where the UDD assumption applies, and are 
commonly used to find approximate values for continuous and 1/mthly 
functions from the annual function, even if UDD is not an exact model for 
fractional ages. 

We stress that these approximations apply only to death benefits. The 
endowment insurance combines the death and survival benefits, so we need 
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to split off the death benefit before applying one of the approximations. That 
is, under the UDD approach 


- i 
Arm © Aem t nEx- (4.28) 


4.5.2 Using the claims acceleration approach 


The claims acceleration approach is a more heuristic way of deriving an 
approximate relationship between the annual death benefit EPV, A,, and the 
1/mthly or continuous EPVs, A®” and Äx. The only difference between these 
benefits is the timing of the payment. Consider, for example, A, and A“. The 
insured life, (x), dies in the year of age x + Ky tox + Ky + 1. Under the end 
year of death benefit (valued by Ay), the sum insured is paid at time K, + 1. 
Under the end of quarter-year of death benefit (valued by A), the benefit will 
be paid either at Ky + i Kx + $, Ky + ; or K, + 1 depending on the quarter 
year in which the death occurred. If the deaths occur evenly over the year 
(the same assumption as we use in the UDD approach), then, on average, the 
benefit is paid at time Ky + 2, which is 3/8 years earlier than the end of year 
of death benefit. 

Similarly, suppose the benefit is paid at the end of the month of death. 
Assuming deaths occur uniformly over the year, then on average the benefit 
is paid at Ky + B, which is 11/24 years earlier than the end year of 
death benefit. 

In general, for a 1/mthly death benefit, assuming deaths are uniformly 
distributed over the year of age, the average time of payment of the death 
benefit is (m + 1)/2m in the year of death, which is 1 — mit = nl years 
earlier than the end year of death benefit would be paid. 

So we have the resulting approximation 


m+1 m+1 
1+ 2m 2+ 2m + ET” 


(m) m+1 
Ay X dxvm + 119x v 


= 1 

mth 

= 5 kx yet 2m 
k=0 


[0,6] 


= (1+) Y ggv. 
k=0 


+ 2lgxV 


That is 


Aw ~ (1+ i) T Ay. (4.29) 
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For the continuous benefit EPV, Ay, we let m — oo in equation (4.29), to give 
the approximation 


Ay © (1 +i)2Ay. (4.30) 


This is explained by the fact that, if the benefit is paid immediately on death, 
and lives die uniformly through the year, then, on average, the benefit is paid 
half-way through the year of death, which is half a year earlier than the benefit 
valued by Ax. 

As with the UDD approach, these approximations apply only to death 
benefits. Hence, for an endowment insurance using the claims acceleration 
approach we have 


3 aL 
Awa x (1+ i)7AL + nk. (4.31) 


Note that both the UDD and the claims acceleration approaches give values for 
A” or Ay such that the ratios Aw” /A, and A,/Ax are independent of x. Note also 
that for i = 5%, i/i = 1.0186 and i/ = 1.0248, whilst (1 + i)?/* = 1.0185 
and (1 + i)!/? = 1.0247. The values in Table 4.6 show that both approaches 
give good approximations in these cases. 


4.6 Variable insurance benefits 


For all the insurance benefits studied in this chapter, the EPV of the benefit can 
be expressed as the sum over all the possible payment dates of the product of 
three terms: 


e the amount of benefit paid, 
e the appropriate discount factor for the payment date, and 
e the probability that the benefit will be paid at that payment date. 


This approach works for the EPV of any traditional benefit — that is, where 
the future lifetime is the sole source of uncertainty. It will not generate higher 
moments or probability distributions. 

The approach can be justified technically using indicator random vari- 
ables. Consider a life contingent event E — for example, E could be the event 
that a life aged x dies in the interval (k, k+ 1]. The indicator random variable is 


1 if £ is true, 
I(E) = Shes 
0 if Lis false. 


In this example, Pr[E is True] = ;|g¢x, so the expected value of the indicator 
random variable is 


EU(E)] = Lla) + OU — klax) = klaxs 
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and, in general, the expected value of an indicator random variable is the 
probability of the indicator event. 

Consider, for example, an insurance that pays $1 000 after 10 years if (x) has 
died by that time, and $2 000 after 20 years if (x) dies in the second 10-year 
period, with no benefit otherwise. 

We can write the present value random variable as 


10001(T, < 10)v!° + 2000710 < Ty < 20)v”” 
and the EPV is then 
1 000 10gx v'? + 2000 10l10qx v”. 


Indicator random variables can also be used for continuous benefits. Here we 
consider indicators of the form 


I(t < Ty < t+ dt) 
for infinitesimal dt, with associated probability 


E(t < T; < t + dt)] = Pr[t < T; < t + dt] 


= Pr[T; > t] Pr[Ty < t+ dt\|T, > t] 
X iPx Ux+ dt. 


Consider, for example, an increasing insurance policy with a death benefit of 
T, payable at the moment of death. That is, the benefit is exactly equal to the 
number of years lived by an insured life from age x to his or her death. This is a 
continuous whole life insurance under which the benefit is a linearly increasing 
function. 

To find the EPV of this benefit, we note that the payment may be made at 
any time, so we consider all the infinitesimal intervals (t, t+dt), and we sum 
over all these intervals by integrating from t = 0 to t = oo. 

First, we identify the amount, discount factor and probability for a benefit 
payable in the interval (t,t + dt). The amount is t, the discount factor is eo. 
the probability that the benefit is paid in the interval (t, t+ dt) is the probability 
that the life survives from x to x + t, and then dies in the infinitesimal interval 
(t,t + dt), which for the purpose of constructing the integral is ;py [4x41 dt. 

So, we can write the EPV of this benefit as 


[0,0] 


f te" Px Uxyt dt. (4.32) 
0 


In actuarial notation we write this as (IA). The J here stands for ‘increasing’ 
and the bar over the Z denotes that the increases are continuous. 
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An alternative approach to deriving equation (4.32) is to identify the present 
value random variable for the benefit, denoted by Z, say, in terms of the future 
lifetime random variable, 


Z= qe i, 


Then any moment of Z can be found from 


(oe) 


A snk 
Bz = f (te s tPx Ux+ dt. 
0 


The advantage of the first approach is that it is very flexible and generally 
quick, even for very complex benefits. 

If the policy term ceases after a fixed term of n years, the EPV of the death 
benefit is 


n 


(A) = / te py May dt. 
0 


There are a number of other increasing or decreasing benefit patterns that are 
fairly common. We present several in the following examples. 


Example 4.6 Consider an n-year term insurance policy issued to (x) under 
which the death benefit is k + 1, payable at the end of the year of death, if 
death occurs between ages x + k and x + k + 1, fork = 0, 1,2,...,n — 1. 


(a) Derive a formula for the EPV of the benefit using the first approach 
described, that is multiplying together the amount, the discount factor and 
the probability of payment, and summing for each possible payment date. 

(b) Derive a formula for the variance of the present value of the benefit. 


Solution 4.6 (a) If the benefit is paid at time k + 1, then the benefit amount is 
$(k+ 1), the discount factor is v**!. The probability that the benefit is paid 
at k + 1 is the probability that the policyholder died in the year (k, k + 1], 
which is g|qx. Summing over all the possible years of death, to the end of 
the policy term, we have the EPV of the death benefit is 


n—-1 


Sov T+ D ela. 


k=0 


In actuarial notation the above EPV is denoted (JA) ea 

If the term n is infinite this is a whole life version of the increasing 
annual policy, with benefit K,+1 paid at the end of the year of death. The 
EPV of the death benefit is denoted (JA), where 
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CO 


(A)x = Dov + D alae 
k=0 


(b) We must go back to first principles. First, we identify the random 
variable as 


ae (Ky + Dvkt! if Ky <n, 


(0) if Ky > n. 
So 
n—1 
ELZ’? = bo + 1)? klar 
k=0 


and the variance is 


n—1 


VIZ] = SVD E+ 1? klg — (ALE) 
k=0 


Example 4.7 A whole life insurance policy offers an increasing death benefit 
payable at the end of the quarter year of death. If (x) dies in the first year of 
the contract, then the benefit is 1, in the second year it is 2, and so on. Derive 
an expression for the EPV of the death benefit. 


Solution 4.7 First, we note that the possible payment dates are i i, 3, Sass 


Next, if (x) dies in the first year, then the benefit payable is 1, if death occurs 
in the second year the benefit payable is 2, and so on. Third, corresponding to 
the possible payment dates, the discount factors are v!/4, v?/4, .... 

The probabilities associated with the payment dates are 1gxy 1 | 1q» 2 | 14x, 
3 | 14% kiki 

Hence, the EPV, which is denoted (A™),, can be calculated as 


1 2 3 

1 2 3 1 
14x V4 + 1|1qx v? + 2ļ|1qx v? + 3ļ|1qxv 
3 x it x 2i X alt x 


1 
2l1 
a4 


ji 12 
+2 (ilarv 4 + ytlraey a+, 


Aw 
+ 
N 


+3 (aligrv# + Lige v i + 52] 1ge v” 
q 233 233 


— aA (41 (4)1 
=A vat 2 1A uit 22/4 eee: 
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We now consider the case when the amount of the death benefit increases 
in geometric progression. This is important in practice because compound 
reversionary bonuses will increase the sum insured as a geometric progression. 


Example 4.8 Consider an n-year term insurance issued to (x) under which the 
death benefit is paid at the end of the year of death. The benefit is 1 if death 
occurs between ages x and x + 1, 1 + j if death occurs between ages x + 1 and 
x+2,(1 +)? if death occurs between ages x + 2 and x + 3, and so on. Thus, 
if death occurs between ages x + k and x + k + 1, the death benefit is (1 + j)* 
fork = 0,1,2,...,n— 1. Derive a formula for the EPV of this death benefit. 


Solution 4.8 Using the technique of multiplying together the amount, the 
discount factor and the probability of payment, and summing for each possible 
payment date, the EPV can be constructed as 


var + (+V ila + ts? algar + H ADT! v" nila 


n—l1 


=F V Ap de 


k=0 
n—-1 
= — Dov ta +i" kax 
iJ k=0 
1 lti "oi 
=——Al_,, where * = i peat (4.33) 
1+] XN 1+j 1+j 
The notation Alani indicates that the EPV is calculated using the rate of 


interest i“, rather than i. In most practical situations, i > j so that i* > 0. 


Example 4.9 Consider an insurance policy issued to (x) under which the death 
benefit is (1 + j)! where t is the time of death (from the inception of the policy). 
The death benefit is payable immediately on death. 


(a) Derive an expression for the EPV of the death benefit if the policy is an 
n-year term insurance. 

(b) Derive an expression for the EPV of the death benefit if the policy is a 
whole life insurance. 


Solution 4.9 (a) The present value of the death benefit is (1 + j) tv if 
T; < n, and is zero otherwise, so that the EPV of the death benefit is 


n 
Lt piv! dt =A! hera 
A J) V iPx Uxt dt = Apmp where i* = EF 
0 
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(b) Similarly, if the policy is a whole life insurance rather than a term 
insurance, then the EPV of the death benefit would be 


[0,6] 

] A D'V Px Uxyidt = (Ax) where i* = 
1+j 

0 


4.7 Functions for select lives 


Throughout this chapter we have developed results in terms of lives subject 
to ultimate mortality. We have taken this approach simply for ease of presen- 
tation. All of the above development equally applies to lives subject to select 
mortality. 

For example, Ata denotes the EPV of a benefit of 1 payable immediately on 
the death of a select life (x). Similarly, Aj). denotes the EPV of a benefit of 1 
payable at the end of the year of death within n years, of a newly selected life 
aged x, or at age x + n if (x) survives. 


4.8 Notes and further reading 


The Standard Ultimate Survival Model incorporates Makeham’s law as its 
survival model. A feature of Makeham’s law is that we can integrate the 
force of mortality analytically and hence we can evaluate, for example, ;p, 
analytically, as in Chapter 2. This in turn means that the EPV of an insurance 
benefit payable immediately on death, for example A,, can be written as an 
integral where the integrand can be evaluated directly, as follows 


[0,6] 
=f e™® Px Ux+t dt. 
0 


This integral cannot be evaluated analytically but can be evaluated numerically. 
In many practical situations, the force of mortality cannot be integrated analyt- 
ically, for example if jz, is a GM(r, s) function with s > 2, from Section 2.7. 
In such cases, spy can be evaluated numerically but not analytically. Functions 
such as A, can still be evaluated numerically but, since the integrand has to 
be evaluated numerically, the procedure may be a little more complicated. See 
Exercise 4.34 for an example. The survival model in Exercise 4.34 has been 
derived from data for UK whole life and endowment insurance policyholders 
(non-smokers), 1999-2002. See CMI (2006, Table 1). 
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4.9 Exercises 


Some exercises in this and subsequent chapters are based on the Standard 
Select and Standard Ultimate Life Tables, which are given in Appendix D. 
Although the full model underlying these tables was described in Chapter 3, 
you are expected to use these life tables as if only the integer age information 
given in the tables is available. When you need to use a fractional age 
assumption, we specify which assumption to use in the exercise. We assume 
that an Excel version of the Standard Ultimate Life Table is available that can 
calculate annual functions at different rates of interest. 

When we specify the use of the Standard Select Survival Model or Standard 
Ultimate Survival Model, then we assume knowledge of the full underlying 
distribution. 


Shorter exercises 
Exercise 4.1 You are given the following table of values for ly and Ax, 
assuming an effective interest rate of 6% per year. 


x lx Ax 

35 100 000.00 0.151375 
36 99 737.15 0.158245 
37 99 455.91 0.165386 
38 99 154.72 0.172804 
39 98 831.91 0.180505 
40 98 485.68 0.188492 


Calculate the following, assuming UDD between integer ages where necessary. 


(a) 5E35 (b) Asa (c) 5|A35 (d) A353) 


Exercise 4.2 Using the Standard Ultimate Life Table, with interest at 5% per 
year effective, calculate the following, assuming UDD between integer ages 
where necessary. 


@ Aoz (b) Aya (©) 101425 


Exercise 4.3 (a) Describe in words the insurance benefit with present value 
given by 
T30 y30 if 739 < 25, 


Z= T i 
25 y*30 if T30 > 25. 


(b) Write down an expression in terms of standard actuarial functions for E[Z]. 
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Exercise 4.4 Put the following functions in order, from smallest to largest, 
assuming i > 0 and x+: > 0 for all t > 0. Explain your answer from general 
reasoning (i.e., from general principles, not from calculating the values). 


= (a) 4), (12) 
Ay Ax Ava Ayn A x: 70] A T0] 


Exercise 4.5 An insurer issues a five-year term insurance to (65), with a 
benefit of $100 000 payable at the end of the year of death. 

Calculate the probability that the present value of the benefit is greater than 
$90 000, using the Standard Ultimate Life Table, with interest of 5% per year 
effective. 


Exercise 4.6 Under an endowment insurance issued to a life aged x, let X 
denote the present value of a unit sum insured, payable at the moment of death 
or at the end of the n-year term. 
Under a term insurance issued to a life aged x, let Y denote the present value 
of a unit sum insured, payable at the moment of death within the n-year term. 
Given that 


V[X] = 0.0052, y"=0.3, „p= 0.8, E[Y]= 0.04, 
calculate V[Y]. 


Exercise 4.7 A whole life insurance with sum insured $50 000 is issued to 
(50). The benefit is payable immediately on death. Calculate the probability 
that the present value of the benefit is less than $20 000. Use the Standard 
Ultimate Survival Model with interest at 4% per year effective. 


Exercise 4.8 Assuming a uniform distribution of deaths over each year of age, 
show that 


i 


(m) __ 
Ay = po) x 


Exercise 4.9 Calculate A70 given that 


Aspag] = 0.42247, Al = = 0.14996, Aso = 0.31266. 


20] 
Exercise 4.10 Using the Standard Ultimate Life Table, with interest at 5% 


per year effective, calculate the standard deviation of the present value of the 
following benefits: 


(a) $100 000 payable at the end of the year of death of (30), and 
(b) $100000 payable at the end of the year of death of (30), provided death 
occurs before age 50. 
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Exercise 4.11 You are given that Ay = 0.25, Ax+20 = 0.40, Axx = 9.55 and 
i = 0.03. Calculate 10 000A,.55 using 


(a) claims acceleration, and 
(b) UDD. 


Exercise 4.12 Show that A, is a decreasing function of i, and explain this 
result by general reasoning. 


Exercise 4.13 An insurer issues a whole life policy to a life aged 80, under 
which a benefit of $10000 is payable immediately on death during the first 
year, and $100000 is payable immediately on death during any subsequent 
year. Because the underwriting on the insurance is light, the insurer expects 
the mortality rate during the first year to be double the rate from the Standard 
Ultimate Life Table. After the first year, mortality is assumed to follow the 
Standard Ultimate Life Table with no adjustment. 

Calculate the EPV of the benefit, using an interest rate of 5% per year 
effective. Assume UDD between integer ages. 


Exercise 4.14 (JA) xm denotes the EPV of an increasing endowment insur- 
ance, where, if T, < na benefit of Ty is payable immediately on death, and if 
T; > na benefit of n is payable at time n. 

Using the Standard Ultimate Survival Model, with 5% per year interest, 
calculate 


d == 
gon at = 10. 


Exercise 4.15 A whole life insurance policy issued to a life aged exactly 30 
has an increasing sum insured. In the ¢th policy year, t = 1,2,3,..., the sum 
insured is $100000 (1.03'—'), payable at the end of the year of death. Using 
the Standard Ultimate Survival Model with interest at 5% per year, calculate 
the EPV of this benefit. 


Exercise 4.16 Show that 


n 
(A) ig = (a+ DALa— DOA 
k=1 


and explain this result intuitively. 


Exercise 4.17 You are given that the time to first failure, denoted T, of an 
industrial robot, has a probability density function for the first 10 years of 
operations of 


0.1 for 0 <t < 2, 


Y= 
fro 0.412 for2< t< 10. 
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Consider a supplemental warranty on this robot which pays $100 000 at time T, 
if 2 < T < 10, with no benefits payable otherwise. 

Calculate the 90th percentile of the present value of the benefit under the 
warranty, assuming a force of interest of ô = 0.05. 

(Copyright 2017. The Society of Actuaries, Schaumburg, Illinois. Repro- 
duced with permission.) 


Longer exercises 
Exercise 4.18 You are given the following excerpt from a select life table. 


[x] lix] lix l2 l pax + 4 
[40] 100000 99899 99724 99520 99288 44 
[41] 99802 99689 99502 99283 99033 45 
[42] 99597 99471 99268 99030 98752 46 
[43] 99365 99225 99007 98747 98435 47 
[44] 99120 98964 98726 98429 98067 48 


Assuming an interest rate of 6% per year, calculate 


(@) Anoy: Fe 
(b) the standard deviation of the present value of a four-year term insurance, 


deferred one year, issued to a newly selected life aged 40, with sum insured 
$100 000, payable at the end of the year of death, and 

(c) the probability that the present value of the benefit described in part (b) is 
less than or equal to $85 000. 


Exercise 4.19 A select life aged 50 purchases a whole life insurance policy, 
with sum insured $1 000 000. The benefit is valued using the Standard Select 
Life Table, with interest of 5% per year. Assume UDD between integer ages 
where necessary. 


(a) Assume the claim is payable four months after the death of the policy- 
holder. Calculate the mean and standard deviation of the present value of 
the benefit. 

Now assume that there are two types of claims. A claim is either ‘straight- 
forward’ or ‘complex’. The straightforward claims are settled two months 
after the death of the policyholder. The complex claims are settled one 
year after the death of the policyholder. The probability that an individual 
claim is straightforward is 80% and the probability that it is complex is 
20%. Calculate the mean and standard deviation of the present value of 
the benefit. 


(b 


wm 
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Exercise 4.20 (a) An insurer issues a 20-year term insurance with sum 
insured $100, payable immediately on death, to a life currently aged 50. 
Calculate the 95th percentile of the present value of the benefit, assuming 
interest of 5% per year, and that mortality follows the Standard Ultimate 
Life Table, with UDD between integer ages. 

(b) The insurer issues 10000 identical policies to independent lives. Using a 
normal approximation, estimate the 95th percentile of the present value of 
the aggregate payment over all the policies. 

(c) Explain why the normal approximation is reasonable for part (b) but would 
not be reasonable for part (a) 


Exercise 4.21 (a) Describe in words the insurance benefits with the present 
values given below. 


O Zz 20 vx if T, < 15, 
i = 
te 1007 if Ty > 15. 
0 if Ty < 35 
(ii) Z= {10y if5 <7, < 15, 
10v!5 if T, > 15. 


(b) Write down in integral form the formula for the expected value for (i) Z1 
and (ii) Z2. 

(c) Derive expressions in terms of standard actuarial functions for the 
expected values of Z; and Zp. 

(d) Derive expressions in terms of standard actuarial functions for the variance 
of both Z; and Zp. 

(e) Derive an expression in terms of standard actuarial functions for the 
covariance of Z; and Zp. 

(£) Assume now that x = 40. Calculate the standard deviation of both Z; and 
Z2, using the Standard Ultimate Life Table, with UDD between integer 
ages, and interest at 5% per year. 


Exercise 4.22 Consider a five-year deferred, 20-year endowment insurance 
policy issued to (40). The policy pays no benefit on death before age 45. 
A death benefit of $100000 is payable immediately on death between ages 
45 and 65. On survival to age 65 a benefit of $50 000 is payable. 

Assume mortality follows the Standard Ultimate Life Table, with UDD 
between integer ages, and with interest at 5% per year. 


(a) Write down an expression for the present value of the benefits in terms 
of T40. 
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(b) Sketch a graph of the present value of the benefit as a function of the time 
of death. Clearly label the axes and show all key values. 

(c) Calculate the EPV of the benefit. 

(d) Calculate the probability that the present value of the benefit is more than 
$16 000. 

(e) Calculate the 60% quantile of the present value of the benefit. 


Exercise 4.23 Assume Gompertz’ law, yx = Bc*, with B = 2.5 x 1075, and 
c = 1.1, with interest at 4% per year effective. 


(a) Evaluate 


d Al 
so: att = 10. 


(b) Hence, or otherwise, evaluate 


do -= 
a 1|As0 att = 10. 


Exercise 4.24 Show that if vy = — log py for y = x,x + 1,x + 2,..., then 
under the assumption of a constant force of mortality between integer ages, 


Jec 2 J Vrr(l — VPx+r) 
I= L tPx aaa hey X 


Exercise 4.25 For three insurance policies on the same life, you are given: 


(i) Z; is the present value of a 20-year term insurance with sum insured $200, 
payable at the end of the year of death, with E[Z;] = 6.6 and V[Z,] = 
748. 

(ii) Zp is the present value of a 20-year deferred whole life insurance with sum 
insured $1000, payable at the end of the year of death, with E[Z2] = 107.5 
and V[Z2] = 5078. 

(iii) Z3 is the present value of a whole life insurance with sum insured $2000, 
payable at the end of the year of death. 


Calculate the mean and standard deviation of Z3. 


Exercise 4.26 (a) Show that 


n—2 
k+1 
Axm = > vt kldx + V" n—1Px- 
k=0 


(b) Compare this formula with formula (4.18) and comment on the differ- 
ences. 


138 Insurance benefits 


Exercise 4.27 A life insurance policy issued to a life aged 50 pays $2000 at 
the end of the quarter year of death before age 65 and $1000 at the end of 
the quarter year of death after age 65. Use the Standard Ultimate Life Table, 
with UDD between integer ages, and assuming interest at 5% per year, in the 
following. 


(a) Calculate the EPV of the benefit. 

(b) Calculate the standard deviation of the present value of the benefit. 

(c) The insurer charges a single premium of $500. Assuming that the insurer 
invests all funds at exactly 5% per year effective, what is the probability 
that the policy benefit has greater value than the accumulation of the single 
premium? 


Exercise 4.28 Let Zı denote the present value of an n-year term insurance 
benefit, issued to (x). Let Z2 denote the present value of a whole of life 
insurance benefit, issued to the same life. 

Express the covariance of Z; and Z2 in actuarial functions, simplified as far 
as possible. 


Exercise 4.29 Show that 
(A), = AQ” + Vpr Al?) + Vv PA +o 
and explain this result intuitively. 


Exercise 4.30 (a) Derive the following recursion formula for an n-year 
increasing term insurance: 


1 e 1 1 
(UA) a = Vx + VPx (W T Ata 


(b) Give an intuitive explanation of the formula in part (a). 
(c) You are given that (ZIA)50 = 4.99675, Aaa = 0.00558, As; = 0.24905 
and i = 0.06. Calculate (IA)51 . l 


Exercise 4.31 Assuming a uniform distribution of deaths over each year of 
age, find an expression for (TA), in terms of A, and (ZA)x. 


Exercise 4.32 A two-year term insurance is issued to (70), and the sum 
insured is payable immediately on death. The amount payable on death at time 
t is $100 000(1.05), for 0 < t < 2. 


(a) Calculate the EPV of the benefit, assuming mortality follows the Standard 
Ultimate Life Table with interest at 5% per year. 

(b) Calculate the EPV of the benefit, assuming j1794; = 0.012 for O < t < 2, 
with interest at 4% per year. 
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Excel-based exercises 
Exercise 4.33 Suppose that Makeham’s law applies with A = 0.0001, B = 
0.00035 and c = 1.075. Assume also that the effective rate of interest is 6% 
per year. 


(a) Use Excel and backward recursion in parts (i) and (ii). 
(i) Construct a table of values of A, for integer ages, starting at x = 50. 
(ii) Construct a table of values of A® for x = 50,50.25,50.5,.... (Do 
not use UDD for this.) 

(iii) Hence, write down the values of A50, A100, AS and Aya: 

(b) Use your values for Aso and A109 to estimate AS and Ao using the UDD 
assumption. 

(c) Compare your estimated values for the A® functions (from part (b)) with 
your accurate values (from part (a)). Comment on the differences. 


Exercise 4.34 The force of mortality for a survival model is given by 
Hx=A+ BŒD*, 
where 
A =3.5 x 104, B = 5.5 x 10-4, C = 1.00085, D = 1.0005. 


Use the repeated Simpson’s rule to calculate 
(a) :p6o for t = 0, 1/40, 2/40, ...,2, and 


(b) A A using an effective rate of interest of 5% per year. 


Answers to selected exercises 


4.1 (a) 0.735942 (b) 0.012656 (c)0.138719 (d) 0.748974 
4.2 (a) 0.00645 (b)0.38163 (c) 0.05907 

4.5 0.012494 

4.6 0.01 

4.7 0.887277 

4.9 0.59704 

4.10 (a)7186 (b)6226 

4.11 (a) 5507.44 (b) 5507.46 

4.13 56270 

4.14 0.3120 

4.15 33 569.47 

4.17 81873 

4.18 (a) 0.79267 (b)$7519.71 (c) 0.99825 

4.19 (a) EPV = 190693, SD = 123938 (b) EPV = 190718, SD = 124009 
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4.20 (a) 44.492 (b) 43657 

4.21 (© SD[Z,]=1.6414, SD[Z2]=0.3085 

4.22 (c) 15972 (d)0.0448 (e) 14765 

4.23 (a) 0.004896 (b) —0.004896 

4.25 E[Z3] = 281 SD[Z3] = 258.33 

4.27 (a) $218.88 (b) $239.88 (c) 0.04054 

4.30 (c) 5.07307 

4.32 (a) 2196.19 (b) 2394.18 

4.33 (a)(iii) 0.33587, 0.87508, 0.34330, 0.89647 
(b) 0.34333, 0.89453 

4.34 (a) Selected values are j/4p69 = 0.999031, poo = 0.996049 and 
2p60 = 0.991885 
(b) 0.007725 


S 


Annuities 


5.1 Summary 


In this chapter we derive expressions for the valuation and analysis of 
life contingent annuities. We consider different payment frequencies, and we 
relate the valuation of annuity benefits to the valuation of the related insurance 
benefits. 

If full survival model information is available, then the valuation of benefits 
payable at discrete time points can be determined exactly, regardless of the 
payment frequency. However, where we are using only an integer age life table, 
a very common situation in practice, then some approximation is required 
when valuing benefits paid more frequently than annually. We derive several 
commonly used approximations, using the UDD assumption and Woolhouse’s 
formula, and explore their accuracy numerically. 


5.2 Introduction 


A life annuity is a series of payments which are contingent on a specified 
individual’s survival to each potential payment date. The payments are nor- 
mally made at regular intervals and the most common situation is that the 
payments are of the same amount. The valuation of annuities is important as 
they appear in the calculation of premiums (see Chapter 6), policy values (see 
Chapter 7) and pension benefits (see Chapter 11). The present value of a life 
annuity is a random variable, as it depends on the uncertain future lifetime 
of the individual; however, we will use some results and notation from the 
valuation of annuities-certain, for which the payments are certain, with no 
life contingency, so we start with a review of these. 

Recall that an annuity-due is an annuity with each payment made at the 
start of a time interval (e.g at the beginning of each month), and an immediate 
annuity is one where each payment is made at the end of a time interval 
(e.g. at the end of each month). 
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5.3 Review of annuities-certain 
For integer n and effective interest rate i > O per year, a; denotes the present 


value of an annuity-due of 1 per year payable annually (in advance) for n years. 
We have 


@q=1tvtv+--+y7! 
J =” 
=—— (5.1) 


Also, for integer n, am denotes the present value of an immediate annuity of 
1 per year payable annually (in arrear) for n years, where 


am=v+v +y +- + =4,-14+7 


1—y" 


a 
Thirdly, for any n > 0, am denotes the present value of an annuity-certain 
payable continuously at a rate of 1 per year for n years, where 


n 


_ ; B J — yr 
an= |v d= 5z (5.2) 
0 


When payments of 1 per year are made every 1/m years in advance for n 
years, in instalments of 1/m, the present value is 
+: (m) 1 L 2 n— i 
a =— (lt tum +-+ m) 
nl m 
1- v” 
d™ 


For payments made in arrears, 


m) _ 1 z 2 n\ — sn) 1 n 
an =i (va +v ++ v") = an —7(1-y") 


1 a y” 
po) 
In the equations for 1/mthly annuities, we assume that n is an integer multiple 


of 1/m. 


5.4 Annual life annuities 


The annual life annuity is paid once each year, conditional on the survival of a 
life (the annuitant) to the payment date. If the annuity is to be paid throughout 
the annuitant’s life, it is called a whole life annuity. If there is to be a specified 
maximum term, it is called a term annuity or temporary annuity. 
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Annual annuities are quite rare. We would more commonly see annuities 
payable monthly or even weekly. However, the annual annuity is still important 
in the situation where we do not have full information about mortality between 
integer ages, for example because we are working with an integer age life 
table. Also, the development of the valuation functions for the annual annuity 
is a good starting point before considering more complex payment patterns. 

As with the insurance functions, we are primarily interested in the EPV of 
a cash flow, and we identify present value random variables for the annuity 
payments in terms of the future lifetime random variables from Chapters 2 
and 4, specifically, Ty, Ky and K(”. 


5.4.1 Whole life annuity-due 


Consider first a whole life annuity-due with annual payments of 1 per year, 
which depend on the survival of a life currently aged x. The first payment 
occurs immediately, the second payment is made in one year from now, 
provided that (x) is alive then, and payments follow at annual intervals with 
each payment conditional on the survival of (x) to the payment date. In 
Figure 5.1 we show the payments and associated probabilities and discount 
functions in a time-line diagram. 

If (x) dies between ages x + k and x + k + 1, for some integer k > 0, 
then annuity payments would be made at times 0,1,2,...,k, for a total of 
k+ 1 payments. From the definition of the curtate future lifetime Ky, we know 
that (x) dies between ages x + Ky and x + Kx + 1, so the number of annuity 
payments is K, + 1, including the initial payment. This means that the random 
variable representing the present value of the whole life annuity-due for (x) is 
Y= aR tip and using equation (5.1), we have 


f= y+! 
Y= Akl] = d 
The expected value of Y is denoted a,. 
Time 0 1 2 3 
Amount 1 1 1 1 
Discount 1 v wv we 
Probability 1 Px 2Px 3Px 


Figure 5.1 Time-line diagram for whole life annuity-due. 
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There are three useful ways to derive formulae for evaluating a, for a given 
survival model. We describe each of them below. 


Using the insurance present value random variable, v&+! 


The expected value of Y is 


. Í _ | 1 — E[yke+y 
4y =E = n 


d 


Ky+1 


Using the mean of v which was derived in Section 4.4.2, we have 


ag A 
a, = `: 
x d 


(5.3) 


Similarly, we can immediately obtain the variance of Y from the variance of 
Kx+1 
v as 


|= yt! 1 K,+1 
ViY]J=V r =] 
Ax — A? 
= ar (5.4) 


Summing EPVs of individual payments 
In Section 4.4.2 we stated that the EPV of any life contingent benefit can be 
found by considering each time point at which a benefit could be paid, and 
summing over all these time points the product of 


(1) the amount of the benefit, 
(2) the appropriate discount factor, and 
(3) the probability that the benefit will be paid at that time. 


For the annuity EPV, this approach is very helpful. Consider time t, where 
t = 0,1,2,.... There will be an annuity payment at time t if (x) survives to 
time t. The amount of the annuity payment, in this case, is 1. The discount 
factor for a payment made at time ż is v’, and the probability that the payment 
is made is ;px, as it is contingent on the survival of (x) to age x + t. Note that 
v? = 1 and op, = 1. Then, summing over all possible payment times, we have 


[0,6] 


dy = 1 +vpx + v 2Px + v 3Px t = > v! tPx- (5.5) 
t=0 


Equation (5.5) is the approach most commonly used in practice for evaluating 
a,. However, it does not lead to useful expressions for higher moments of 
the present value random variable. Each term in equation (5.5) is the EPV 
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of a single survival benefit of 1 at time ¢. That is, we can write the annuity 
present value random variable Y as the sum of pure endowment present random 
variables, Z;, as 


Y=2+2Z,+24+-::-, 

where 

v' if Ky = t, 

Z = i 

0 if Ky <t, 

with 
2 
E[Z] = vps and VIZ] =v" py — (v'ipx) - 


As the expected value of a sum of random variables is the sum of the expected 
values, we have 


ELY] = E[Z1] + E[Z2] + E[Z3]+---, 


which gives us (5.5). However, we cannot obtain the variance of a sum of 
random variables by summing the variances unless the random variables are 
independent, and in our case they are not. We can easily see this if we consider, 
say, Z2 and Z3. If we are given the information that Z2 = 0, then we know 
that (x) died before time tf = 2, which means we know that Z3 (and all 
subsequent Z;’s) will also be zero, which means that the random variables are 
not independent. 


Using the probability function for Ky 
We know that Pr[K, = k] = x|qx, so that 


[06] 
fix = E [öz] = X ayaa (5.6) 
k=0 


We can also use this approach to determine the variance of the annuity present 
value, although it does not reduce to a nice analytic form. We have 


El ëg |= Ge? da 
k=0 


and hence 


Equation (5.6) is less often used in practice than equations (5.3) and (5.5). 
It is useful though to recognize the difference between the formulations for a, 
in equations (5.5) and (5.6). In equation (5.5) the summation is taken over all 
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the possible payment times; in (5.6) the summation is taken over the possible 
years of death. 


Example 5.1 Show that equations (5.5) and (5.6) are equivalent — that is, 
show that 


oO [e.e] 


J ag klax = Do iPx- 


k=0 k=0 


Solution 5.1 We can show this by using 


k 
. a yo t 
aay] = Vv 
t=0 


and 
[0,6] 
> klđx = 5 (kPx — k+1Px) = tPx- 
k=t k=t 

Then 


Y ärile = = ey klqx 


k=0 t=0 
= grt +v)ilige + +v+ v) lig 
+(1+v4tv?4+v?)3higet 


Changing the order of summation on the right-hand side (that is, collecting 
together terms in powers of v) gives 


yee = 55y klqx 


k=0 t=0 t=0 k=t 


as required. 


5.4.2 Term annuity-due 


Now suppose we wish to value a term annuity-due of 1 per year. We assume 
the annuity is payable annually to a life now aged x for a maximum of n years. 
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Thus, payments are made at times k = 0, 1,2,...,n — 1, provided that (x) has 
survived to age x + k. The present value of this annuity is Y, say, where 


Ge aR 1 Kye=—O,1,2cc3n= l, 


an if Kx > n. 


That is 
[i= pmin(Ky+ 1,1) 


= nin(K,+1n) = d 


The EPV of this annuity is denoted a,-7,. 

We have seen the random variable v™":+!.” before, in Section 4.4.7. It is 
the present value of a unit benefit under an n-year endowment insurance, with 
death benefit payable at the end of the year of death. Its EPV is A,.m, so the 
EPV of the annuity is 


t= Efy™i®(K+1,n)] 
d > 


an = E[Y] = 


that is, 


axm = d a! (5.7) 


The time-line for the term annuity-due cash flow is shown in Figure 5.2. 
Notice that, because the payments are made in advance, there is no payment 
due at time n, the end of the annuity term. 

Using Figure 5.2, and summing the EPVs of the individual payments, we 
have 


n—1 
s 2 3 —1 t 
Gym = l+ Vpr HV Px HV Pr H HVT! naipe = X vipe) (5.8) 
t=0 
Time 0 1 2 3 n-1 n 
Amount 1 1 1 1 1 
Discount 1 v v2 v3 yal 
Probability 1 Px 2Px 3Px n—1Px 


Figure 5.2 Time-line diagram for a term life annuity-due. 


148 Annuities 


Time 0 1 2 3 
Amount 1 1 1 
Discount v v2 v3 
Probability Px 2px 3Px 


Figure 5.3 Time-line diagram for whole life immediate annuity. 


Using the third approach from the previous section, we can adapt equation 
(5.6) to write the EPV as 


n—1 
ann = 5 a klđx + nPx äm- 
k=0 


The second term here arises from the second term in the definition of Y — that 
is, if the annuitant survives for the full term, then the payments constitute an 
n-year annuity. 


5.4.3 Immediate life annuities 


A whole life immediate annuity of 1 per year, under which the payments are 
at the end of each year rather than the beginning, is illustrated in Figure 5.3. 
The actuarial notation for the EPV of this annuity is ax. 

We can see from the time-line that the difference in present value between 
the annuity-due and the immediate annuity is simply the first payment under 
the annuity-due, which is assumed to be paid at time ¢ = 0, with certainty. 

So, if Y is the random variable for the present value of the whole life annuity 
payable in advance, and Y* is the random variable for the present value of the 
whole life annuity payable in arrear, we have Y* = Y — 1, so that E[Y*] = 
E[Y] — 1, and hence 


ax = åy — l. (5.9) 
Also, from equation (5.4) and the fact that Y* = Y — 1, we have 


2A, — A2 


vr =v = > 


(5.10) 

The EPV of an n-year term immediate annuity of 1 per year is denoted 
axm} Under this annuity payments of | are made at times k = 1,2,...,n, 
conditional on the survival of the annuitant. 
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Time 0 1 2 3 n-1 n 
Amount 1 1 1 1 1 
Discount v v2 v3 y” v” 
Probability Px 2Px 3Px n-1Px npx 


Figure 5.4 Time-line diagram for term life immediate annuity. 


The random variable for the present value is 


Y= Gnin(Ky,n) P 


and the time-line for the annuity cash flow is given in Figure 5.4. 
Summing the EPVs of the individual payments, we have 


n 


ayn = VPx + v? 2Px + v? 3P H ee $V npr = > v tPx- (5.11) 


t=1 


The difference between the annuity-due EPV, &,:m, and the immediate annuity 
EPV, ax:m, is found by differencing equations (5.8) and (5.11), to give 


a j 
an Z Axm = l-v nPx 


so that 


an = aa —1+v" nPx: (5.12) 


The difference comes from the timing of the first payment under the annuity 
due and the last payment under the immediate annuity. 


5.5 Annuities payable continuously 


In practice annuities are payable at discrete time intervals, but if these intervals 
are short (say, weekly), it is convenient to treat payments as being made 
continuously. Consider an annuity which is payable at a rate of | per year 
as long as (x) survives. If the annuity is payable weekly (and we assume 52 
weeks per year), then each week, the annuity payment is 1/52. If payments 
were daily, for an annuity of | per year, the daily payment would be 1/365. 
Similarly, if the annuity is payable continuously, then for each infinitesimal 
interval (t,t + dt) the payment under the annuity is dt. 
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A continuous whole life annuity of 1 per year payable to a life currently 
aged x, which ceases when (x) dies, has present value random variable 


z 1- vy” 
Y = a= 5” (5.13) 


and the EPV of this annuity is denoted ay. 

Analogous to the annual annuity-due, we can derive formulae for the EPV 
of the annuity in three different ways. 

The first approach is to use the insurance present value random variable, v"*, 
which has expected value Ay, so that 


(5.14) 


We can also derive the variance for the continuous annuity present value from 
the variance for the continuous insurance benefit 


love] A, —A2 
vri=v|—— |= x, 


82 


The second approach is to integrate over all possible payment dates the product 
of the amount paid, the discount factor and the probability of payment. In the 
continuous case, the payment dates are infinitesimal intervals ¢ to t + dt. For 
each interval, the amount paid is dt (as the total benefit over a whole year of 
payment is 1), the discount factor is e~*’ and the probability of payment is 


tPx, giving 


[0,6] 
ay = f e™ peat: (5.15) 
0 


The development of formula (5.15) is illustrated in Figure 5.5; we show the 
contribution to the integral from the contingent annuity payment made in an 
infinitesimal interval of time (t,t + dt). The interval is so small that payments 
can be treated as being made exactly at time f. 

Finally, we can directly write down the EPV from the distribution of Ty as 


0° 
ay = J az tPx Ux+t dt. 
0 


We can evaluate this using integration by parts, noting that 


d _ = 
qo =e E 
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Time 0 t t+dt 
Ne, 
Amount dt 
Discount et 
Probability Px 


So 


[0,6] d 08 lo) 
ity = f aq gpd dt = — |p| - i pre di 
0 0 


When ô = 0, we see that a, is equal to ex, the complete expectation of life. 
The term continuous life annuity present value random variable 


1 — ymin(7y,n) 


Aminen] — 5 


has EPV denoted by a,m. Analogous to the term annuity-due, we have three 
expressions for this EPV. 

Using results for endowment insurance functions from Section 4.4.7, 
we have 


1-A,. 
am = Se (5.16) 


Using the approach of integrating over all possible payment dates the 
product of the amount paid, the discount factor and the probability of payment, 
we have 


n 


Ga = Í e™ sp, dt, (5.17) 
0 
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and taking the expected value of the present value random variable, using the 
probability density functon for Ty, we obtain 


n 


avn = fa tPx Ux+tdt + am nPx- 
0 


Similarly to the annuity-due case, the difference between the second and 
third approaches is that in the second approach we integrate over the possible 
payment dates, and in the third approach we integrate over the possible dates 
of death. The third approach is the least useful in practice. 


5.6 Annuities payable 1/mthly 


Premiums are commonly payable monthly, quarterly, or even weekly. Pension 
benefits and purchased annuities are payable with similar frequency to salary 
benefits, which means that weekly and monthly annuities are common. So it is 
useful to consider annuities which are payable in instalments every 1/m years, 
with each instalment contingent on the survival of the annuitant. 

We define the present value of an annuity payable m times per year 
in terms of the 1/mthly curtate future lifetime random variable, K™. Recall 
that K”” is the complete future lifetime rounded down to the lower 1/mth 
of a year. 

Recall also that an is the present value of an annuity of | per year, payable 
each year in m instalments of 1/m, for n years (certain), with first payment 
of 1/m at time t = O and final payment at time n — L, It is important 
to remember that ay is an annual factor, that is, it values a payment of 1 
per year, and therefore for valuing annuities for other amounts, we need to 
multiply the a” factor by the annual rate of annuity payment, not the 


1/mthly rate. 


n| 


Whole life 1/mthly annuity-due 
Figure 5.6 shows the cash flow time-line diagram for an annuity of 1 per year, 
payable in advance m times per year throughout the lifetime of (x), paid in 
instalments of 1 /m. The present value random variable for this annuity is 


Y = qe 
n] 
It is probably easiest to understand this with an example. Suppose we are 
valuing an annuity-due of 1 per year, payable in quarterly instalments of 1/4 
for the lifetime of (x). 
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Time 0 1/m 2/m 3/m 4/m 
Amount 1/m 1/m 1/m 1/m 1/m 
Discount 1 v! /m yım y3/m yi/m 
Probability 1 Dx 2Px 3Px 4Px 


m m m m 


Figure 5.6 Time-line diagram for whole life 1/mthly annuity-due. 


o If (x) dies in the first 1/4-year, then K® = 0, and there will be a single 
annuity payment of 1/4 at time 0. The present value would be 


(9 1 
a = zj. 
14) 4 


o If (x) dies in the second 1/4-year, then K® = 1/4, and there will be two 
annuity payments, each of 1/4, made at times t = 0 and t = 1/4. The present 
value would be 


--(4) 


ne ae! 
aata 


o If (x) dies in the third 1/4-year, then K® = 2/4, and there will be three 
annuity payments, each of 1/4, made at times ¢ = 0, t = 1/4 and t = 2/4. 
The present value would be 


a = t+ {vā + vā. 

e Continuing this reasoning, if (x) dies in the kth 1/4-year (for k = 1,2,3...), 
then K® = (k — 1)/4, and there will be k annuity payments, with present 
value aT So, whatever the value of K®, the term of this annuity-due is 

4 

rare 
The EPV of the 1/mthly whole life annuity-due is denoted by 4%” and is 

given by 


Ke + i and its present value is @ 


> 


d (m) 


m), 1 
E Ẹ | _ 1- E[v* ta] 
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(m) 
and since v% +z is the present value of a death benefit of 1 payable at the end 


of the 1 /mth year of death, we have 


vm Taa a 
= d™ . ( ` ) 


Using the sum of individual EPVs approach, we have 


Lym in nF Py- (5.19) 


Whole life 1/mthly immediate annuity 
We can derive the EPV of the 1/mthly immediate annuity (i.e. payable at the 
end of each | /m years) from the EPV of the annuity-due, as the only difference 
in the whole life case is the first payment of 1/m. The EPV of the |/mthly 
immediate whole life annuity of 1 per year is denoted a”, so 
ad = am — 1 (5.20) 
Term life 1/mthly annuity-due 
For a 1/mthly term life annuity-due, we have payments as illustrated in 
Figure 5.7. 
The present value random variable for this annuity is 
++(m) 1 i yen) è (m) 1 
T] = — o where H(x,n) = min (K! +5, n). 
We know from the previous chapter that vž©®™ is the present value of an n- 
year endowment insurance, with sum insured 1, with the death benefit payable 
at the end of the 1/mth year of death. 


1 
Time 0 1/m 2/m 3/m 4/m n-m n 
Amount 1/m 1/m 1/m 1/m 1/m 1/m 0 
Discount 1 yi/m y2/m ys/m yi/m vu” —1/m 
Probability 1 Px 2Px 3Px 4Px 1Px 


m m m m m 


Figure 5.7 Time-line diagram for term life 1/mthly annuity-due. 
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The EPV of the 1/mthly n-year term annuity-due of 1 per year issued to (x) 


is denoted by ay and so 
1 — A™ 
s(m) xn] 
a qm (5.21) 
Using the sum of individual payment EPVs approach, we have 
mn—|1 1 
M > = yim © Py. (5.22) 
r=0 


Term life immediate annuity payable 1/mthly 
We can use the EPV of the 1/mthly term annuity-due to determine the EPV for 
a 1/mthly term immediate annuity; the difference is the first payment under 
the annuity-due, with EPV 1/m, and the final payment under the immediate 
annuity, with EPV Lyn npx. SO 


m, ssi, 1 
ay = a =o (1 — v" nPx) ; (5.23) 
Note that, by setting m = 1 in equations (5.19) and (5.22) we obtain 
equations (5.5) and (5.8) for a, and a,-7. Also, by letting m — oo in equations 
(5.19) and (5.22) we obtain equations (5.15) and (5.17) for continuous 
annuities, dy and a,-7). 


5.7 Comparison of annuities by payment frequency 


In Table 5.1 we show values for ay, a, dy, a and a, for x = 20, 40, 60 and 
80, using the Standard Ultimate Survival Model with interest of 5% per year. 
We observe that each set of values decreases with age, reflecting the shorter 


expected life span as age increases. We also have, for each age, the ordering 


++ (4) 


ax < a® 24, <a < ay. 


x 
There are two reasons for this ordering. 


e While the life is alive, the payments in each year sum to 1 under each annuity, 
but on average, the payments under the annuity-due are paid earlier. The time 
value of money means that the value of an annuity with earlier payments 
will be higher than an annuity with later payment (provided the interest rate 
is greater than zero), so the annuity values are in increasing order from the 
latest average payment date (a, payments are at each year end) to the earliest 
(a, payments are at the start of each year). 
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Table 5.1 Values of ax , a”, a, , a and ay. 
v X x 


x ay a ay a dx 

20 18.966 19.338 19.462 19.588 19.966 
40 17.458 17.829 17.954 18.079 18.458 
60 13.904 14.275 14.400 14.525 14.904 
80 7.548 7.917 8.042 8.167 8.548 


e In the year that (x) dies, the different annuities pay different amounts. Under 
the annual annuity-due the full year’s payment of | is paid, as the life is alive 
at the payment date at the start of the year. Under the annual immediate 
annuity, in the year of death no payment is made as the life does not 
survive to the payment date at the year end. For the | /mthly and continuous 
annuities, less than the full year’s annuity may be paid in the year of death. 

For example, suppose the life dies after seven months. Under the annual 
annuity-due, the full annuity payment is made for that year, at the start of 
the year. Under the quarterly annuity-due, three payments are made, each of 
1/4 of the total annual amount, at times 0, 1/4 and 1/2. The first year’s final 
payment, due at time 3/4, is not made, as the life does not survive to that 
date. Under the continuous annuity, the life collects 7/12ths of the annual 
amount. Under the quarterly immediate annuity, the life collects payments at 
times 1/4, 1/2, and misses the two payments due at times 3/4 and 1. Under 
the annual immediate annuity, the life collects no annuity payments at all, as 
the due date is the year end. 


This second point explains why we cannot make a simple interest adjustment 
to relate the annuity-due and the continuous annuity. The situation here is 
different from the insurance benefits; A, and A®, for example, both value a 
payment of 1 in the year of death: A, at the end of the year, and A“ at the 
end of the quarter year of death. There is no difference in the amount of the 
payment, only in the timing. But for the annuities, the difference between a, 
and a arises from differences in both cash flow timing and benefit amount in 
the year of death. 

We also note from Table 5.1 that the a, values are close to being half-way 
between a, and äy, suggesting the approximation a, © a, + F, We will see in 
Section 5.11.3 that there is indeed a way of calculating an approximation to a, 
from ay, but it involves an extra adjustment term to ax. 


Example 5.2 Using the Standard Ultimate Survival Model, with 5% per year 
interest, calculate values of a-g ana? å:T0} an and 4,.75 for x = 20, 40, 60 
and 80, and comment. 
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Table 5.2 Values of 4.79) aa ; a9) 4 ; “a and a TO 


a” a a 


x ay-T| a ET a7 qo CET 
20 7.711 7.855 7.904 7.952 8.099 
40 7.696 7.841 7.889 7.938 8.086 
60 7.534 7.691 7.743 7.796 7.956 
80 6.128 6.373 6.456 6.539 6.789 


Solution 5.2 Using equations (5.8), (5.11), (5.17), (5.23) and (5.22), with 
n = 10 we obtain the values shown in Table 5.2. 

We note that for a given annuity function, the values do not vary greatly with 
age, since the probability of death in a 10-year period is small. That means, 
for example, that the second term in equation (5.8) is much greater than the 
first term. The present value of an annuity certain provides an upper bound 
i each set of values. For example, for any age x, 4,79 < aj = 7-122 and 

ae < äh = 7.962. 

Due to the differences in timing of payments, and in amounts for lives who 
die during the 10-year annuity term, we have the same ordering of annuity 
values by payment frequency for any age x: 


(4) = <4) 34 
ay-70) < eee < ay-70] < a < ay-70)- 


5.8 Deferred annuities 


A deferred annuity is an annuity under which the first payment occurs at some 
specified future time. Consider an annuity payable to an individual now aged x 
under which annual payments of | will commence at age x + u, where u is an 
integer, and will continue until the death of (x). This is an annuity-due deferred 
u years. In standard actuarial notation, the EPV of this annuity is denoted by 
u|@x. Recall that we have used the format „|... to indicate deferment before, both 
for mortality probabilities („|rqx) and for insurance benefits („|Ax). Figure 5.8 
shows the time-line for a u-year deferred annuity-due. 

Combining Figure 5.8 with the time-line for a u-year term annuity, see 
Figure 5.2, we can see that the combination of the payments under a u-year 
term annuity-due and a u-year deferred annuity-due gives the same sequence 
of payments as under a lifetime annuity in advance, so we obtain 


ana + uldx = ay, (5.24) 


or, equivalently, 


uldxy = dy — Ay-7- (5.25) 
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Time 0 1 2 u-1 u u+1 
Amount 0 0 0 0 1 1 
Discount 1 v! v? yi! vu! yitl 
Probability 1 1Px 2Px u-1Px uPx u+1Px 


Figure 5.8 Time-line diagram for deferred annual annuity-due. 


Similarly, the EPV of an annuity payable continuously at rate | per year to a 
life now aged x, commencing at age x + u, is denoted by ,,|a, and given by 


uldx = ax = aya: 
Summing the EPVs of the individual payments for the deferred whole life 
annuity-due gives 


u+1 


9 2 
uldx = v“ uPx T V u+1Px + y“t u+2Px + °° 


=v uPx(1 + VPx+u + y? 2Px+u +++ ) 
so that 
uldy = v“ uPx ytu = „Ex iis (5.26) 


We see again that the pure endowment function acts like a discount function. 
In fact, we can use the „Ey function to find the EPV of any deferred benefit. 
For example, for a deferred term immediate annuity, 


uldxm = uEx Ax+u:7 


and for an annuity-due payable 1/mthly, 


sa (T) i «+ (m) 
ulay = „Ey yur 


(5.27) 


This result can be helpful when working with tables. Suppose we have 
available a table of whole life annuity-due values, say ay, along with the 
life table function ly, and we need the term annuity value d,.7. Then, using 
equations (5.24) and (5.26), we have 


aya) = ay — nEx x+n- (5.28) 
For 1/mthly payments, the corresponding formula is 


gq — g™ _ nEx g (5.29) 


xin] “x x+n’ 
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Example 5.3 Let Yı, Y2 and Y3 denote present value random variables for a 
u-year deferred whole life annuity-due, a u-year term annuity-due and a whole 
life annuity-due, respectively. Show that Y3 = Yı + Y2. Assume annual 
payments. 


Solution 5.3 The present value random variable for a u-year deferred whole 
life annuity-due, with annual payments is 


(0) if K, <u-—l, 
= p if Ky >u 
K,+1-u Mice ed 
0 if Kk, <u-—1, 
=). : (5.30) 
aR ~ Ga if Ky > u. 


From Section 5.4.2 we have 


pes Fay if Ky <u- l, 


an if Ky > u. 
Hence 
Gea) UK, su—l, 
MN+%= 4.) =a, =%, 
ägg UK. Zu, 7 


as required. 


We use deferred annuities as building blocks in later sections, noting that an 
n-year term annuity, with any payment frequency, can be decomposed as the 
sum of n deferred annuities, each with term 1 year. So, for example, 


n—1 


aca = x uly 3 (5.31) 


u=0 


5.9 Guaranteed annuities 


A common feature of pension benefits is that the pension annuity is guaranteed 
to be paid for some period even if the life dies before the end of the period. For 
example, a pension benefit payable to a life aged 65, might be guaranteed for 
5, 10 or even 15 years. 

Suppose an annuity-due of 1 per year is payable annually to (x), and is 
guaranteed for a period of n years. Then the payment due at k years is paid 
whether or not (x) is then alive if k = 0, 1,...,n — 1, but is paid only if (x) is 
alive at age x + k for k = n,n + 1,.... The present value random variable for 
this benefit is 
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y äm if ky <n—1, 
aR if Ky > n, 
äm fK <n—1, 
T (öntägm- äm ifK >n, 
= am + äg- öm if K, >n, 
=a, +N, 


where Yı denotes the present value of an n-year deferred annuity-due of 1 per 
year, from equation (5.30), and 


E[Y1] = nlx = nE, x+n- 


The EPV of the unit n-year guaranteed annuity-due is denoted a=, so 


aq = m + nEx x+n. (5.32) 


Figure 5.9 shows the time-line for an n-year guaranteed unit whole life annuity- 
due. This time-line looks like the regular whole life annuity-due time-line, 
except that the first n payments, from time t = O to time t = n — 1, are 
certain and not life contingent. 

We can derive similar results for guaranteed benefits payable 1/mthly; for 
example, a monthly whole life annuity-due guaranteed for n years has EPV 


(12) 


(12) I2 sé 
a = + nEx Aan: 


“a ml 


Example 5.4 A pension plan member is entitled to a benefit of $1000 per 
month in advance, for life from age 65, with no guarantee. She can opt to take 
a lower benefit, with a 10-year guarantee. The revised benefit is calculated to 
have equal EPV at age 65 to the original benefit. Calculate the revised benefit 
using the Standard Ultimate Survival Model, with interest at 5% per year. 


Time 0 1 2 n-1 n n+1 
Amount 1 1 1 1 1 1 
Discount 1 v! v yt! v” pit! 
Probability 1 1 1 1 nPx nD 


Figure 5.9 Time-line diagram for guaranteed annual annuity-due. 
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Solution 5.4 Let B denote the revised monthly benefit. To determine B we 
must equate the EPV of the original benefit with that of the revised benefit. 
The resulting equation of EPVs is usually called an equation of value. Our 
equation of value is 


(12 “(12 
12 000 ag’ = Baa 


where digs’ = 13.0870, and 


-+ (12) ++ (12) (12) 
= E, = 13.3791. 
“65-101 Ao] T 10%65 475 


Thus, the revised monthly benefit is B = $978.17. So the pension plan member 
can gain the security of the 10-year guarantee at a cost of a reduction of $21.83 


per month in her pension. 


5.10 Increasing annuities 


In previous sections we have considered annuities with level payments. Some 
of the annuities which arise in actuarial work are not level. For example, 
annuity payments may increase over time. For these annuities, we are generally 
interested in determining the EPV, and are rarely concerned with higher 
moments. To calculate higher moments it is generally necessary to use first 
principles, and a computer. 

The best approach for calculating the EPV of non-level annuities is to sum 
over all the payment dates the product of the amount of the payment, the 
probability of payment (that is, the probability that the life survives to the 
payment date) and the appropriate discount factor. 


5.10.1 Arithmetically increasing annuities 


We first consider annuities under which the amount of the annuity payment 
increases arithmetically with time. Consider an increasing annuity-due where 
the amount of the annuity is f+ 1 at times t = 0,1,2,... provided that (x) is 
alive at time t. The time-line is shown in Figure 5.10. 


Time 0 1 2 3 4 
Amount 1 2 3 4 5 
Discount 1 v! v v vt 
Probability 1 1Px 2Px 3Px 4Px 


Figure 5.10 Time-line diagram for arithmetically increasing annual annuity-due. 
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The EPV of the annuity is denoted by (/a), in standard actuarial notation. 
From the diagram we see that 


[0,6] 


dä) = J V E+ D px. (5.33) 


t=0 


Similarly, if the annuity is payable for a maximum of n payments rather than 
for the whole life of (x), the EPV, denoted by (/a),.q in standard actuarial 
notation, is given by 


n—1 


döm = XV E+ D pr. (5.34) 
t=0 


If the annuity is payable continuously, with the payments increasing by 1 at 
each year end, so that the rate of payment in the tth year is constant and equal 
to t, fort = 1,2,...,n, then we may consider the n-year temporary annuity 
as a sum of one-year deferred annuities. By analogy with formula (5.31), the 
EPV of this annuity, denoted in standard actuarial notation by (a) ,-7, iS 


n—1 
axm = X ant D mla,7- 

m=0 
We also have standard actuarial notation for the continuous annuity under 
which the rate of payment at time £ > 0 is t; that is, the rate of payment is 
changing continuously. The notation for the EPV of this annuity is (J@), if it is 
a whole life annuity, and (Ta) xm) if it is a term annuity. For every infinitesimal 
interval, (t,t + dt), the amount of annuity paid, if the life (x) is still alive, is 
tdt, the probability of payment is ,p, and the discount function is e~°! = v‘. 
The time-line is shown in Figure 5.11. 


Time 0 t t+dt 
Amount tdt 
Discount et 
Probability iPx 


Figure 5.11 Time-line diagram for arithmetically increasing continuous 
whole life annuity. 
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To determine the EPV we integrate over all the possible intervals (t, t + dt), 
so that 


n 


dam = J fe” pxdt. (5.35) 
0 


5.10.2 Geometrically increasing annuities 


An annuitant may be interested in purchasing an annuity that increases 
geometrically, to offset the effect of inflation on the purchasing power of the 
income. The approach is similar to the geometrically increasing insurance 
benefit which was considered in Examples 4.8 and 4.9. 


Example 5.5 Consider an annuity-due with annual payments where the 
amount of the annuity is (1 + j) at times £ = 0,1,2,...,n — 1 provided 
that (x) is alive at time t. Derive an expression for the EPV of this benefit, and 
simplify as far as possible. 


Solution 5.5 First, consider the time-line diagram in Figure 5.12. 
By summing the product of 


e the amount of the payment at time t, 
e the discount factor for time t, and 
e the probability that the payment is made at time z, 


over all possible values of t, we obtain the EPV as 


n—1 


Yi D V px = Gem 


t=0 
Time 0 1 2 3 4 
Amount 1 a+) a+)? d+)? (1+j)* 
Discount 1 v! v v vt 
Probability 1 1Px 2Px 3Px 4Px 


Figure 5.12 Time-line diagram for geometrically increasing annual annuity-due. 
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where a,j is the EPV of a term annuity-due evaluated at interest rate 
i* where 
1+i7 i-j 
oS oe 
1+] 1+j 


5.11 Evaluating annuity functions 


If we have full information about the survival function for a life, then we can 
use summation or numerical integration to compute the EPV of any annuity. 
Often, though, we have only integer age information, for example when the 
survival function information is derived from a life table. In this section we 
consider how to evaluate the EPV of 1/mthly and continuous annuities given 
only the EPVs of annuities at integer ages. Typically, we would have tables of 
ay values for integer x, as well as the life table function, ly. We present two 
methods that are commonly used for estimating the EPV of | /mthly annuities 
from annual values, and we explore the accuracy of these methods for a fairly 
typical (Makeham) mortality model. First we consider recursive calculation of 
EPVs of annuities. 


5.11.1 Recursions 


In a spreadsheet, given values for py, we may calculate a, using a backward 
recursion. We assume that there is an integer limiting age, œw, so that gy; = 1. 
First, we set dy-; = 1. The backward recursion for x = œw — 2, œ — 3, 
w—4,...is 


dy = 1 + v Px ay41 (5.36) 


since 


dy = 1 + vpr +V 2Ps +V ap. t+ 
=1+vp(l + vpr tv opi +) 
= l + v Px x41. 


Similarly, for the 1/mthly annuity-due, 


++(m) 1 


@—l/m 7 m’ 


2 3 4 


and the backward recursion for x = w =. O 


s(m) __ ac L +: (m) 
ay” =z tv” 1Pxå gi (5.37) 
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We can calculate EPVs for term annuities and deferred annuities from the 
whole life annuity EPVs, using, for example, equations (5.24) and (5.26). 

To find the EPV of an annuity payable continuously we can use numerical 
integration. Note, however, that Woolhouse’s formula, which is described in 
Section 5.11.3, gives an excellent approximation to 1/mthly and continuous 
annuity EPVs. 


5.11.2 Applying the UDD assumption 


We consider the evaluation of ae under the assumption of a uniform 


distribution of deaths (UDD). The indication from Table 4.6 is that, in terms 
of EPVs for insurance benefits, UDD offers a reasonable approximation at 
younger ages, but may not be sufficiently accurate at older ages. 

From Section 4.5.1 recall the results from equations (4.27) and (4.26) that, 
under the UDD assumption, 


"A and A,=~A,. 


(m) __ 
AY Pa jo 
We also know, from equations (5.3), (5.18) and (5.14) that for any survival 
model, 

1— A” 1 — Ax 


TON smi ce 
a = —, & = T and a, = g 


Now, putting these equations together we have 


» (m) ls AP 
SS 
x a™ 
1— A, 
(m) *>X 7 
s e using UDD 
d™ 
i — iAy 
= po) d™ 
+(m) ; a 
i™ — i(1 — day) . 
= —_—_—_—_ using (5.3 
=m) om g (5.3) 
id i-—i™ 
=" 5 ax : 
po) d™ [0 d™ 
= a (m) a, — (m) 
where 
id j= im” 
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For continuous annuities, we can let m — ov, noting that lim ¡(m = 
m—> oo 


lim d™ = ô, so that 


m—> Co 


For term annuities, starting from equation (5.29) we have, 


.. (m) s(m) __ =(m) 
em = x T nEx Ges y 


= a(m)ay — P (m) — nEx (a (m)äx+n — B(m)) using UDD 

= a (m) (dy — nEx äx+n) — B(m) 1 — nEx) 

= a (m) dy — B(m) (l — nEx). (5.39) 
Note that the functions w(m) and (m) depend only on the frequency of 


the payments, not on the underlying survival model. It can be shown (see 


Exercise 5.19) that a(m) ~ 1 and B(m) ~ ud , leading to the approximation 


A fig — EE (l = nEx). (5.40) 


5.11.3 Woolhouse’s formula 


Woolhouse’s formula is a method of calculating the EPV of annuities payable 
more frequently than annually that is not based on a fractional age assumption. 
It is based on the Euler—-Maclaurin formula and expresses a” in terms of dy. 
The Euler—Maclaurin formula is a numerical integration method. It gives a 
series expansion for the integral of a function, assuming that the function is 
differentiable a certain number of times. As discussed in Appendix B, in the 
case of a function g, where jim g(t) = 0, the formula can be written in terms 
of a constant h > 0 as 


[0,6] 


ht M 
fso dt=h Ya -= 5 80) + 7 'O= 770 8 (Opes, AY 
0 


where we have omitted terms on the right-hand side that involve higher 
derivatives of g. 
We set g(t) = ;p,e~°*', so that the integral that we approximate is 


[e6] [o6] 


/ g(t) a= | tPx e`’! dt = dx. 


0 0 


We apply formula (5.41) twice, ignoring third and higher-order derivatives 
of g, which is reasonable as we are working with relatively smooth functions. 
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Note that g(0) = 1, lim g(t) = 0, and 
t> oo 


d St d si sd 
t) = Spr e pe — py 
& = e PE tPx dt dt tPx 
aaa ôt eT’! Py Uxyt 


—1Px ae (8 + x41) > 


so g'(0) = — (6 + ux). 
Now, let h = 1. As we are ignoring third and higher-order derivatives, 
equation (5.41) gives 


ay ~ Yaw - = “+ Ze (O =$ vn- 


1 
— — (ô 

1 í + Hx) 
k=0 


1 
2 
giving us a formula for calculating a, from a,, together with the force of 
interest and the force of mortality at age x, namely 

- z 1 1 

ay © ay — 2 = 12 (ô + Hx). (5.42) 


Next, let h = 1/m. Again ignoring third and higher-order derivatives, equation 
(5.41) gives 


m 
k=0 
Jy (8 + x) 
gee m me a 
k=0 
Sy J a Om): (5.43) 
Pe 2m 12m2 S ` 


Since each of (5.42) and (5.43) approximates the same quantity, a,, we can 
obtain an approximate relationship between a” and da, by equating the right- 
hand sides, giving 


1 


+ (m) 
ay 


1 1 
7x — — — (ô 3 
Im 12m lo + Hx) © ay — 7 TA + Hx) 


Rearranging, we obtain the important formula 


m — 


a x 2m 12m2 


(6 + Ux). (5.44) 


The right-hand side of equation (5.44) is called the three-term Woolhouse 
formula. It is an extremely accurate method of obtaining a” from Gy across 
a wide range of ages, values for m and interest rates; it gives more accurate 
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values than the UDD approach in all practical contexts. Where great accuracy 
is less important, we often omit the last term, giving the two-term Woolhouse 
formula. This is less accurate, in general, than the UDD approximation, but it 
is a short calculation, requires very little information, and is often adequate for 
practical purposes. 
For term annuities, we start from equation (5.29), namely 
CSU = pEr de 


and applying formula (5.44) to both a” and a‘"?,,, gives 


“s ag a m—1 = 5 
aan Ox 2m 12m2 (B+ Ma) 
Ela m—-1 m-l 6+ ) 
nlx | Ax+n F Dae Hx+n 
. m— 1 m —1 
= Ayn] A (l — nEy) ne (6 + Ux — nEx(ô + Pe). 


(5.45) 


Some notes on Woolhouse’s approximation for a°” 

1. Animportant difference between the approximation based on the three-term 
Woolhouse’s formula and the UDD approximation is that we need extra 
information for the Woolhouse approach — specifically values for the force 
of mortality, and many mortality tables do not give values for ux. However, 
as long as we have values of ly, we can still use the three-term Woolhouse’s 
formula, using an approximate value for ux. If we assume that 


x+1 
[us ds ~ 2lx, 
x—l1 
then 
x+1 

Lett 
J TP = exp] | Ms ds ¢ © exp{—2ux}, (5.46) 
x—1 


x—1 


leading to the approximation 


A 
ux ~ —} log ( =) , (5.47) 


Ly 1 


In the next section we compare approximation methods for annuities 
payable 1/mthly, and we shall see that, for our survival model, there is 
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almost no difference between using the exact force of mortality and using 
the approximation from (5.47). 

2. It is worth noting that, although we do not apply Woolhouse’s formula 
directly to insurance functions, we can obtain very accurate values for 
1/mthly and continuous life insurance functions, using the relationships 
between annuity and insurance functions. For example, 


A” =Z 1 _ aa 


x 
2 
xi-g™[z m—1 m-1 5 
ye ax (ux + ô) * 


2m 12m2 


Values for insurance functions calculated using the three-term Woolhouse 
approximation for the associated annuity EPV are more accurate than those 
calculated using the UDD assumption, sometimes substantially so. 

3. In Section 2.6.2 we saw an approximate relationship between the complete 
expectation of life and the curtate expectation of life, namely 


S 1 
ex Sey + 5. 


Setting the interest rate to 0 in equation (5.43) gives a refinement of this 
approximation, namely 


BS 1 
ex © ey + 7 phx 


5.12 Numerical illustrations 


In this section we give some numerical illustrations of the different methods 
of computing a’. Table 5.3 shows values of at for x = 20,30,...,100 


Axm T0] 
when i = 0.1, while Table 5.4 shows values of en when i = 0.05. 
x: 


»- (12) - 
Table 5.3 Values of a0 fori=0.1. 


x Exact UDD W2 W3 W3* 
20 6.4655 6.4655 6.4704 6.4655 6.4655 
30 6.4630 6.4630 6.4679 6.4630 6.4630 
40 6.4550 6.4550 6.4599 6.4550 6.4550 
50 6.4295 6.4294 6.4344 6.4295 6.4295 
60 6.3485 6.3482 6.3535 6.3485 6.3485 
70 6.0991 6.0982 6.1044 6.0990 6.0990 
80 5.4003 5.3989 5.4073 5.4003 5.4003 
90 3.8975 3.8997 3.9117 3.8975 3.8975 


100 2.0497 2.0699 2.0842 2.0497 2.0496 
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.. (2) ben 
Table 5.4 Values of a5 fori = 0.05. 


x Exact UDD W2 W3 W3* 
20 14.5770 14.5770 14.5792 14.5770 14.5770 
30 14.5506 14.5505 14.5527 14.5506 14.5506 
40 14.4663 14.4662 14.4684 14.4663 14.4663 
50 14.2028 14.2024 14.2048 14.2028 14.2028 
60 13.4275 13.4265 13.4295 13.4275 13.4275 
70 11.5117 11.5104 11.5144 11.5117 11.5117 
80 8.2889 8.2889 8.2938 8.2889 8.2889 
90 4.9242 4.9281 4.9335 4.9242 4.9242 

100 2.4425 2.4599 2.4656 2.4424 2.4424 


The mortality basis for the calculations is the Standard Ultimate Survival 
Model, from Section 4.3. 
The legend for each table is as follows: 


Exact denotes the true EPV, calculated from formula (5.37); 

UDD denotes the approximation to the EPV based on the uniform distribu- 
tion of deaths assumption; 

W2 denotes the approximation to the EPV based on Woolhouse’s formula, 
using the first two terms only; 

W3 denotes the approximation to the EPV based on Woolhouse’s formula, 
using all three terms, including the exact force of mortality; 

W3* denotes the approximation to the EPV based on Woolhouse’s for- 
mula, using all three terms, but using the approximate force of mortality 
estimated from integer age values of ly. 


From these tables we see that approximations based on Woolhouse’s formula 
with all three terms yield excellent approximations, even where we have 
approximated the force of mortality from integer age ly values. Also, note 
that the inclusion of the third term is important for accuracy; the two-term 
Woolhouse formula is the worst approximation. We also observe that the 
approximation based on the UDD assumption is good at younger ages, with 
some deterioration for older ages. In this case approximations based on 


Woolhouse’s formula are superior, provided the three-term version is used. 

++ (12) 
449) 
using a spreadsheet approach takes around 1200 rows, one for each month 


It is also worth noting that calculating the exact value of, for example, 


from age 20 to the limiting age w. Using Woolhouse’s formula requires only 
the integer age table, of 100 rows, and the accuracy all the way up to age 100 
is excellent, using the exact or approximate values for ux. Clearly, there can be 
significant efficiency gains using Woolhouse’s formula. 
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5.13 Functions for select lives 


Throughout this chapter we have assumed that lives are subject to an ultimate 
survival model, just as we did in deriving insurance functions in Chapter 4. Just 
as in that chapter, all the arguments in this chapter equally apply if we have a 
select survival model. Thus, for example, the EPV of an n-year term annuity 
payable continuously at rate 1 per year to a life who is aged x + k and who was 
select at age x is ajx]+k:m » With 


Aiten = 1 — ô 4pyen- 


The approximations we have developed also hold for select survival models, 
so that, for example 


Gai © apt (3 + Ufx]+k)> 


2m 12m? 
where 
Cc 
Gk = Ý V pe 
t=0 
and 


a > t/m 
“ixitk = m eee 


Example 5.6 Use the Standard Select Survival Model described on page 82, 
with interest at 5% per year, to produce a table showing values of a,j, äjx]+1 
and dy+2 for x = 20,21,...,80. Assume that q131 = 1. 


Solution 5.6 Since we are assuming that q131 = 1, we have a;3; = 1. Annuity 
EPVs can then be calculated recursively using 


ay = 14+ vpy üss 
ägt = 1+ V pig äx+2, 


tx) = 1 + v pix] p41 


Values are shown in Appendix D, Table D.2. 


5.14 Notes and further reading 


Woolhouse (1869) presented the formula that bears his name in a paper to the 
Institute of Actuaries in London. In this paper he also showed that his theory 
applied to joint-life annuities, a topic we discuss in Chapter 10. A deriva- 
tion of Woolhouse’s formula from the Euler-Maclaurin formula is given in 
Appendix B. The Euler—Maclaurin formula was derived independently (about 
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130 years before Woolhouse’s paper) by the famous Swiss mathematician 
Leonhard Euler and by the Scottish mathematician Colin Maclaurin. A proof 
of the Euler—Maclaurin formula, and references to the original works, can be 
found in Graham et al. (1989). 

The expression in part (b) of Exercise 5.15 is from Bowers et al. (1997). 


5.15 Exercises 


Shorter exercises 
Exercise 5.1 Describe in words the benefits with the present values given 
and write down an expression in terms of actuarial functions for the expected 
present value. 


a 2 az if Tẹ < 15, 
a = j 
7 lars Enei 
b y a if0 < K, < 15, 
(b) 2 lag if K, > 15. 


Exercise 5.2 (a) Describe the annuity with the following present value ran- 
dom variable: 
if 7, <n, 


T,- 
7 l —_ 
0 


if T, >n. 


(This random variable gives the present value of a Family Income Benefit 
of 1 issued to a life aged x.) 

(b) Show that E[Y] = am — axm- 

(c) Explain the answer in part (b) by general reasoning. 


Exercise 5.3 Given that 459.70] = 8.2066, 459.79) = 7.8277, and 10p50 = 
0.9195, what is the effective rate of interest per year? 


Exercise 5.4 Given that jo|@, = 4, a = 10, 10, = 0.375 and v = 0.94, 


1 
calculate Ava 


Exercise 5.5 Given that agg = 10.996, aşı = 10.756, adgz = 10.509 and 
i = 0.06, calculate 2p60 . 


Exercise 5.6 Using the Standard Select Life Table at 5% per year interest, 
calculate the standard deviation of the present value of an annuity of $50 000 
per year payable annually in advance to a select life aged 60. 


5.15 Exercises 173 


Exercise 5.7 You are given the following information for insurance functions 
at i = 6% per year interest: 


20E50 = 0.26959, Ago’ = 0.18048, AS,’ = 0.41758. 


+(12) 
50:20] 
Exercise 5.8 Calculate the EPV of a five-year deferred whole-life annuity- 
due issued to (70), under which the first payment is $10 000, and subsequent 
payments increase at 5% per year compound. 

You are given that mortality follows the Standard Ultimate Life Table, i = 
5% per year, and e75 = 14.102. 


Calculate a 


Exercise 5.9 Consider a whole life annuity-due of 1 per year issued to (50). 
Calculate the probability that the total payment made under the annuity 
(without discounting) is greater than the EPV of the annuity at issue. 

Basis: Standard Ultimate Life Table, interest at 5% per year. 


Exercise 5.10 Using the Standard Ultimate Life Table at 5% per year interest, 
calculate 


(a) a40: 201° 


(4) 
(b) 449.50 
(c) Aye. Tol assuming UDD, 


a2) 
(d) *50:30| 20 


(12) 


using Woolhouse’s formula with two terms, 


using Woolhouse’s formula with two terms, 


(e) 20/445 assuming UDD, 


(f) 201d 4s , using Woolhouse’s formula with three terms. 


Exercise 5.11 For a select life table with a two-year select period, you are 
given that 


Gem = 17.5 and am = 17. 


Calculate Perus, 


Exercise 5.12 Scott, who is aged 40, has just been involved in an accident. For 
the first year after the accident, his mortality follows the Standard Ultimate 
Life Table for a life five years older than Scott, with an addition of 0.05 to 
the force of mortality. After the first year, his mortality follows the Standard 
Ultimate Life Table for a life five years older than Scott, with no other 
adjustment. As compensation, Scott is awarded a whole life annuity-due of 
$10 000 per year, payable annually. 
Calculate the EPV of the annuity at an interest rate of 5% per year. 
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Longer Exercises 
Exercise 5.13 Each member of a group of 200 independent lives aged x will 
receive a life annuity-due of $100 per year paid from a trust fund. You are 
given that 


13.01704 ati = 4%, 
9.59176 ati = 8.16%. 


ay = 
Let Y denote the present value random variable for the total annuity payments 
for all the group members. 

Using a normal approximation to the distribution of Y, calculate the amount 
that should be deposited in the trust fund to be 90% certain that the funds will 
be sufficient to pay the benefits. Assume interest at 4% per year. 


Exercise 5.14 You are given the following extract from a select life table. 


[x] lix] Ig aw) x+2 
40 33 519 33 485 33 440 42 
41 33 467 33 428 33 378 43 
42 33 407 33 365 33 309 44 
43 33 340 33 294 33 231 45 
44 33 265 33 213 33 143 46 


Calculate the following, assuming an interest rate of 6% per year: 


(a) soa. 


(b) aio. 1-4) 


(c) (a) [40]:4] > 

(@) Aua 

(e) the standard deviation of the present value of a four-year term annuity-due, 
with annual payment $1000, payable to a select life aged 41, and 


(£) the probability that the present value of an annuity-due of 1 per year issued 
to a select life aged 40 is less than 3. 


Exercise 5.15 Let H = min(K,,7). 
(a) Show that 


2 
2 
Acari T (A,r) 
d? ` 
(b) An alternative form given for this variance is 
(1+)? PAI, Alal 20 + DAL gV” mx + V”np( — np) 
ph i“ 


Vlam] = 


i 
Prove that this is equal to the expression in (a). 
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Exercise 5.16 The force of mortality for a certain population is exactly half 
the sum of the forces of mortality in two standard mortality tables, denoted 
A and B. Thus 

Hix = (u2 + uŽ)/2 
for all x. A student has suggested the approximation 

ax = (ay + a%)/2. 
Will this approximation overstate or understate the true value of ay? 
Exercise 5.17 Obtain the formula 

(IA), = dy — da) 


by writing down the present value random variables for 


(a) an increasing annuity-due to (x) with payments of t + 1 at times 
t=0,1,2,..., and 

(b) a whole life insurance benefit of amount ż at time t, t = 1,2,3..., if the 
death of (x) occurs between ages x + t — 1 and x + t. 


Hint: Use the result 


aq — nv" 


n 
däm = J v! = F 
t=1 


Exercise 5.18 Consider the random variables Y = aT and Z = v”. 


(a) Derive an expression for the covariance in terms of standard actuarial 
functions. 

(b) Show that the covariance is negative. 

(c) Explain this result by general reasoning. 


Exercise 5.19 Consider the quantities æ (m) and f(m) in formula (5.38). By 
expressing i, i”, d and d™” in terms of 6, show that 


m—1 
a(m)*+1 and (m) ~ 


Exercise 5.20 Consider the following portfolio of annuities-due currently 
being paid from the assets of a pension fund. 


Age Number of annuitants 
60 40 
70 30 


80 10 
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Each annuity has an annual payment of $10 000. The lives are assumed to 
be independent. Assume mortality follows the Standard Ultimate Life Table, 
with interest at 5% per year. Calculate 


(a) the expected present value of the total outgo on annuities, 

(b) the standard deviation of the present value of the total outgo on annu- 
ities, and 

(c) the 95th percentile of the distribution of the present value of the total outgo 
on annuities, using a Normal approximation. 


Exercise 5.21 Find, and simplify where possible: 
(a) a dx, and 

(b) tam. 

Exercise 5.22 You are given that 


j 0 if Ty <5, 
™ |} 1000v> an if T, > 5. 


(a) Describe in words the benefit for which Y is the present value. 

(b) Write down an expression for E[Y] in terms of standard actuarial symbols, 
simplified as far as possible. 

(c) Let J be an indicator random variable, where 


_f 0 if] <5, 
| td SETS: 


(i) Show that 


24. — A2 
VIII = 1] = 10002y!0 LH 5 | 


(ii) Show that 


Arts — Ay 


VIY] = 10007 v!° sp, ( 7 a E (ars)? sa 


(d) Assume now that x = 65, mortality follows the Standard Ultimate Life 

Table, with UDD between integer ages, and that i = 5% per year. 

(i) Calculate the mean and standard deviation of Y. 

(ii) Calculate Pr[Y > E[Y]]. 

(iii) Suppose an insurer sells 100000 of these annuities to independent 
lives. Without further calculation, estimate the probability that the 
total present value of the payments exceeds the expected value of the 
total present value of the payments. Justify your answer. 
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(Copyright 2018. The Society of Actuaries, Schaumburg, Illinois. Reproduced 
with permission.) 


Exercise 5.23 Jensen’s inequality states that for a function f, whose first 
derivative is positive and whose second derivative is negative, and a random 
variable X, 


E[f(X)] < f(E[X)). 


Use Jensen’s inequality to show that 


ax < AET) 


Excel-based exercises 
Exercise 5.24 Using a spreadsheet, calculate the mean and standard deviation 
of the present value of the following, assuming mortality follows the Standard 
Ultimate Survival Model, and interest is 5% per year: 


(a) an arithmetically increasing term annuity-due payable to a life aged 50 
for at most 10 years under which the payment at time ¢ is ¢ + 1 for 
t=0,1,...,9, and 

(b) a geometrically increasing term annuity-due payable to a life aged 50 for at 
most 10 years under which the payment at time t is 1.03‘ fort = 0,1,...,9. 


Exercise 5.25 Using a spreadsheet, calculate the mean and standard deviation 
of the present value of the following, assuming mortality follows the Standard 
Ultimate Survival Model, and interest is 5% per year: 


(a) a whole life annuity-due to a life aged 65, with annual payments of 1, and 
(b) a whole life annuity-due to a life aged 65, with annual payments of 1 anda 
guarantee period of 10 years. 


Explain the ordering of the means and standard deviations. 


Answers to selected exercises 


5.3 4.0014% 

5.4 0.265 

5.5 0.98220 

5.6 161996 

5.7 11.3974 

5.8 110690 

5.9 0.94747 

5.10 (a) 12.994 (b) 12.756 = (c) 7.902 (d) 12.490 (e) 4.7102 
(£) 4.7105 

5.11 1.03125 
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5.12 169960 

5.13 268 086 

5.14 (a) 3.6664 (b) 3.4506 (c) 8.3750 (d) 3.1630 
(f) 0.00421 

5.20 (a) 10418970 (b) 311537 (c) 10931 402 

5.22 (d) (i) 8679, 3328 (ii) 0.6120 

5.24 (a) 40.95, 3.325 (b) 9.121, 0.574 

5.25 (a) 13.550, 3.535 (b) 13.814, 2.895 


(e) 119.14 
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Premium calculation 


6.1 Summary 


In this chapter we discuss principles of premium calculation for insurance 
policies and annuities. We start by reviewing what we mean by the terms 
premium, net premium and gross premium. We next introduce the present value 
of loss at issue random variable, and show how this can be used in two ways 
to determine a premium. 

The first approach is the equivalence premium principle. We show how this 
can be applied to calculate premiums for different types of policies, and we 
look at how to determine when an individual contract moves from loss to profit 
or vice versa. 

The second approach is the portfolio percentile premium principle, and we 
show how, using the mean and variance of the loss at issue random variable, 
this principle can be used to determine a premium for a given initial portfolio 
size, and for a given probability of profit on the portfolio of policies. 

The chapter concludes with a discussion of how a premium can be calculated 
when the insured life is subject to some extra level of risk. 


6.2 Preliminaries 


An insurance policy is a financial agreement between the insurance company 
and the policyholder. The insurance company agrees to pay some benefits, for 
example a sum insured on the death of the policyholder within a specified 
term, and the policyholder agrees to pay premiums to the insurance company 
to secure these benefits. The premiums also need to reimburse the insurance 
company for the expenses associated with the policy. 

The calculation of the premium may not explicitly allow for the insurance 
company’s expenses. In this case we refer to a net premium (also, sometimes, 
a risk premium or benefit premium). If the calculation does explicitly allow 
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for expenses, the premium is called a gross premium or office premium or 
expense-loaded premium. 

The premium may be a single payment by the policyholder — a single 
premium — or it may be a regular series of payments, possibly annually, 
quarterly, monthly or weekly. Monthly premiums are common since many 
employed people receive their salaries monthly and it is convenient to have 
payments made with the same frequency as income is received. 

It is common for regular premiums to be a level amount, but they do not 
have to be. 

A key feature of any life insurance policy is that premiums are payable in 
advance, with the first premium payable when the policy is purchased. To 
see why this is necessary, suppose it were possible to purchase a whole life 
insurance policy with annual premiums where the first premium is paid at the 
end of the year in which the policy was purchased. In this case, a person could 
purchase the policy and then withdraw from the contract at the end of the first 
year before paying the premium then due. This person would have had a year 
of insurance cover without paying anything for it. 

Regular premiums for a policy on a single life cease to be payable on 
the death of the policyholder. The premium payment term for a policy is 
the maximum length of time for which premiums are payable. The premium 
payment term may be the same as the term of the policy, but it could be 
shorter. If we consider a whole life insurance policy, it would be usual for the 
death benefit to be secured by regular premiums and it would be common for 
premiums to cease at a certain age — perhaps at age 65 when the policyholder 
is assumed to retire, or at age 85 when the policyholder’s real income may be 
diminishing, and their ability to manage their finances may be declining. 

As we discussed in Chapter 1, premiums are payable to secure annuity 
benefits as well as life insurance benefits. Deferred annuities may be purchased 
using a single premium at the start of the deferred period, or by regular 
premiums payable throughout the deferred period. Immediate annuities are 
always purchased by a single premium. For example, a person aged 45 might 
secure a retirement income by paying regular premiums over a 20-year period 
to secure annuity payments from age 65. Or, a person aged 65 might secure a 
monthly annuity from an insurance company by payment of a single premium. 

For traditional policies, the benchmark principle for calculating both gross 
and net premiums is called the equivalence principle, and we discuss its appli- 
cation in detail in this chapter. However, there are other methods of calculating 
premiums and we discuss one of these, the portfolio percentile principle. 

A more contemporary approach, which is commonly used for non- 
traditional policies, is to consider the cash flows from the contract, and to set 
the premium to satisfy a specified profit criterion. This approach is discussed 
in Chapter 13. 
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6.2.1 Assumptions 


For the numerical examples in this chapter we use the Standard Select Survival 
Model, described in Example 3.13. The ultimate force of mortality is ux = 
A + Bc*, where A = 2.2 x 1074, B = 2.7 x 107% and c = 1.124. The select 
force of mortality, for O < s < 2, is Mix+s = 0A Fis The table has a 
two-year select period. 

Life table functions for this model are given in Appendix D, Table D.1 on 
page 737, and annuity and insurance functions, at i = 5% interest, are in 
Table D.2 on page 738. 


6.3 The loss at issue random variable 


The cash flows for a traditional life insurance contract consist of the insurance 
or annuity benefit outgo (and associated expenses) and the premium income. 
Both are generally life contingent, that is, the income and outgo cash flows 
depend on the future lifetime of the policyholder, unless the contract is 
purchased by a single premium, in which case there is no uncertainty regarding 
the premium income. We can model the present value at issue of the future loss 
(outgo minus income) on a policy with a random variable. When expenses are 
excluded we call this the present value of net future loss at issue random 
variable, or more commonly just the net loss at issue, which we denote by 
Ly. When expenses are included, then the premiums are the gross premiums, 
and the present value random variable is referred to as the gross loss at issue, 
denoted I; In other words, 


% = PV of benefit outgo — PV of net premium income, 


i = PV of benefit outgo + PV of expenses — PV of gross premium income. 


In cases where the meaning is obvious from the context, we drop the n or g 
superscript. 


Example 6.1 An insurer issues a whole life insurance to a select life aged 
60, with sum insured S payable immediately on death. Premiums are payable 
annually in advance, ceasing at age 80 or on earlier death. The net annual 
premium is P. 

Write down the net loss at issue random variable, Ly for this contract in 
terms of lifetime random variables for (60). 


Solution 6.1 From Chapter 4, we know that the present value random variable 
for the benefit is Sv’i and from Chapter 5 we know that the present value 
random variable for the premium income is P Armin K t120) , SO 


L = Sylion p 


“nin (K joo) + 1,20)| 
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Since both terms of the random variable depend on the future lifetime of the 
same life they are clearly dependent. 

Note that since premiums are payable in advance, premiums payable 
annually in advance, ceasing at age 80 or on earlier death means that the last 
possible premium is payable on the policyholder’s 79th birthday. No premium 
is payable on reaching age 80. 


Given an appropriate survival model together with assumptions about future 
interest rates and, for gross premiums, expenses, the insurer can then determine 
a distribution for the present value of the future loss. This distribution can be 
used to find a suitable premium for a given benefit, or an appropriate benefit for 
a specified premium. To do this, the insurer needs to use a premium principle. 
This is a method of selecting an appropriate premium based on a given loss 
distribution. We discuss two premium principles in this chapter. 


6.4 The equivalence principle premium 


Under the equivalence principle, the premium is set such that the expected 
value of the loss at issue random variable is zero. The equivalence principle is 
the most common premium principle in traditional life insurance, and is our 
default principle — that is, if no other principle is specified, it is assumed that 
the equivalence principle is to be used. 


6.4.1 Net premiums 


The net premium for a contract is the equivalence principle premium using the 
net loss at issue random variable. 

Expenses are never included in a net premium calculation, and a premium 
calculated using a different premium principle is not a net premium, even if 
expenses have been ignored. 

So we have E[Z4] = 0, which implies that 


E[PV of benefit outgo — PV of net premium income] =0. 


That is, the net premium can be defined as the premium that solves the equation 
of value: 


EPV of benefit outgo = EPV of premium income. (6.1) 


Example 6.2 Consider an endowment insurance with term n years and sum 
insured S payable at the earlier of the end of the year of death or at maturity, 
issued to a select life aged x. Premiums of amount P are payable annually 
throughout the term of the insurance. 
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(a) Derive expressions in terms of S, P and standard actuarial functions for 
(i) the net loss at issue, K}, 
(ii) the mean of Lọ, 
(iii) the variance of IŻ}, and 
(iv) the annual net premium for the contract. 
(b) Assume now that the sum insured is $100000, mortality follows the 
Standard Select Life Table, i = 5%, x = 50 andn = 20. 
(i) Calculate the net premium. 
(ii) Calculate the standard deviation of the net loss at issue. 


Solution 6.2 


(a) (i) The net loss at issue random variable is 


i = § pmin(Kiy +1) 


=P Amin Ka+, 


(ii) The mean of Lọ is 


ny _ min(Ky,)+1,n) 8 
E[Lo] = SE [v bI | PE länen] 


= S Aam — Papen 
Gii) Expanding the expression above for Lo gives 


j= y™in(Ki +1,n) 
d 


P . P 
=(§ 2 min(Kiy+1,2) 2 
( i D d 


È = S pmin(Kyy+ Ln) P 


min(Ky. 


which isolates the random variable v ltl") So the variance is 


2 
v [£] = (s+ *) Vv laa! 


p2 
= (s + *) (Aam — Am’) ; 


(iv) Setting the EPVs of the premiums and benefits to be equal gives the 
net premium as 


Are 
P = 5 I7 (6.2) 
aix]:n 
(b) (i) The annual net premium is 
Aisen 0.38831 
P = 100000 -5°11 — 100000 = $3 022.93. 


4[50]:70] 12.8454 
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(ii) The variance of Lp is 


P 2 
2 2 
v[zi] = (100 000 + =) (Asam - 4o) 
where 
2 2 2 2 2 
Ayso}:301 = Al50] — 20/150] “A70 + 29 £150) 


= 7A150] = v? 00 E50] A709 + vo E150] 


= 0.153967, 


giving the standard deviation as 


3022.93 
0.04762 


SD[Z?] = (100 000 + ) v'0.153967 — 0.388312 


= 9225.99. 


It is interesting to note in the above example that, using formula (6.2) and 
recalling that a,.7, = (1 — Ay.) /d, the premium equation can be written as 


1 
p=s (; z ‘) 
A[x]:7] 


so that the only actuarial function needed to calculate P in this case is 4,47. 


Example 6.3 An insurer issues a regular premium deferred annuity contract 
to a select life aged x. Premiums are payable monthly throughout the deferred 
period. The annuity benefit of X per year is payable monthly in advance from 
age x + n for the remainder of the life of (x). 


(a) Write down the net loss at issue random variable in terms of lifetime 
random variables for (x). 

(b) Derive an expression for the monthly net premium. 

(c) Assume now that, in addition, the contract offers a death benefit of S 
payable immediately on death during the deferred period. Write down the 
net loss at issue random variable for the contract, and derive an expression 
for the monthly net premium. 


Solution 6.3 (a) Let P denote the monthly net premium, so that the total 
premium payable in a year is 12P. Then 


0— 12P 4 if Tig < n, 


(12); 1 
Ky +p” 
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(b) The EPV of the annuity benefit is 
X nEtx| Gian 


and the EPV of the premium income is 


12P ai 


EJEN 


By equating these EPVs we obtain the premium equation which gives 


(12) 
_ nEix] X äiJ+n 
~ Rä? 
[x]:7] 
(c) We now have 
SyT™ — 12P ad if Thy < n, 
R Kig +1 
Lo = «(i2 . (12) ‘ 
Xv" a— —12Pa_" if Tix > 7 


Kor +p-n 
The annuity benefit has the same EPV as in part (b), the death benefit 
during deferral is a term insurance benefit with EPV SAbaap so the 
premium equation now becomes 
_ SAn: m +X, Ex a ta] a 
e j 
124 [x] in| 


Example 6.3 shows that the loss at issue random variable can be quite 
complicated to write down. Usually, the premium calculation does not require 
the identification of the random variable. Instead we can simply equate the 
EPV of income with the EPV of outgo. 


Example 6.4 An insurer issues an endowment insurance with sum insured 
$100 000 to a select life aged 45, with term 20 years, under which the death 
benefit is payable at the end of the year of death. Using the Standard Select 
Survival Model, with interest at 5% per year, calculate the total amount of net 
premium payable in a year if premiums are payable (a) annually, (b) quarterly, 
and (c) monthly, and comment on these values. Use Woolhouse’s three-term 
formula for the quarterly and monthly functions. 


Solution 6.4 Let P denote the total amount of premium payable in a year. 
Then the EPV of premium income is P a 5170 (where m = 1, 4 or 12) and the 


EPV of benefit outgo is 100 0004; 45120} e 
100 000 A [45]:20] 


a™ 


45):201 
where c 45}: |= 12.9409 and A451270] = 0.383766. 
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Hence, for m = 1 the net premium is P = $2965.52. For the quarterly 
and monthly premiums we need the force of mortality for a select life aged 45 
and an ultimate life aged 65 from the Standard Select Survival Model. Using 
the parameters from Section 6.2.1, we have jj45] = 0.000599 and u65 = 
0.005605, so 


(4) _s 3 15 . 3 15 
Fas) 5p) — 41451 — & 765 (M1451 + 6) — 20E [45] (is = š = igi (ites + s)) 


= 12.6986 


= 11 143 Ee i 143 
(45j201  “l45] — 24 — 17g (tasi + 8) — 20E a5) (is — 3g — mz (Hos + a) 
= 12.6451, 


which means that the annual premium, payable in quarterly instalments, is 
P = $3 022.11 and the annual premium payable in monthly instalments is 
P = $3 034.89. 


We note in the above example that the annually-paid premium is less than the 
quarterly-paid premium, which is less than the monthly-paid premium. This 
makes sense as the annually-paid premium is paid earliest in the year, and, on 
average, the quarterly premium is received earlier than the monthly premium. 
That means that the annually-paid premium has more time to earn interest than 
the quarterly, which has more time to earn interest than the monthly premium. 
Also, if the policyholder dies during the policy term, under the annually-paid 
premium, the insurer receives the entire year’s premium in the year of death, 
which may not be true for the other cases; for the quarterly premium, it will 
only be true if the policyholder dies during the last quarter of the year, and for 
the monthly premium, the insurer will only receive the full year’s premium in 
the year of death if the policyholder dies in the final month of the year. 

So the annually-paid premium is smaller than the others, as the balance is 
made up from extra interest, and extra expected premium received in the year 
of death. Similarly, on average, the extra interest and extra expected premium 
paid in the year of death under the quarterly premium allow a slight smaller 
annual premium rate than under the monthly payment scheme. 


6.4.2 Gross premiums 


When we calculate a gross premium for an insurance policy or an annuity, we 
take account of the expenses the insurer incurs. There are three main types 
of expense associated with insurance policies and annuities — initial expenses, 
renewal expenses and termination or claim expenses. 
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Initial expenses, also (loosely) referred to as acquisition expenses, are 
incurred by the insurer around the time a policy is issued. When we calculate 
a gross premium, it is conventional to assume that the insurer incurs these 
expenses at exactly the same time as the first premium is payable, although 
in practice some of these expenses are usually incurred slightly ahead of this 
date. Later, in Chapter 13, we will separate the expenses incurred before the 
first premium from the expenses incurred with the first premium. 

There are two major types of initial expenses — commission to agents for 
selling a policy and underwriting expenses. Commission is often paid to an 
agent in the form of a high percentage of the first year’s premiums plus a 
much lower percentage of subsequent premiums, payable as the premiums are 
paid. Underwriting expenses may vary according to the amount of mortality 
risk involved. If there is significant risk of adverse selection, an insurer 
is likely to require much more stringent underwriting. For example, the 
adverse selection risk on a term life policy is much greater than a whole 
life policy, all else being equal. And the adverse selection risk associated 
with a $10 million death benefit is rather greater than with a $10000 
death benefit. 

Renewal expenses, also called maintenance expenses, are normally 
incurred by the insurer each time a premium is payable, or when an annuity 
payment is made. Renewal expenses arise in a variety of ways, including 
renewal commissions (typically expressed as a percentage of the gross 
premium) and costs associated with processing premiums or annuity payments, 
or issuing annual statements. Renewal expenses should also cover a share of 
the ongoing fixed costs of the insurer such as staff salaries and rent for the 
insurer’s premises. 

Renewal expenses may be expressed as a percentage of premium, or as a 
per policy amount, meaning fixed for all policies, regardless of the size of the 
premium or sum insured, or as a combination of the two. Often, per policy 
costs are assumed to be increasing at a compound rate over the term of the 
policy, to approximate the effect of inflation. 

Termination expenses, also called claim expenses, occur when a policy 
expires, typically on the death of a policyholder or annuitant, or on the maturity 
date of a term insurance or endowment insurance. Generally these expenses 
are small, and are associated with the paperwork required to finalize and pay 
a claim. In calculating gross premiums, specific allowance is often not made 
for termination expenses. Where it is made, it is usually a fixed sum, or is 
proportional to the benefit amount. 

In practice, allocating the different expenses involved in running an insur- 
ance company is a complicated task, and in the examples in this chapter we 
simply assume that all expenses are known. 
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The equivalence principle using the gross loss at issue random variable gives 
us the equivalence principle gross premium. That is, ELZ] = 0 implies 


EPV of gross premiums = EPV of benefits + EPV of expenses.| (6.3) 


We illustrate the gross premium equation of value calculations with four 
examples. 


Example 6.5 An insurer issues a 20-year annual premium endowment insur- 
ance with sum insured $100 000 to a select life aged 30. The insurer incurs 
initial expenses of $2000 plus 50% of the first premium, and renewal expenses 
of 2.5% of each subsequent premium. The death benefit is payable immediately 
on death. 


(a) Write down the gross loss at issue random variable. 
(b) Calculate the gross premium using the Standard Select Life Table with 5% 
per year interest. Assume UDD between integer ages. 


Solution 6.5 (a) Let S = 100000, x = 30, n = 20 and let P denote the annual 
gross premium. Then 


2 in(Tix];") 4 4 
ie = S pmn [x] 72 +2000 + 0.475P + 0.025P “nin(Kiyy+Ln)| P aati) 


Note that the premium related expenses, of 50% of the first premium 
plus 2.5% of the second and subsequent premiums are more conveniently 
written as 2.5% of all premiums, plus an additional 47.5% of the first 
premium. By expressing the premium expenses this way, we can simplify 
the random variable, and the subsequent premium calculation. 

(b 


æ? 


We may look separately at the three parts of the gross premium equation 
of value. The EPV of premium income is 


P äi301:20] = 13.0418 P. 
The EPV of all expenses is 


2000 + 0.475P + 0.025P a 1201 = 2000 + 0.475P + 0.025 x 13.0418P 


[30]: 
= 2000 + 0.801044P. 


The EPV of the death benefit, using the UDD assumption, is 


= E i i 
100 000 Â 50:75] = 100000 (iaio + soio) 


i 
= 100000 G (Anoz = 20E{301) + sono) 
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i 2 
= 100 ovo = (1 d åo] 2E1301) + soinn) 
= 100 000(0.379122) = 37 912.16. 


Thus, the equivalence principle gives 


37912.16 + 2000 


= = $3 260.60. 
13.0418 — 0.801044 


Example 6.6 Calculate the monthly gross premium for a 10-year term insur- 
ance with sum insured $50 000 payable immediately on death, issued to a select 
life aged 55, using the following basis: 


Survival model: Standard Select Life Table 
Assume UDD for fractional ages 
Interest: 5% per year 
Initial Expenses: $500 + 10% of each monthly premium in the first year 
Renewal Expenses: 1% of each monthly premium in the second and 


subsequent policy years 


Solution 6.6 Let P denote the monthly premium, so that the EPV of the 


. š Ei «(12 
premium income is 12P a” 


To find the EPV of the premium related expenses, we can apply the same 
idea as in the previous example, that is, apply the renewal expenses to all years 
including the first, and then separately allow for the additional initial expenses, 
in excess of the renewal expenses. Note in this case that the initial expenses 
apply to each monthly premium in the first year. Then we can write the EPV 
of the premium related expenses as 


0.09 x 12Pä + 0.01 x 12P a 


1:1] [55]:10]" 


So the premium expenses for the first year have been split into the 1%, 
matching the renewal expenses, plus an additional 9% to meet the balance 
of the initial expenses. 

The EPV of the insurance benefit is 50 0004 5 SETO! So, setting the EPV of 
premiums less premium-related expenses equal to the EPV of benefits plus 
other expenses, the equation of value is 


++ (12) = _ ++ (12) _ zi 
12P o 0.01) 0.094") = 500004, 


We have ar55)-101 = 8.0219 and under UDD (using (5.38) and (5.39)), 


io + 500. 


arss)01 = a(12) a55179) — B(12) (1 — 10£[55]) = 7.8339, 
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since 


id j— i? 
a(12) = zgo = 1.000197 and B12) = Tea = 0.466508. 


Similarly, noting that 551-1] = 1, we have 


a ssuil = a(12) — B(12) (1 — 1£{55)) = 0.9772. 


Further, 
Ena i 


107 5 Assit > 5 


A (1 d a551-70| 108551) = 0.024954, 


giving P = $18.99 per month. 


Example 6.7 A life insurance company issued a with-profit whole life policy 
to a select life aged 40. Under the policy, the basic sum insured of $100 000 
and attaching bonuses are payable at the end of the year of death. The company 
declares compound reversionary bonuses at the end of each year, and these 
bonuses do not apply to policies that became claims during the year. Level 
premiums are payable annually in advance under the policy. 

Calculate the annual gross premium on the following basis: 


Survival model: Standard Select Survival Model 
Interest: 5% per year 

Bonus: 2.5% compound per year 

Initial Expenses: $200 

Renewal Expenses: 5% of each premium after the first 


Solution 6.7 The EPV of premiums less premium related expenses is 
0.95P aj4o] + 0.05P = (0.95 x 18.4596 + 0.05) P = 17.5866P. 


The death benefit increases by 2.5% each year, with the first bonus applying 
to deaths in the second year, so that the death benefit in the tth policy year, 
t= 1,2,3,..., is 100000 (1.025'-1). 

The EPV of the death benefit is then 


[00] 
: 100 000 
100000 X` (1.0254) v+! g\qraoy = Fos 4M0 = 32816.71 
k=0 f 
where j = an — 1 = 0.0244. Hence the equation of value is 


17.5866P = 32816.71 + 200 


giving a gross annual premium of P = $1877.38. 
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Example 6.8 Calculate the gross single premium for a deferred annuity of 
$80 000 per year payable monthly in advance, issued to a select life now aged 
50, with the first annuity payment due on the annuitant’s 65th birthday. Allow 
for initial expenses of $1000, and renewal expenses on each anniversary of 
the issue date, provided that the policyholder is alive. Assume that the renewal 
expense will be $20 on the first anniversary of the issue date, and that expenses 
will increase with inflation from that date at the compound rate of 1% per year. 
Assume the Standard Select Survival Model with interest at 5% per year. 


Solution 6.8 The single premium is equal to the EPV of the deferred annuity 
plus the EPV of expenses. 

The renewal expense on the tth policy anniversary is 20(1.01‘"!) for 
t= 1,2,3,...so the EPV of the renewal expenses is 


CO 
20 
t—1 t z t 
20 ) 1.01" " v Piso] Tol 3 1.01 v piso] 


t=1 
= 101 x poe 


a ee is 
= qop 5 


= 70 a 18.4550 = 365.45 
S re a 


where 1.01v = 1/(1 + j) so that j = 0.0396. 
The EPV of the deferred annuity is 


80.000 15 läfso] = 80000 x 6.0413 = 483 304, 
and so the single premium is 


P = 483 304 + 1000 + 365.45 = $484 669. 


We end this section with a comment on the premiums calculated in Exam- 
ples 6.5 and 6.6. In Example 6.5, the annual premium is $3 260.60 and the 
expenses at time 0 are $2000 plus 50% of the first premium, a total of 
$3 630.30, which exceeds the first premium. Similarly, in Example 6.6 the total 
premium in the first year is $227.88 and the total expenses in the first year 
are $500 plus 10% of premiums in the first year. In each case, the premium 
income in the first year is insufficient to cover expenses in the first year. This 
situation is common in practice, especially when initial commission to agents 
is high, and is referred to as new business strain. A consequence of new 
business strain is that an insurer needs to have funds available in order to 
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sell policies. From time to time insurers get into financial difficulties through 
pursuing an aggressive growth strategy without sufficient capital to support 
the new business strain. Essentially, the insurer borrows from shareholder (or 
participating policyholder) funds in order to write new business. These early 
expenses are gradually paid off by the expense loadings in future premiums. 


6.5 Profit 


The equivalence principle does not allow explicitly for a loading for profit. 
Since issuing new policies generally involves a loan from shareholder or 
participating policyholder funds to cover the new business strain, it is necessary 
for the business to generate sufficient income for the shareholders to make an 
adequate rate of return — in other words, the insurer needs to make a profit. 
In traditional insurance, we often load for profit implicitly, through margins in 
the valuation assumptions. For example, if we expect to earn an interest rate 
of 6% per year on assets, we might assume only 5% per year in the premium 
basis. The extra income from the invested premiums, known as the interest 
spread, will contribute to profit. In participating business, much of the profit 
will be distributed to the policyholders in the form of cash dividends or bonus. 
Some will be paid as dividends to shareholders. We may also use margins in 
the mortality assumptions. For a term insurance, we might use a slightly higher 
overall mortality rate than we expect. For an annuity, we might use a slightly 
lower rate. 

Now, for each individual policy the experienced mortality rate in any year 
can take only the values 0 or 1. So, while the expected outcome under the 
equivalence principle is zero profit (assuming no margins), the actual outcome 
for each individual policy will either be a profit or a loss. For the actual profit 
from a group of policies to be reliably close to the expected profit, we need 
to sell contracts to a large number of individuals, whose future lifetimes can 
be regarded as statistically independent, so that the losses and profits from 
individual policies are combined. 

As a simple illustration of this, consider a life who purchases a one-year 
term insurance with sum insured $1000 payable at the end of the year of death. 
Let us suppose that the life is subject to a mortality of rate of 0.01 over the 
year, that the insurer can earn interest at 5% per year, and that there are no 
expenses. Then, using the equivalence principle, the premium is 


P=1000 x 0.01/1.05 = 9.52. 


The net loss at issue random variable is 


1000v — P = 942.86 if 7, <1, with probability 0.01, 


lh = 
0 —P = —9,52 if Ty > 1, with probability 0.99. 
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The expected loss is 0.01 x 942.86 + 0.99 x (—9.52) = 0, as required by the 
equivalence principle, but the probability of profit is 0.99, and the probability 
of loss is 0.01. The balance arises because the profit, if the policyholder 
survives the year, is small, and the loss, if the policyholder dies, is large. Using 
the equivalence principle, so that the expected loss at issue is zero, makes 
sense only if the insurer issues a large number of policies, so that the overall 
proportion of policies becoming claims will be close to the assumed proportion 
of 0.01. 

Now suppose the insurer were to issue 100 such policies to independent 
lives. The insurer would expect to make a (small) profit on 99 of them. If the 
outcome from this portfolio is that all lives survive for the year, then the insurer 
makes a profit. If one life dies, there is no profit or loss. If more than one life 
dies, there will be a loss on the portfolio. Let D denote the number of deaths in 
the portfolio, so that D ~ B(100, 0.01). The probability that the profit on the 
whole portfolio is greater than or equal to zero is 


Pr[D < 1] = 0.73576 


compared with 99% for the individual contract. In fact, as the number of 
policies issued increases, the probability of profit will tend, monotonically, 
to 0.5. On the other hand, while the probability of loss is increasing with the 
portfolio size, the probability of very large aggregate losses (relative, say, to 
total premiums) is much smaller for a large portfolio, since there is a balancing 
effect from diversification of the risk amongst the large group of policies. 

Let us now consider a whole life insurance policy with sum insured S 
payable at the end of the year of death, initial expenses of J, renewal expenses 
of e associated with each premium payment (including the first) issued to a 
select life aged x by annual premiums of P. For this policy, 


Ly = Svt! 4+ ea Pa 


Kit] Koy +l] 


If the policyholder dies shortly after the policy is issued, so that only a few 
premiums are paid, the insurer will make a loss. We can illustrate this by 
considering an example; suppose that x = 30, S = $100000, 7 = $1000, 
and e = $50. Using the Standard Select Life Table at 5%, we find that 
P = $498.45. 

Suppose we know that K739) = 5. Then the value of R is 


100 000v + 1000 + 504g — 498.4547 = 73 231.54, 


which represents a substantial loss. 

Conversely, if the policyholder lives to a ripe old age, we would expect 
that the insurer would make a profit as the policyholder will have paid a large 
number of premiums, and there will have been plenty of time for the premiums 
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to accumulate interest. In the case of whole life policy sold to (30), suppose we 
know that Kī30] = 60. In this case the value of the gross loss at issue random 
variable is 


100 000v°! + 1000 + S0agy — 498.45477] = —2 838.67, 


which represents a decent profit to the insurer. 

We can use the loss at issue random variable to find the minimum time 
that the policyholder needs to survive in order that the insurer makes a profit 
on an individual policy. The probability of a profit on the individual policy, 
Prit < 0], is given by 


g Kt : . 
Pridf, < 0] = Pr [Svt + 1+ e äg- Pago <0). 


Rearranging, and replacing ag at with (1 — vit!) /d, gives 


P—e 

—-T] 
Priz < 0] = Pr [en 228 = 

S++ T 


1 P— e+ Sd 
= Pr Rigel oi l 6.4 
‘| utig (5) 


Suppose we denote the right-hand side term of the inequality in (6.4) by t. 
That means that the contract generates a profit for the insurer if Kj + 1 > Tt. 
Generally, t is not an integer, and Kix] can only take integer values. So, if |t] 
denotes the integer part of t, then the insurer makes a profit on the policy if 
Kix + 1 > |t], or, equivalently, if Kg > Lt]. As 


Kig = Lt] => Thy > Lr], 


the insurer makes a profit if Tiy] > Lt], the probability of which is |; | py. 
Continuing our example, with the whole life policy issued to [30], we have 


ie 


1 soy (498-45 = 50 + 1000004 
5 © (498.45 — 50 — 10004 


) = 52.57 


so there is a profit if Kj39) + 1 > 52.57, which means Kj30] must be greater 
than or equal to 52, so there is a profit if the life survives for 52 years, the 
probability of which is 52pĮ30] = 0.70704. 

We can check this by calculating the loss at issue random variable for 
Kp0]) = 51, which gives L = 237.07 and for Kj39) = 52, which gives 
L = —175.05. 

Figure 6.1 shows the value of the loss at issue against possible values for 
Kj30]. We see that large losses can occur in the early years of the policy, but the 
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Figure 6.1 Present value of loss at issue by curtate future lifetime for the 
whole life insurance described in Section 6.5. 


probability that the life dies in the first 20 years is small. The profits for long- 
lived policyholders are less substantial, but since the probabilities are greater, 
the net effect is an expected present value of zero. 

Below, we present some different examples of the profit and loss calculation 
for an individual policy. The point at which a policy moves from loss to profit, 
or vice versa, will depend on the nature of the benefits and premiums, and it 
may not be as simple as the whole life example in this section. For example, a 
deferred insurance policy would have a period of profit, followed by a period 
of loss, followed by profit. It is important to consider each case from first 
principles. 


Example 6.9 A life insurer is about to issue a 25-year endowment insurance 
with a basic sum insured of $250 000 to a select life aged exactly 30. Premiums 
are payable annually throughout the term of the policy. Initial expenses are 
$1200 plus 40% of the first premium and renewal expenses are 1% of the sec- 
ond and subsequent premiums. The insurer allows for a compound reversion- 
ary bonus of 2.5% of the basic sum insured, vesting on each policy anniversary 
(including the last). The death benefit is payable at the end of the year of death. 
Assume the Standard Select Survival Model with interest at 5% per year. 


(a) Derive an expression for the loss at issue random variable, LÈ, for this 
policy. 
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(b) Calculate the annual premium for this policy. 

(c) Let Lo(k) denote the present value of the loss on the policy given that 
Kp30) = k for k < 24 and let Lo(25) denote the present value of the loss on 
the policy given that the policyholder survives to age 55. Calculate Lo(k) 
fork = 0,1,...,25. 

(d) Calculate the probability that the insurer makes a profit on this policy. 

(e) Calculate V[L§]. 


Solution 6.9 (a) First we note that, if Kj39) = k where k = 0,1,2,...,24, 
then the number of bonus additions is k, and the death benefit is payable 
k + 1 years from issue. The present value of the death benefit would be 
250 000(1.025%1301)y401+! | However, if the policyholder survives for 25 
years, then 25 bonuses are applied. Thus, if P denotes the annual premium, 


1 = 250 000(1.025™2 Kio 25)) min(Kgo+ 1, 25) 


+ 1200 + 0.397 = 0.99P a] 
(b 


we 


The EPV of the premiums, less premium expenses, is 
0.99P 4730:25] = 14.5838P. 


As the death benefit is $250 000(1.025’) if the policyholder dies in the rth 
policy year, the EPV of the death benefit is 


24 
i 
250000 $` v+! ,\qy30) (1.025') = 250000 (sas 


i = 3099.37 
T 1.025 ie) 


where 1 +j = (1 + 1)/1.025, so that j = 0.0244. 
The EPV of the survival benefit is 


250 000v>25p[30) 1.025% = 134 295.43, 
and the EPV of the remaining expenses is 
1200 + 0.39P. 


Hence, equating the EPV of premium income with the EPV of benefits 
plus expenses we find that P = $9 764.44. 

Given that Kj39) = k, where k = 0,1,...,24, the present value of the 
loss is the present value of the death benefit payable at time k + 1 less the 
present value of k + 1 premiums plus the present value of expenses. Hence 


(c 


Nar 


Lo(k) = 250 000(1.025%) “+! + 1200 + 0.39P — 0.99P aig) 
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Table 6.1 Values of the loss at issue 
random variable for Example 6.9. 


Value of K130}, k PV of loss, Lo(k) 
0 233 437 
1 218561 
23 1737 
24 —4 517 
>25 —1 179 


If the policyholder survives to age 55, there is one extra bonus payment, 
and the present value of the loss at issue is 


Lo(25) = 250 000(1.025%5) v> + 1200 + 0.39P — 0.99P azz) 


Some values of the present value of the loss at issue are shown in Table 6.1. 
The full set of values for the present value of the loss at issue shows that 
there is a profit if and only if the policyholder survives 24 years and pays 
the premium at the start of the 25th policy year. Hence the probability of a 
profit is 24p/30) = 0.98297. 

Note that this probability is based on the assumption that the future 
expenses and interest rates used in the premium basis are fixed and known. 
(e) From the full set of values for Lg(k) we can calculate 


(d 


w 


24 


E[(L5)°1] = $ L0)? klaro + (Lo(25))* 2spi30) = 12 115.55°, 
k=0 


which is equal to the variance as EIL] =0; 


Generally speaking, for an insurance policy, the longer a life survives, the 
greater is the profit to the insurer, as illustrated in Figure 6.1. However, the 
converse is true for annuities, as the following example illustrates. 


Example 6.10 An insurance company is about to issue a single premium 
deferred annuity to a select life aged 55. The first annuity payment is due 
10 years from the issue date, and payments will be annual. The first annuity 
payment will be $50 000, and each subsequent payment will be 3% greater 
than the previous payment. Assume that there are no expenses, that mortality 
follows the Standard Select Life Table, and that interest is i = 5% per year. 
You are given that, on this basis, the single premium is P = 546 812. 
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Calculate the probability that 


(a) the insurance company makes a profit from this policy, and 
(b) the present value of the loss exceeds $100 000. 


Solution 6.10 (a) Let Lo(k) denote the present value of the loss given that 
Kiss) = k, for k = 0,1,2,.... Note first that if the life dies during the 
deferred period, the insurer receives the single premium and makes no 
payments. Next, if the life dies in the year k to k + 1, where k > 10, then 
the present value of the loss is 


50 000( v" SLO ed Dep ee (1.0310) =P 
= 50000 (1 + (1.03)v + (1.037 i? +--+ Tay =P 


10» 
where 1 + j = 1.05/1.03 giving j = 0.0194. So 


= fork =0,1,...,9, 
Lok) = (6.5) 


50000v'° äp; — P fork = 10,11,.... 


Since qj is an increasing function of k, formula (6.5) shows that Lo(k) 
is an increasing function of k for k > 10, which means that the insurer’s 
loss increases with the survival of the annuitant, after 10 years. Clearly, the 
insurer makes a profit of P if the life dies during the deferred period, and 
makes a smaller profit if the life dies in the first few years of the payment 
period. Using formula (6.5), the condition for the individual contract to be 
profitable to the insurer is 


50000 v a 9]j —P< 0, 
or, equivalently, 


: (1.05!°)p 
a <= š 
k-9li ~ 50000 


k—9 
Writing aR; = tap and d; = j/(1 + j), this condition becomes 
l j ` 


; 10 
tong AU 
j 50000 


As vj = exp{—ô;} where 6; = log(1 + j) this gives 


1 dj (1.05!°)P 
k<9 7 log { 1 ; = 30.55. 
j 
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Figure 6.2 Present value of loss from Example 6.10. 


So we need Kiss] < 30, which means we need Tiss] < 31 for the contract 
to make a profit. The probability of this is 314,55] = 0.41051. 
(b) The present value of the loss will exceed 100 000 if 


50000 v!° agp, — P > 100.000, 


and following through exactly the same arguments as in part (a) we find 
that Lo(k) > 100000 if k > 35.68, which requires Kj55; > 36, or 
equivalently 7,55] > 36, and the probability of this is 36p{55] = 0.38462. 


Figure 6.2 shows Lo(k) fork = 1,2,...,50. We can see that the loss is constant 
for the first 10 years at —P and then increases due to annuity payments. In 
contrast to Figure 6.1, longevity results in large losses to the insurer. We can 
also clearly see from this figure that the loss is negative if k takes a value less 
than 31, confirming our answer to part (a). 


6.6 The portfolio percentile premium principle 


The portfolio percentile premium principle is an alternative to the equivalence 
premium principle. We assume a large portfolio of identical and independent 
policies. By ‘identical’ we mean that the policies have the same premium, 
benefits, term, and so on, and that the policyholders are all subject to the 
same survival model. By ‘independent’ we mean that the policyholders are 
independent of each other with respect to mortality. 

Suppose we know the sum insured for these policies, and wish to find an 
appropriate premium. As the policies are identical, each policy has the same 
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loss at issue random variable. Let N denote the number of policies in the 
portfolio and let Lo; represent the loss at issue random variable for the ith 
policy in the portfolio, i = 1,2,3,...,N. The total loss at issue in the portfolio 
is L, say, where L = YG Loi; 


N 
E[L] = ) | ElLoi] = NE(Lo,11, 


i=1 


N 
VIL] = È Vilo] = NVIZo,11. 
i=l 


(Note that as {Lo , are identically distributed, the mean and variance of each 
Lo,i are equal to the mean and variance of Lo,1.) 

The portfolio percentile premium principle sets a premium to give a 
specified probability, say a, that the total loss at issue is negative. That is, 
P is set such that 


Pr[L < OJ =a. 


Now, if N is sufficiently large (say, greater than around 30), the central limit 
theorem tells us that L is approximately normally distributed, with mean 
E[Z] = NE[Lo,1] and variance V[L] = N V[Lo,1]. In this case, the portfolio 
percentile principle premium can be calculated from 


Pr[L < 0] = Pr (= EI 2 a) = © ( =a) =a 
E JVL «af Villy: VIL) 


which implies that 
E[L] 
v VIL] 


where ® is the cumulative distribution function of the standard normal 
distribution. 

Our aim is to calculate P, but P does not appear explicitly in either of the 
last two equations. However, as illustrated in the next example, both the mean 
and the variance of L are functions of P. 


= —7'(@) 


Example 6.11 An insurer issues whole life insurance policies to select lives 
aged 30. The sum insured of $100 000 is paid at the end of the month of death 
and level monthly premiums are payable throughout the term of the policy. 
Initial expenses, incurred at the issue of the policy, are 15% of the total of the 
first year’s premiums. Renewal expenses are 4% of every premium, including 
those in the first year. 
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Assume the Standard Select Survival Model with interest at 5% per year. 


(a) Calculate the monthly premium using the equivalence principle. 

(b) Calculate the monthly premium using the portfolio percentile principle, 
such that the probability that the loss at issue on the portfolio is negative 
is 95%. Assume a portfolio of 10 000 identical, independent policies. 


Solution 6.11 (a) Let P be the monthly premium. Then the EPV of premi- 
ums is 


12P ai35) = 227.065P. 
The EPV of benefits is 
2 
100 000 A) 39, = 7 866.18, 
and the EPV of expenses is 
0.15 x 12P + 0.04 x 12P 55, = 10.8826P. 


Equating the EPV of premiums with the EPVs of benefits and expenses 
gives the equivalence principle premium as $36.39 per month. 


(b) We need the mean and standard deviation of the total loss at issue random 


wm 


variable, which we calculate from the mean and standard deviation of Lo,;, 
the loss at issue for the ith policy, which is 


KO 4 1 ++ (12) 
Lo, = 100000 v Boa 12 + 0.15 x 12P — 0.96 x Keren 
The expected value can be calculated using the solution to part (a) as 
E[Lo,;] = 7 866.18 — 216.18P. 
To find SD[Lo,;], we rewrite Lo; as 


0.96 x 12P 
dod 


0.96 x 12P 


Lo, => (100000 + d0» 


) KB+ 4.0.15 x 12P — 
so that 
VILo;] = (100 000 + 0262P) (ata aop) 
= (100000 + 236.59P)? (0.0053515) 
and SD[Lo,i] = (100000 + 236.59P) (0.073154). The loss at issue ran- 
dom variable for the whole portfolio of policies is L = = Lo,i, SO 
i= 


E[L] = 10 000(7866.18 — 216.18P) 
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10.000 
and, because the lives are independent, V[L] = 2 V[Lo,], giving 


i=1 
SD[Z] = v 10000 (100 000 + 236.59P) (0.073154). 


Using the normal approximation to the distribution of L, we set P as 
follows, noting that for the standard normal distribution, ® (1.645) = 0.95: 


Pr[L < 0] = 0.95 


—E[L] 
® = 0.95 
VIL] 
o( 10 000(216.18P — 7 866.18) ) — 0.95 
100 (100 000 + 236.59P) (0.073154) ) ` 


100(216.18P — 7 866.18) — 1.645 
(100 000 + 236.59P) (0.073154) ` 


which gives P = $36.99. 


Note that the solution to part (b) above depends on the number of policies in 
the portfolio (10000) and the level of probability we set for the loss at issue 
being negative (0.95). If the portfolio had n policies instead of 10 000, then the 
equation we would have to solve for the premium, P, is 


/n(216.18P — 7 866.18) _ 
(100 000 + 236.59P) (0.073154) 


1.645. (6.6) 


Table 6.2 shows some values of P for different values of n. We note that P 
decreases as n increases. In fact, as n — oo, P — $36.39, which is the 
equivalence principle premium. The reason for this is that as n — oo the 
insurer diversifies the mortality risk. We discuss diversification of risk further 
in Chapter 12. 


Table 6.2 Premiums according to 
portfolio size. 


n P 
1000 38.31 
2 000 37.74 
5000 37.24 

10000 36.99 
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6.7 Extra risks 


As we discussed in Section 1.5.2, when an individual wishes to purchase a 
life insurance policy, underwriting takes place. If underwriting determines that 
an individual should not be offered insurance at standard rates, the individual 
might still be offered insurance, but above standard rates. 

Another context for adjusting the mortality assumptions for an individual 
is in structured settlements, described in Chapter 1. The injuries involved in 
structured settlement compensation cases are often complex, and assessing 
appropriate mortality and morbidity rates is challenging. A serious injury 
would increase an individual’s mortality, which would make an annuity 
cheaper compared with a life subject to a standard annuitants’ mortality table. 
However, there is not much data on the relationship between different types of 
injury and mortality, so the adjustments to standard annuitant mortality rates 
may be quite arbitrary. 

In this section we discuss some of the common ways in which extra 
mortality risk is modelled in EPV calculations. 


6.7.1 Age rating 


One reason why an individual might not be offered insurance at standard rates 
is that the individual suffers from a medical condition. In such circumstances 
we refer to the individual as an impaired life, and the insurer may compensate 
for this extra risk by treating the individual as being older. For example, an 
impaired life aged 40 might be asked to pay the same premium paid by a non- 
impaired life aged 45. This approach to modelling extra risk involves no new 
ideas in premium calculation — for example, we could apply the equivalence 
principle in our calculation, and we would simply change the policyholder’s 
age. This is referred to as age rating, and this approach is commonly used for 
insurance premiums and in structured settlement calculations. 


6.7.2 Constant addition to py 


Individuals can also be deemed to be ineligible for standard rates if they 
regularly participate in hazardous pursuits, for example parachuting. For such 
individuals the extra risk is largely independent of age, and so we could model 
this extra risk by adding a constant to the force of mortality — just as Makeham 
extended Gompertz’ law of mortality. The application of this approach leads 
to some computational shortcuts. We are modelling the force of mortality as 


Lies = L[x]+s F $ 


where functions with the superscript ’ relate to the impaired life, functions 
without this superscript relate to a standard survival model and ¢ is the constant 
addition to the force of mortality. Then 
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Px] = EXP 4 — J Meets} = exp y= / (pats +) ds} =e pi. 
0 0 


This formula is useful for computing the EPV of a survival benefit since 


eo py =e OF pie, 


so that, for example, 
E =v Py = vie?! px = (Ey); 
where j denotes calculation at interest rate j = e?*+® — 1. Further, 


n—1 n—1 


á =§ =i si 
äm = 6 pa = D OO ped = äm; (6.7) 
t=0 t=0 


where a,}7; is calculated using rate of interest j and the standard survival 
model. That means, for calculating the EPV of an annuity, the extra mortality 
can be modelled with an adjustment to the interest rate, which is simple to 
apply. However, this only applies to annuity and pure endowment functions, 
not to insurance functions involving mortality rates. 

To understand why, consider the impaired life’s curtate future lifetime Ki: 
We know that 


kg:n] 


_ pr min(K/ +1, n) 1-A 
a i = 1 — Efv b] ] _ 
[x]: min(K,,,+1,7)| d d ’ 


and hence 


Aig =1-dä m 1 d åm (6.8) 


So we see that for the insurance benefit we cannot just change the interest 
rate; in formula (6.8), the annuity function is evaluated at rate j, but d is 
calculated using the original rate of interest, that is d = i/(1 + i). Generally, 
when using the constant addition to the force of mortality, it is simplest to 
calculate the annuity function first, using a simple adjustment to the interest 
rate, then use formula (6.8) for any insurance functions. 


Example 6.12 Calculate the annual premium for a 20-year endowment insur- 
ance with sum insured $200000 issued to a life aged 30 whose force of 
mortality at age 30 + s is given by 4;30]+5 + 0.01. Allow for initial expenses 
of $2000 plus 40% of the first premium, and renewal expenses of 2% of the 
second and subsequent premiums. Use the Standard Select Survival Model 
with interest at 5% per year. 
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Solution 6.12 Let P denote the annual premium. Then by applying for- 
mula (6.7), the EPV of premium income is 


19 
tis _ ps 
P 3, P30] = P 439}.30)) 
t=0 


where j = 1.05e°-9! — 1 = 0.0606. Similarly, the EPV of expenses is 


2000 + 0.38P + 0.02P 4430): 30);" 


The EPV of the benefit is 200 0004, 301201? where the dash denotes extra 


mortality and the interest rate is i = 0.05. Using formula (6.8) 
, A A 
Abam =} 4 Ëg 


As 430501) = 12.072 and d = 0.05/1.05, we find that A Goel = 0.425158 
and hence we find that P = $7 600.84. 


6.7.3 Constant multiple of mortality rates 


A third method of allowing for extra mortality is to assume that lives are subject 
to mortality rates that are higher than the standard lives’ mortality rates. For 
example, we might set dix] 4, = 1-lqiq+r where the superscript ‘ again denotes 
extra mortality risk. With such an approach we can calculate the probability 
of surviving one year from any integer age, and hence we can calculate 
the probability of surviving an integer number of years. A computational 
disadvantage of this approach is that we have to apply approximations in 
calculating EPVs if payments are at other than annual intervals. Generally, this 
form of extra risk would be handled by recalculating the required functions in 
a spreadsheet. 


Example 6.13 Calculate the monthly premium for a 10-year term insurance 
with sum insured $100 000 payable immediately on death, issued to a life aged 
50. Assume that each year throughout the 10-year term the life is subject to 
mortality rates that are 10% higher than for a standard life of the same age. 
Allow for initial expenses of $1000 plus 50% of the first monthly premium and 
renewal expenses of 3% of the second and subsequent monthly premiums. Use 
the UDD assumption where appropriate, and use the Standard Select Survival 
Model with interest at 5% per year. 


Solution 6.13 Let P denote the total premium per year. Then the EPV of 


A š x . (12) 7 7 . (12) 7 
remium income is På and, assuming UDD, we compute a a 
p 50:10)? 8 p 50:10] 


saD sey _ 410 / 
aU = (12) a EIDA — v 1op%o), 


S 
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where a(12) = 1.000197 and 6(12) = 0.466508. As the initial expenses are 
$1000 plus 50% of the first premium, which is bP, we can write the EPV of 
expenses as 


iod + 247? + 0.03P a” 
12 aam 


Finally, the EPV of the death benefit is 100 000(A ! 
can compute this as 


/ 
s01 T0 and, using UDD, we 


Ay aio) = = tA, w 
= $ (aT — v" 10250) 
= (1 daa yi? 10P5o) 
The formula for a ea is 


where 


t—1 


Psy = | [0 = 1-1atso1+). (6.9) 
r=0 


(We have written g/50]+r in formula (6.9) as standard lives are subject to select 


; ay +(12) 7 1 Í 
mortality.) Hence aimn 8.0516, a 2:0 = = 7.8669 and (A, ao = = 0.01621, 
which give P = $345.18 and so the monthly premium is $28. 76. 

Table 6.3 Spreadsheet calculations for Example 6.13. 
ad) (2) (3) (4) (5) (6) (7) 
t P50 11950 v yr (2) x (4) (3) x (5) 
0 1.0000 0.0011 1.0000 0.9524 1.0000 0.0011 
1 0.9989 0.0014 0.9524 0.9070 0.9513 0.0013 
2 0.9975 0.0016 0.9070 0.8638 0.9047 0.0014 
3 0.9959 0.0018 0.8638 0.8227 0.8603 0.0015 
4 0.9941 0.0020 0.8227 0.7835 0.8178 0.0015 
5 0.9921 0.0022 0.7835 0.7462 0.7774 0.0016 
6 0.9899 0.0024 0.7462 0.7107 0.7387 0.0017 
7 0.9875 0.0027 0.7107 0.6768 0.7018 0.0018 
8 0.9849 0.0030 0.6768 0.6446 0.6666 0.0019 
9 0.9819 0.0033 0.6446 0.6139 0.6329 0.0020 


Total 8.0516 0.0158 
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Table 6.3 shows how we could set out a spreadsheet to perform calculations. 
Column (2) was created from the original mortality rates using formula (6.9), 
with column (3) being calculated as 


11950 = 1P50 (1 — 1.1 gs5041). 


/ 
50:10] 
‘. Note that this must then by multiplied by i/é6 to get 


The total in column (6) gives a while the total in column (7) gives the 


value for (A 


50-10) 


(45,70) , 


6.8 Notes and further reading 


The equivalence principle is the traditional approach to premium calculation, 
and we apply it again in Section 7.5, when we consider the possibility that a 
policy may terminate for reasons other than death. 

A modification of the equivalence principle which builds an element of profit 
into a premium calculation is to select a profit target amount for each policy, 
II, say, and set the premium to be the smallest possible such that E[Zo] < M. 
Under this method of calculation we effectively set a level for the expected 
present value of future profit from the policy and calculate the premium by 
treating this amount as an additional cost at the issue date which will be met 
by future premium income. 

Besides the premium principles discussed in this chapter, there is one further 
important method of calculating premiums. This is profit testing, which is the 
subject of Chapter 13. 

The International Actuarial Notation for premiums may be found in Bowers 
et al. (1997). We have omitted it in this book because we find it has no 
particular benefit in practice. 


6.9 Exercises 


In the following questions we use the term fully discrete as a shorthand 
to mean that premiums are payable annually in advance and death benefits 
are payable at the end of the year of death, and fully continuous to mean 
that premiums are payable continuously, and death benefits are payable 
immediately on death. In all other cases the payment frequency is specified 
explicitly. 


Shorter exercises 
Exercise 6.1 Consider a fully discrete whole life insurance with sum insured 
$200 000 issued to a select life aged 30. The premium payment term is 
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20 years. Assume that mortality follows the Standard Select Life Table, and 
assume an interest rate of 5% per year. 


(a) Write down an expression for the net loss at issue random variable. 
(b) Calculate the net annual premium. 
(c) Calculate the probability that the contract makes a profit. 


Exercise 6.2 Consider a five-year term insurance issued to a select life aged 
40 by a single premium, with sum insured $1 million payable immediately 
on death. Assume that mortality follows the Standard Select Life Table, with 
UDD between integer ages, and assume an interest rate of 5% per year. 


(a) Write down an expression for the net loss at issue random variable. 
(b) Calculate the net single premium. 
(c) Calculate the probability that the contract makes a profit. 


Exercise 6.3 You are given the following extract from a select life table with a 
four-year select period. A select individual aged 41 purchased a fully discrete 
three-year term insurance with a net annual premium of $350. 


[x] lox] lx+ lix]+2 lix]+3 lx+4 x+4 
[40] 100 000 99 899 99 724 99 520 99 288 44 
[41] 99 802 99 689 99 502 99 283 99 033 45 
[42] 99 597 99 471 99 268 99 030 98 752 46 


Use an effective rate of interest of 6% per year to calculate 


(a) the sum insured, 
(b) the standard deviation of Lo, 
(c) Pr[Lo > 0]. 


Exercise 6.4 An insurer issues a whole life insurance with sum insured 
$100 000 to a select life aged 65. Premiums are payable quarterly, and the 
death benefit is payable at the end of the quarter-year of death. The premium 
basis is as follows. 


e Mortality follows the Standard Select Life Table. 

e Woolhouse’s three-term formula is used to calculate quarterly annuity and 
insurance functions. You are given that u65] = 0.00454. 

© i= 5%. 

e Maintenance expenses are 5% of gross premiums, including the first. 

e Initial expenses are 1% of the sum insured, incurred at the inception of the 
policy. 


(a) Calculate the gross annual premium using the equivalence principle. 
(b) Calculate the gross annual premium which would give an expected profit 
of 110% of the gross annual premium at the issue date. 
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Exercise 6.5 Consider a fully discrete 10-year term insurance issued to 
a select life aged 50, with sum insured $100000. Assume that mortality 
follows the Standard Select Life Table, and assume an interest rate of 
5% per year. 


(a) Write down an expression for the net loss at issue random variable. 
(b) Calculate the net annual premium. 


Exercise 6.6 A select life aged 45 purchases a fully discrete 20-year endow- 
ment insurance with sum insured $100 000. Calculate the annual premium 
using the following assumptions. 


(i) Commission is 10% of the first premium and 2% of each subsequent 
premium. 
(ii) Other expenses are $50 at issue, and $8 at each subsequent premium date. 
(iii) Mortality follows the Standard Select Life Table. 
(iv) Interest is 5% per year. 


Exercise 6.7 Determine the annual premium for a 20-year term insurance with 
sum insured $100 000 payable at the end of the year of death, issued to a select 
life aged 40 with premiums payable for at most 10 years, with expenses, which 
are incurred at the beginning of each policy year, as follows: 


Year 1 Years 2+ 
% of premium Constant % of premium Constant 
Taxes 4% 0 4% 0 
Sales commission 25% 0 5% 0 
Policy maintenance 0% 10 0% 3 


Assume that mortality follows the Standard Select Life Table and use an 
interest rate of 5% per year. 


Exercise 6.8 A fully discrete whole life insurance with unit sum insured is 
issued to (x). 


e Let Lo denote the net loss at issue random variable with the premium 
determined by the equivalence principle. You are given that V[Lo] = 0.75 

e Let Lj denote the net loss at issue random variable if the premium is 
determined such that E[L5] = —0.5. 


Calculate V[L5]. 


Exercise 6.9 A life insurance company issues a 10-year term insurance policy 
to a life aged 50, with sum insured $100000. Level premiums are payable 
monthly in advance throughout the term. You are given the following premium 
assumptions. 
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(i) Commission is 20% of each premium payment in the first year (incurred 
at the premium payment times) and 5% of all premiums after the first 
year. 

(ii) Additional initial expenses are $100. 

(iii) Claim expenses are $250. 
(iv) The sum insured and claim expenses are payable one month after the date 
of death. 

(v) Mortality follows the Standard Select Life Table, with UDD between 
integer ages. 

(vi) i= 5%. 


Calculate the gross monthly premium. 
Exercise 6.10 For a whole life insurance with sum insured $150 000 paid at 
the end of the year of death, issued to (x), you are given: 


(i) Ax = 0.0143, 
(ii) Ax = 0.0653, and 
(iii) the annual premium is determined using the equivalence principle. 


Calculate the standard deviation of Io: 


Exercise 6.11 For a whole life insurance issued to (55), you are given: 


initial annual premiums are level for 10 years; thereafter annual premiums 
equal one-half of initial annual premiums, 

the death benefit is $100000 during the first 10 years of the contract, is 
$50 000 thereafter, and is payable at the end of the year of death, and 
expenses are 25% of the first year’s premium plus 3% of all subsequent 
premiums. 


Calculate the initial annual gross premium, assuming that mortality follows the 
Standard Select Life Table, and that the interest rate is 5% per year. 


Longer exercises 
Exercise 6.12 Consider a fully discrete 20-year endowment insurance with 
sum insured $100 000, issued to a select life aged 35. Initial expenses are 3% 
of the sum insured and 20% of the first premium, and renewal expenses are 
3% of the second and subsequent premiums. Assume that mortality follows 
the Standard Select Life Table with interest at 5% per year. 


(a) Write down an expression for the gross loss at issue random variable. 

(b) Calculate the gross annual premium. 

(c) Calculate the standard deviation of the gross loss at issue random variable. 
(d) Calculate the probability that the contract makes a profit. 
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Exercise 6.13 A select life aged 45 purchases a single premium deferred 
annuity which provides an annuity of $40 000 per year, payable annually in 
advance from age 65. In the event of death before age 65, the premium is 
returned at the end of the year of death. Assume that mortality follows the 
Standard Select Life Table with interest at 5% per year. 


(a) Write down an expression for the net loss at issue random variable. 

(b) Calculate the single premium. 

(c) Now suppose that the annuity is guaranteed to be paid for at least five years 
if the life survives to age 65. Calculate the revised single premium. 


Exercise 6.14 Consider a fully discrete with-profit whole life insurance issued 
to a select life aged 40. The basic sum insured is $200 000 payable at the end 
of the year of death, and the premium term is 25 years. You are given the 
following premium assumptions: 


compound reversionary bonuses of 2.2% per year will be awarded to policies 
in force at the start of each year, from the second policy year, 

e initial expenses are 60% of the annual premium, 

renewal commissions are 2.5% of all premiums after the first, 

e other maintenance expenses, payable annually throughout the term of the 
contract, are $5 at the beginning of the first year, increasing by 2% per year 
compound at the beginning of each subsequent year, 

mortality follows the Standard Select Life Table, 

©i=5%. 


You are also given the following table of values for Ajao] at different interest 
rates: 


J 2.64% 2.74% 2.84% 2.94% 3.04% 


Aj4o]j 0.30897 0.29627 0.28414 0.27256 0.26150 


Calculate the annual premium. 


Exercise 6.15 A life insurer is about to issue a 30-year deferred annuity-due 
with annual payments of $20000 to a select life aged 35. The policy has a 
single premium which is refunded without interest at the end of the year of 
death if death occurs during the deferred period. Assume that mortality follows 
the Standard Select Life Table, and that the interest rate is 5% per year. 


(a) Calculate the single premium for this annuity. 
(b) The insurer offers an option that if the policyholder dies before the total 
annuity payments exceed the single premium, then the balance will be 
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paid as a death benefit, at the end of the year of death. Calculate the 
revised premium. 


This is called a cash refund payout option. 


Exercise 6.16 A life insurance company sells annuities to men aged exactly 
60. Each policyholder pays a single net premium, P, and then receives an 
annuity of $30 000 a year in arrear (so that the first annuity payment is on the 
61st birthday). Assume that mortality follows the Standard Select Life Table, 
and that the interest rate is 5% per year. 


(a) Calculate P. 

(b) Calculate the probability that the present value of profit on a single policy 
is positive. 

(c) Calculate the standard deviation of the present value of profit on a single 
policy. 

(d) Now suppose that the office sells 1 000 such annuities simultaneously to 
independent lives. Calculate the value of P such that the probability that 
the present value of the profit to the insurance company is positive is 95%. 


Exercise 6.17 A life insurance company issues a single premium whole life 
immediate annuity with annual payments. The annuity is issued to (65) and 
payments are $50 000 per year. 

You are given the following information. 


e Mortality follows the Standard Ultimate Life Table. 

e Interest is 5% per year. 

e Issue expenses are $3 000 per policy, plus commission of 10% of the single 
premium. 

e The single premium, G, is set at 110% of the expected present value of the 
benefits and expenses. 


(a) Calculate G. 

(b) Calculate the probability that the contract is profitable to the insurer. 

(c) The insurer decides to change the pricing structure for the contract. The 
new price, G*, is set using the portfolio percentile premium principle, 
assuming 8000 independent and identical contracts are sold, and using a 
profit percentile requirement of 90%. 

Calculate G*. 


Exercise 6.18 A life is subject to extra risk that is modelled by a constant 
addition to the force of mortality, so that, if the extra risk functions are denoted 
by’, u’. = Hx + $. Show that at rate of interest i, 


Al. = (Ay) + $ G@x)j, 


where j is a rate of interest that you should specify. 
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Exercise 6.19 A life insurer is about to issue a 25-year annual premium 
endowment insurance with a basic sum insured of $250000 to a life aged 
exactly 30. Initial expenses are $1200 plus 40% of the first premium and 
renewal expenses are 1% of the second and subsequent premiums. The office 
allows for a compound reversionary bonus of 2.5% of the basic sum insured, 
vesting on each policy anniversary (including the last). The death benefit is 
payable at the end of the year of death. Assume that mortality follows the 
Standard Select Survival Model, and that the interest rate is 5% per year. 


(a) Let Lo denote the gross loss at issue random variable for this policy. Show 
that 


Lo = 250000Z; + 


P P 
Za + 1200 + 0.39P = 0.997 


where P is the gross annual premium, 


vABot! (1,025560) if Kigo] < 24, 
~ | y?5(1.02525) if Kj30] = 25, 
and 
yXpot! jf Ko] < 24, 
a= 
ys if Kio] = 25. 


(b) Using the equivalence principle, calculate P. 

(c) Calculate E[Zi], E[Z?], E[Z2], E[Z3] and Cov[Z, Z2]. Hence calculate 
V[Lo] using the value of P from part (b). 

(d) Find the probability that the insurer makes a profit on this policy. 


Hint: Recall the standard results from probability theory, that for random 
variables X and Y and constants a, b and c, V[X + c] = V[X], and 


V[aX + bY] = a° V[X] +b’ V[Y] + 2ab CovIX, Y], 
with Cov[X, Y] = E[XY] — E[X]E[Y]. 


Exercise 6.20 An insurer issues a 20-year endowment insurance policy to 
(40) with a sum insured of $250 000, payable at the end of the year of death. 
Premiums are payable annually in advance throughout the term of the contract. 
Assume that mortality follows the Standard Select Life Table, and that the 
interest rate is 5% per year. 


(a) Calculate the premium using the equivalence principle. 

(b) Find the mean and standard deviation of the net loss at issue random 
variable using the premium in part (a). 

(c) Assuming 10000 identical, independent contracts, estimate the 99th per- 
centile of the loss-at-issue random variable, using the premium in part (a). 
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(d) Assuming 10000 identical, independent contracts, calculate the portfolio 
percentile premium such that the probability of profit on the portfolio 
is 99%. 


Exercise 6.21 Matt, who is currently aged 35, takes out a mortgage of 
$250 000 to purchase a home, at a loan interest rate of 5% per year. The loan 
is to be repaid with annual payments of X at the end of each year for 20 years. 

NED Life offers Matt a mortgage term life insurance policy, which will pay 
off the outstanding mortgage at the end of the year of Matt’s death, including 
the annual payment then due. The policy will have level annual premiums 
payable through the term of the contract. 

Mortality is assumed to follow the Standard Ultimate Life Table, with 
interest at 5% per year. 


(a) Write down an expression for the amount of death benefit payable at the 
end on the kth year of the policy, if Matt dies between times k — | and k, 
in terms of X, k and interest rate functions. 

(b) Let Z denote the present value of the death benefit at the policy issue 
date. Write down an expression for Z in terms of K35, X, and interest rate 
functions. 


(c) Show that 
x 1 21 
BIZ] = = (Aj. z- 20035) 
(d) Calculate X. 
(e) Calculate the annual net premium. 
(f) Explain why the insurer should expect a high lapse rate at later durations 


of the policy. 


(Copyright 2018. The Society of Actuaries, Schaumburg, Illinois. Reproduced 
with permission.) 


Exercise 6.22 An insurer issues a fully discrete three-year term insurance to 
a select life aged 80. The death benefit is $1000 in the first year, $600 in 
the second year and $200 in the third year. Assume that mortality follows the 
Standard Select Life Table with interest at 5%. There are no expenses. 


(a) Calculate the annual premium. 

(b) Calculate Pr[Lo > OJ. 

(c) Calculate the standard deviation of Lo. 

(d) The insurer sells 6 000 of these policies to identical, independent lives, all 
aged 80. Let L denote the aggregate loss at issue for these policies. 
Using a normal approximation, calculate the 95th percentile of L. 

(e) The insurer discovers that only 5100 individuals purchased the 6000 
policies; 300 policyholders purchased 4 policies each, while the remaining 
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4800 policyholders each purchased a single policy. Let L* denote the 
aggregate loss at issue present value for these policies. 
Using a normal approximation, calculate the 95th percentile of L*. 

(f) Give a general reasoning explanation of the difference between the 95th 
percentiles of L and L*. 


Excel-based exercises 

Exercise 6.23 A select life aged exactly 40 has purchased a deferred annuity 
policy. Under the terms of the policy, the annuity payments will commence 20 
years from the issue date and will be payable at annual intervals thereafter. The 
initial annuity payment will be $50 000, and each subsequent payment will be 
2% greater than the previous one. 

The policy has monthly premiums, payable for at most 20 years. 

Initial expenses are 2.5% of the first annuity payment and 20% of the first 
premium. 

Renewal expenses are 5% of the second and subsequent premiums. 

Terminal expenses, incurred at the end of the year of death, are $20 inflated 
from the issue date, assuming an inflation rate of 3% per year. 

Use the Standard Select Survival Model with interest at 5% per year to 
calculate the gross monthly premium. 


Exercise 6.24 Calculate both the net and gross premiums for a whole 
life insurance issued to a select life aged 40. The sum insured is $100 000 
on death during the first 20 years, and $20000 thereafter, and is payable 
immediately on death. Premiums are payable annually in advance for a 
maximum of 20 years. 

Use the following basis: 


Survival model: 


ultimate rates Makeham’s law with A = 0.0001, B = 0.00035, 
c = 1.075 
select rates 2 year select period, qiq = 0.75¢x, pq+i = 0.9qx+1 
Interest: 6% per year effective 


Premium expenses: 30% of the first year’s premium 
plus 3% of all premiums after the first year 
Other expenses: On each premium date an additional expense 
starting at $10 and increasing at a compound rate 
of 3% per year 


Exercise 6.25 An insurer calculates premiums for 20-year fully discrete term 
insurance for smokers assuming their mortality is 250% of the mortality of the 
Standard Select Survival Model. Non-smoker mortality is assumed to follow 
the Standard Select Survival Model without adjustment. 
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(a) Calculate the probability that a select life aged 50 dies during the 20-year 
term of the policy, assuming the life is (i) a non-smoker, and (ii) a smoker. 

(b) Calculate the difference between the smoker and non-smoker net premi- 

ums for a life aged 50, with sum insured $1 000000. Assume interest at 

4.5% per year. 

The insurer discovers some smokers are wrongly classified as non- 


(c 


Near 


smokers. Assume that 85% of policies are issued to non-smokers, correctly 
classified; 10% of policies are issued to smokers, correctly classified, 
and 5% of policies are issued to smokers wrongly classified as non- 
smokers. Calculate the expected value of the loss at issue, per policy 
issued, assuming that the misclassified policies are never identified. 

When a death benefit is claimed following the death of a policyholder, 
the insurer will find out if the policy has been misclassified. In this case, 


(d 


wa 


the insurer deducts from the sum insured the difference between the non- 
smoker premiums paid and the smoker premiums that should have been 
paid, with interest at 4.5%. Recalculate the expected value of the loss at 
issue, per policy issued. 

Explain why the adjustment in part (d) is not sufficient to eliminate the 
loss from misclassification. 


(e 


YN 


Answers to selected exercises 


6.1 (b) $1179.74 (c) 0.70704 
6.2 (b) $2594 (c) 0.99704 
6.3 (a) $216326.38 (b) $13731.03 (c) 0.0052 
6.4 (a) $2958.63 (b) $3243.47 
6.5 (b) $178.50 
6.6 $3056.80 
6.7 $212.81 
6.8 1.6875 
6.9 $17.87 
6.10 $16076.72 
6.11 $1131.11 
6.12 (b) $3287.55 (c)$4964 (d) 0.98466 
6.13 (b) $199850 (c) $200705 
6.14 $4238.72 
6.15 (a) $60691 (b) $60770 
6.16 (a) $417402 (b)0.36641 (c)$97197 (d) $412346 
6.17 (a) 841055 (b)0.55761 (c) 758914 
6.19 (b) $9764.44 
(c) $0.54958, 0.30251, $0.29852, 0.09020, 0.00071, 146786651 
(d) 0.98297 
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6.20 (a) $7333.81 (b)0, $14490 (c)$3370929 (d) $7351 

6.21 (d) $20060.65 (e) $104.40 

6.22 (a) $18.63 (b) 0.10032 (c) 190.357 (d) 24253.36 (e) 30678.35 
6.23 $2377.75 

6.24 $1341.40 (net), $1 431.08 (gross) 

6.25 (a) (i) 0.0758 (ii) 0.1795 (b) $4624.70 (c) $2999.27 (d) $2578.95 
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Policy values 


7.1 Summary 


In this chapter we introduce the concept of a policy value for a life insurance 
policy. Policy values are a fundamental tool in insurance risk management, 
as they are used to determine the economic or regulatory capital needed to 
remain solvent, and also to determine the profit or loss for the company over 
any time period. 

We start by considering the case where all cash flows take place at the start 
or end of a year. We define the policy value as the expected value of future net 
cash flows for a policy in force, and distinguish gross premium policy values, 
which explicitly allow for expenses and for the full gross premium, from net 
premium policy values, where expenses are excluded from the outgoing cash 
flows, and only the net premium is counted as income. 

We show how to calculate policy values recursively from year to year. We 
also show how to calculate the profit from a policy in each policy year and we 
introduce the asset share for a policy. 

We extend the analysis to policies where the cash flows are continuous and 
we derive Thiele’s differential equation for policy values — the continuous time 
equivalent of the recursions for policies with annual cash flows. 

We consider how policy values can be used to evaluate policy alter- 
ations, where a policyholder chooses to withdraw, or stop paying premiums, 
for example. 

We show how a retrospective valuation has connections both with asset 
shares and with the policy values determined looking at future cash flows. 
Finally, we consider how a simple adjustment to the net premium policy value, 
through modifying the net premium assumed, can be used to approximate the 
gross premium policy value, and we discuss why this might be useful when 
acquisition expenses are high. 
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7.2 Policies with annual cash flows 
7.2.1 The future loss random variable 


In Chapter 6 we introduced the loss at issue random variable, Lo. In this chapter 
we are concerned with the estimation of future losses at intermediate times 
during the term of a policy, not just at inception. We therefore extend the 
concept of the loss at issue random variable to the time ¢ future loss random 
variable, which we present in net and gross versions. For a policy in force at t, 
the net future loss random variable is denoted L7, and the gross future loss 
random variable is denoted LẸ. For a policy in force at time t, these are defined 
as follows: 


L = Present value at time ¢ of future benefits 


— Present value at time ¢ of future net premiums 


and 


LË = Present value at time t of future benefits 
+ Present value at time ¢ of future expenses 


— Present value at time t of future gross premiums. 


We drop the n or g superscript where it is clear from the context which is meant. 
Note that the future loss random variable L; is defined only if the contract is 
still in force ¢ years after issue. 

The example below will help establish some ideas. 


Example 7.1 Consider a fully discrete 20-year endowment policy purchased 
by a life aged 50. Level premiums are payable annually throughout the term of 
the policy and the sum insured of $500 000, is payable at the end of the year of 
death or at the end of the term, whichever is sooner. 

The basis used by the insurance company for all calculations is the Standard 
Select Survival Model, 5% per year interest and no allowance for expenses. 


(a) Show that the annual net premium, P, calculated using the equivalence 
principle, is $15 114.33. 

(b) Calculate E[L?] for tf = 10 and ¢ = 11, in both cases just before the 
premium due at time ¢ is paid. 


Solution 7.1 (a) The equation of value for P is 
50:3 1:201 ~ 500 000 A; 50). l= = 0, (7.1) 
giving 
= 300 OU Aisi; 201 
4150]: 20] 


= $15 114.33. 
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(b) Lip is the present value of the future net loss 10 years after the policy 
was purchased, assuming the policyholder is still alive at that time. The 
policyholder will then be aged 60 and the select period for the survival 
model, two years, will have expired eight years ago. The present value 
at that time of the future benefits is 500 000 v™"00+!,10) and the present 
value of the future premiums is P ain(Rep #110)? so we have 


no min(K6o+1,10) å 
L'o = 500 000 y™™ Keo — Par Re t1.10)| 


and similarly 
_ in(Ke +1,9) < 
Li = 500000 vnnor"' — Pa Reo 
Taking expectations gives us 
ELL o] = 500 000A 60. 79 — P 4g. 79] = $190 339 (7.2) 
and 


E[L},] = 500 000A ,,.5) — P ä61:3) = $214 757. 


We are now going to look at Example 7.1 in a little more detail. At the time 
when the policy is issued, at £ = 0, the future loss random variable, Lo» is 
given by 


' min(Ktso]} +1,20) - 
L} = 500000 v E. 


Since the premium is calculated using the equivalence principle, we know that 
E[L5] = 0, which is equivalent to equation (7.1). That is, at the time the policy 
is issued, the expected value of the present value of the loss on the contract 
is zero, so that, in expectation, the future premiums (from time 0) are exactly 
sufficient to provide the future benefits. 

Consider the financial position of the insurer at time 10 with respect to this 
policy. The policyholder may have died before time 10. If so, the sum insured 
will have been paid and no more premiums will be received. In this case the 
insurer no longer has any liability with respect to this policy. Now suppose 
the policyholder is still alive at time 10. In this case the calculation in part 
(b) shows that the future loss random variable, L{p, has a positive expected 
value ($190 339) so that future premiums (from time 10) are not expected to 
be sufficient to provide the future benefits. For the insurer to be in a financially 
sound position at time 10, it should hold an amount of at least $190 339 in its 
assets so that, together with future premiums from time 10, it can expect to 
provide the future benefits. 
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Speaking generally, when a policy is issued the future premiums should be 
expected to be sufficient to pay for the future benefits and expenses. (If not, 
the premium should be increased!) However, it is usually the case that for a 
policy which is still in force t years after being issued, the future premiums 
(from time t) are not expected to be sufficient to pay for the future benefits and 
expenses. The amount needed to cover this shortfall is called the policy value 
for the policy at time t. 

The insurer should be able to build up assets during the course of the policy 
because, with a regular level premium and an increasing level of risk, the 
premium in each of the early years is more than sufficient to pay the expected 
benefits in that year, given that the life has survived to the start of the year. For 
example, in the first year in the example policy, the premium is $15 114.33 and 
the EPV of the first year’s benefit is, 500 000 v qjs0] = $492.04. In fact, for the 
example policy, the premium exceeds the EPV of the benefits, in every year 
except the last; that is 


P> 500 000 v qf50]+t fort=0,1,...,18. 
The final year is different because 
P = 15 114.33 < 500000 v = 476 190. 


Note that if the policyholder is alive at the start of the final year, the sum 
insured will be paid at the end of the year whether or not the policyholder 
survives the year. 

Figure 7.1 shows the excess of the premium over the EPV of the benefit 
payable at the end of the year for each year of this policy. 

Figure 7.2 shows the corresponding values for a 20-year term insurance 
issued to (50). The sum insured is $500 000, level annual premiums are payable 
throughout the term and all calculations use the same basis as in Example 7.1. 
The pattern is similar in that there is a positive surplus in the early years which 
can be used to build up the insurer’s assets. These assets are needed in the later 
years when the premium is not sufficient to pay for the expected benefits. 

The insurer will then, for a large portfolio, hold back some of the excess 
cash flow from the early years of the contract in order to meet the shortfall in 
the later years. This explains the concept of a policy value — we need to hold 
capital during the term of a policy to meet the liabilities in the period when 
outgo on benefits exceeds income from premiums. We give a formal definition 
of a policy value later in this section. 

Before doing so, we return to Example 7.1. Suppose the insurer issues 
a large number, say N, of policies identical to the one in Example 7.1, to 
independent lives all aged 50. Suppose also that the experience of this group 
of policyholders is precisely as assumed in the basis used by the insurer in 


222 Policy values 


20000 4 20 


30000471 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 


-80 000 + 
—130 000 5 
—180 000 5 


EPV 


-230 000 4 
-280 000 4 
-330 000 4 
-380 000 4 
—430 000 4 


—480 000 ~ 
Duration (years) 


Figure 7.1 EPV at the start of each year of premiums minus claims in that 
year, for the 20-year endowment insurance in Example 7.1. 
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Figure 7.2 EPV at the start of each year of premiums minus claims in that 
year for a 20-year term insurance, sum insured $500 000, issued to (50). 


its calculations. In other words, interest is earned on investments at 5% every 
year, the mortality of the group of policyholders follows precisely the Standard 
Select Survival Model and there are no expenses. 

Consider the financial situation of the insurer after these policies have been 
in force for 10 years. Some policyholders will have died, so that their sum 
insured of $500 000 will have been paid at the end of the year in which they 
died, and some policyholders will still be alive. With our assumptions about the 
experience, precisely 1oprso}N policyholders will still be alive, grso)N will have 
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died in the first year, 1 |¢(50)N will have died in the second year, and so on, until 
the 10th year, when 9|q[s50)N policyholders will have died. The accumulation 
to time 10 at 5% interest of all premiums received within the first 10 years, 
minus death benefits paid within the first 10 years, is 


NP (1.05"° + piso11.05° + -- - + opiso] 1.05) 
— 500 000N (a1s011.05° + 1lqts0]1.058 + -- -+ olatso) 
= 1.05'° NP (1 + piso1.057' +-+- + opiso]1.057°) 
— 1.05!° 500 000N (4s0)1.05-!+ i|qtso)1.05-7 + --- + olaiso)!.05~!°) 


= 1.050 N (Pä 


öso: T0) — 5000004! mp] 


[50]: 10] 
= 186 634N. 


So, if the experience over the first 10 years were to follow precisely the 
assumptions set out in Example 7.1, the insurer would have built up a fund of 
$186 634N after 10 years. The number of policyholders still alive at that time 
will be 10p{50] N and so the share of this fund for each surviving policyholder is 


186 634N 


= $190 339. 
10P[50] N 


This is precisely the amount the insurer needs, based on the calculation in 
equation (7.2). This is not a coincidence! In this example the premium was 
calculated using the equivalence principle, so that the EPV of the profit was 
zero when the policies were issued, and we have assumed the experience up to 
time 10 was exactly as we assumed in the calculation of the premium. Given 
these assumptions, it should not be surprising that the insurer is in a ‘break 
even’ position at time 10 — that is, that the excess premium received in the first 
10 years, accumulated with interest, is exactly sufficient to meet the excess of 
the EPV of future outgo over future income at time 10 for each policy in force. 

We can prove that this relationship must be true in this case by manipulating 
the equation of value, equation (7.1), as follows, where S denotes the sum 
insured: 


Piso). 30) = S Aso: 
. 10 . = 1 10 
=> P(äåis0]: T0] + Y 10P{50] ĉ60: 10) = S (Also +v 10P[50] 460: wo) 


a — 10 a 
= P 50). T0] = ET =y 10P[50] (SAT = P do. m) 
1.05!0 


~ (Pū -— SA! )=5A Paes 73 
mart 450]: 10] [50]: 101 60: TO] 460; TO] (7.3) 
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The left-hand side of equation (7.3) is the share of the fund built up at time 
10 for each surviving policyholder; the right-hand side is the expected value 
of the future net loss random variable at time 10, E[Liol: and so is the amount 
needed by the insurer at time 10 for each policy still in force. 

For this example, the proof that the total amount needed by the insurer at 
time 10 for all policies still in force is precisely equal to the amount of the 
fund built up, works because 


(a) the premium was calculated using the equivalence principle, 

(b) the expected value of the future loss random variable was calculated using 
the premium basis, and 

(c) we assumed the experience followed precisely the assumptions in the 
premium basis. 


In practice, (a) and (b) may or may not apply and assumption (c) is extremely 
unlikely to hold. 


7.2.2 Policy values for policies with annual cash flows 


In general terms, the policy value for a policy in force at duration t (> 0) 
years after it was purchased is the expected value at that time of the future 
loss random variable. At this stage we do not need to specify whether this is 
the gross or net future loss random variable — we will be more precise later in 
this section. 

The general notation for a policy value f years after a policy was issued is 
tV (the V comes from ‘Policy Value’) and we use this notation in this book. 
There is a standard actuarial notation associated with policy values for certain 
traditional contracts. This notation is not particularly useful, and so we do not 
use it. (Interested readers can consult the references in Section 7.10.) 

Intuitively, for a policy in force at time ż, the policy value at t represents the 
amount of assets the insurer should have set aside at that time, such that the 
policy value together with the expected present value of future premiums will 
exactly match the expected present value of the future benefits and expenses. 
In general terms, we have the equation, for a policy in force at t: 


tV + EPV at t of future premiums = EPV at t of future benefits + expenses. 


An important element in the financial control of an insurance company 
is the calculation at regular intervals, usually at least annually, of the sum 
of the policy values for all policies in force at that time and also the value 
of all the company’s investments. For the company to be financially sound, 
the investments should have a greater value than the total policy value. This 
process is called a valuation of the company. In most countries, valuations are 
required annually by the insurance supervisory authority. 
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In the literature, the terms reserve, prospective reserve and prospective 
policy value are sometimes used in place of policy value. We use policy 
value to mean the expected value of the future loss random variable, and 
restrict reserve to mean the actual provision made in respect of future policy 
obligations, which may be greater than or less than the policy value. We return 
to this topic in Chapter 13. 

The precise definitions of policy value are as follows. 


Definition 7.1 The gross premium policy value for a policy in force at 
duration t (> 0) years after it was purchased is the expected value at that time 
of the gross future loss random variable on a specified basis. The premiums 
used in the calculation are the actual premiums payable under the contract. 


Definition 7.2 The net premium policy value for a policy in force at duration 
t (> 0) years after it was purchased is the expected value at that time of the net 
future loss random variable on a specified basis (which makes no allowance 
for expenses). The premiums used in the calculation are the net premiums 
calculated on the policy value basis using the equivalence principle, not the 
actual premiums payable. 


We make the following comments about these definitions. 


(1) Throughout Section 7.2 we restrict ourselves to policies where the cash 
flows occur only at the start or end of a year since these policies have some 
simplifying features in relation to policy values. However, Definitions 7.1 
and 7.2 apply to more general types of policy, as we show in later sections. 

(2) The numerical value of a gross or net premium policy value depends on 
the assumptions — survival model, interest, expenses, future bonuses — used 
in its calculation. These assumptions, called the policy value basis, may 
differ from the assumptions used to calculate the premium, that is, the 
premium basis. 

(3) A net premium policy value can be regarded as a special case of a 
gross premium policy value. Suppose the gross premium is calculated 
assuming no expenses. Then at issue, the gross and net premiums are the 
same. However, t years later, the gross premium policy value and the net 
premium policy value will be the same only if the policy value basis is the 
same as the original premium basis, which is unlikely to be the case. It is 
important to understand that the net premium policy value will use a net 
premium based on the policy value basis, not the original premium basis. 
The gross premium policy value uses the actual contract premium, with no 
recalculation. 

So, when the policy value basis changes, the net premium policy value 
requires the recalculation of the premium. You will see how this works 
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(4) 


(5) 


(6) 


(7) 
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in Example 7.2 below. The net premium policy value is a vestige of a 
time before modern computers, when easy calculation was a key issue — 
setting reserves based on a net premium policy value allowed the use of 
computational shortcuts. Although the need for easy computation is less 
critical than it was in the past, the net premium policy value is still widely 
used in the USA, so it is helpful to understand the concept. Where it is 
clear from the context whether the policy value is gross or net we refer 
simply to a policy value. 
If we are calculating a policy value at an integer duration, that is at the 
start/end of a year, there may be premiums and/or expenses and/or benefits 
payable at precisely that time and we need to be careful about which 
cash flows are included in our future loss random variable. It is the usual 
practice to regard a premium and any premium-related expenses due at that 
time as future payments and any insurance benefits (i.e. death or maturity 
claims) and related expenses as past payments. Under annuity contracts, 
the annuity payments and related expenses may be treated either as future 
payments or as past payments, so we need to be particularly careful to 
specify which it is in such cases. 
If an insurance policy has a finite term, n years, for example for an 
endowment insurance or a term insurance, then at the maturity date the 
policy value is technically undefined, as the policy is no longer in force. 
However, it is common to use „V to refer to the policy value immediately 
before the expiry of the policy, that is, „V = lim;— n- +V. 

For a term insurance, immediately before the end of the term there are 
no more premiums or claims due, so that ,V = 0. 

For an endowment insurance, immediately before the end of the term 
the present value of benefits is the maturity benefit, S, say, so „V = S. 
If the premium is calculated using the equivalence principle and the policy 
value basis is the same as the premium basis, then ọV = E[Lo] = 0. 

In other cases we may have oV > 0 or gV < 0. 
In the discussion following Example 7.1 in Section 7.2.1 we saw how the 
insurer can build up a reserve for policies still in force by accumulating 
past premiums minus claims for a group of similar policies. Broadly 
speaking, this is what would happen in practice, though not with the 
artificial precision we saw in Section 7.2.1, where the accumulated funds 
were precisely the amount required by the insurer. In practice, the amount 
of reserve required for a policy is usually set by calculating a policy value 
on a specified basis; the funds for the reserve will come from accumulating 
past premiums, net of past benefit and expense costs. If the past experience 
of a portfolio of policies is better than the basis assumptions (from the 
insurer’s perspective), for example, earning higher interest rates and (for 
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death benefits) experiencing lower mortality, then the accumulated cash 
flows will be more than needed to fund the reserve, and some profit can be 
taken. When the experience is worse than the basis, then the insurer will 
need to find extra funds to create adequate reserves. 


Example 7.2 An insurer issues a whole life insurance policy to a life aged 50. 
The sum insured of $100 000 is payable at the end of the year of death. Level 
premiums of $1370 are payable annually in advance throughout the term of the 
contract. 


(a) Write down an expression for the gross future loss random variable five 
years after issue, in terms of the curtate future lifetime random variable 
Ks55, and interest rate functions. 

(b) Calculate the gross premium policy value five years after the inception of 
the contract, assuming that the policy is still in force, using the following 
basis: 


Survival model: Standard Select Survival Model 
Interest: 5% per year effective 
Expenses: 12.5% of each premium 


(c) Calculate the net premium policy value five years after the issue of the 
contract, assuming that the policy is still in force, using the following basis: 


Survival model: Standard Select Survival Model 
Interest: 4% per year 


You are given that at i = 0.04, Apso) = 0.25570 and A55 = 0.30560. 
Solution 7.2 We assume that the life is select at age 50, when the policy is 
purchased. At duration 5, the life is aged 55 and is no longer select since the 
select period for the Standard Select Survival Model is only two years. Note 


that a premium due at age 55 is regarded as a future premium in the calculation 
of a policy value. 


(a) The gross future loss random variable at time 5 is 
e Ks5+1 > 
ie = 100 000v*55*+! — 0.875 x 1370 ag): 


(b) The policy value is the EPV of future outgo minus the EPV of future 
income, that is 


E[L2] = 5V8 = 100000 A55 — 0.875 x 1370d55 = $4272.68. 


(c) For net premium policy values we always re-calculate the (hypothetical) 
net premium for the contract on the policy value basis. 
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Let P denote the net premium for the policy value. At 4% per year, 


TA 1-A 
dits0) = = = 19.3518 and äs5 = = = 18.0544, 
so that 
A 
P = 100000 ©! = $1321.32, 
[50] 
giving 


5V" = 100000As5 — 1321.32.55 = $6704.29. 


Notice in this example that the net premium calculation ignores expenses, but 
uses a lower interest rate and a lower premium than the gross premium policy 
value, both of which provide a margin, implicitly allowing for expenses and 
other contingencies. The result is that the policy value under the net premium 
method indicates that the insurer needs to hold more funds for the policy than 
the policy value under the gross premium calculation. 


Example 7.3 A woman aged 60 purchases a 20-year endowment insurance 
with a sum insured of $100 000 payable at the end of the year of death or on 
survival to age 80. An annual premium of $5200 is payable for at most 10 
years. The insurer uses the following basis for the calculation of policy values: 


Survival model: Standard Select Survival Model 

Interest: 5% per year effective 

Expenses: 10% of the first premium, 5% of subsequent premiums, plus 
$200 on payment of the sum insured 


For each of t = 0,5,6, and 10, write down the gross future loss random 
variable, and calculate the gross premium policy values. 


Solution 7.3 At time 0, when the policy is issued, the future loss random 
variable is 


Lo = 100 200v™"is01+1.20) 4 9.05 P — 0.95 P ain Kian F110) 


where P = $5 200. Hence 


oV = E[Lo] = 100200A — (0.95 Gey). 10) — 0.05)P = $2023. 


[60]: 20] 


Similarly, 


Es = 100200" Css t13 _ 0.95 Pie aay 
=> 5V = Ells] = 100200A,.. 75 — 0.95 Pa... = $29 068, 


7.2 Policies with annual cash flows 229 
and 


Le = 100 200vmin\Keo+1,14) — 0.95 P aaKet1 4] 


= 6V = E[L6] = 100200A,, īm — 0.95 Pa $35 324. 


66:4) — 
Finally, as no premiums are payable after time 9, 

Lio = 100 200v™™ 10+ 1.10) 

= 10V = E[Lio0] = 100 2004,,. 7) = $63 703. 


In Example 7.3, the initial policy value, oV, is greater than zero. This means 
that from the outset the insurer expects to make a loss on this policy. This 
sounds uncomfortable but is not uncommon in practice. The explanation is 
that the policy value basis may be more conservative than the premium basis. 
For example, the insurer may assume an interest rate of 6% in the premium 
calculation, but, for policy value calculations, assumes investments will earn 
only 5%. At 6% per year interest, and with a premium of $5200, this policy 
generates an EPV of profit at issue of $2869. 


Example 7.4 A man aged 50 purchases a deferred annuity policy. The annuity 
will be paid annually for life, with the first payment on his 60th birthday. 
Each annuity payment will be $10 000. Level premiums of $11 900 are payable 
annually for at most 10 years. On death before age 60, all premiums paid will 
be returned, without interest, at the end of the year of death. The insurer uses 
the following basis for the calculation of policy values: 


Survival model: Standard Select Survival Model 

Interest: 5% per year 

Expenses: 10% of the first premium, 5% of subsequent premiums, $25 each 
time an annuity payment is paid, and $100 when a death claim is paid. 


Calculate the gross premium policy values for this policy at the start of the 
policy, at the end of the fifth year, and at the end of the 15th year, just before 
and just after the annuity payment and expense due at that time. 


Solution 7.4 We can calculate the policy value at any time ¢ as 
EPV at t of future benefits + expenses — EPV at t of future premiums. 
At the inception of the contract, the EPV of the death benefit is 


1 
P A) sou: 70? 
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the EPV of the death claim expenses is 
1 
1004 on: T 
the EPV of the annuity benefit and associated expenses is 
10 025 10E150] 460, 


and the EPV of future premiums less associated expenses is 


0.95Pä soj: T0] — 0.05P. 


so that 
_ i i Boe. p 

oV= PUA) 6501 + 1004 so]: T +10 025 10£150] &60 — (0.95 4150): T0) 0.05)P 
= $485. 


At the fifth anniversary of the inception of the contract, assuming it is still in 
force, the future death benefit is 6P, 7P, . . . , 10P depending on whether the life 
dies in the 6th, 7th, . . . , 10th years, respectively. We can write this benefit as a 
level benefit of 5P plus an increasing benefit of P,2P,...,5P. 

So at time 5, the EPV of the future death benefit is 


P (aa) 1 +5AL 2), 


55:5] 


the EPV of the death claim expenses is 10045 3p 


the EPV of the annuity benefit and associated expenses is 10025 5E55 460, 


and the EPV of future premiums less associated expenses is 0.95Pas5. T0 
so that 


5V = PUA). 3 +5 PAS, + 10045, + 10025 5E55 doo — 0.95P 55:35] 


5] 5] 


= $65 470. 


Once the premium payment period of 10 years is completed there are no 
future premiums to value, so the policy value is the EPV of the future annuity 
payments and associated expenses. 

Using the notation ,5-V and ,5+V to denote the policy values at duration 15 
years just before and just after the annuity payment and expense due at that 
time, respectively, we have 


15-V = 10025 digs = $135 837, 
and 


15+V = 10025 ags = y5-V — 10025 = $125 812. 


7.2 Policies with annual cash flows 231 


We make two comments about Example 7.4. 


(1) As in Example 7.3, oV > 0, which implies that the valuation basis is more 
conservative than the premium basis. 

(2) In Example 7.4 we saw that 15+V = 15-V — 10025. This makes sense 
if we regard the policy value at any time as the amount of assets being 
held at that time in respect of a policy still in force. The policy value 
15-V represents the assets required at time 15 just before the payment of 
the annuity, $10 000, and the associated expense, $25. Immediately after 
making these payments, the insurer’s required assets will have reduced by 
$10 025, and the new policy value is 15+V. 


We conclude this section by plotting policy values for the endowment insur- 
ance discussed in Example 7.1, in Figure 7.3 and for the term insurance with 
the same sum insured and term, in Figure 7.4. In Figure 7.3 we see that the 
policy values build up over time to provide the sum insured on maturity. 
By contrast, in Figure 7.4 the policy values increase then decrease. Towards 
the end of the term insurance it becomes increasingly likely the policyholder 
will survive the term, and that therefore no claim will be made. Towards 
the end of the endowment insurance, it becomes increasingly likely that the 
policyholder will survive the term, and the insurer will pay the sum insured at 
the maturity date. 

A further contrast between these figures is the level of the policy values. In 
Figure 7.4 the largest policy value occurs at time 13, with 13V = $9563.00, 
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Figure 7.3 Policy values for each year of a 20-year endowment insurance, 
sum insured $500 000, issued to (50). 
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Figure 7.4 Policy values for each year of a 20-year term insurance, sum 
insured $500 000, issued to (50). 


which is a small amount compared with the sum insured of $500 000. The 
reason why small policy values occur for the term insurance policy is simply 
that there is a small probability of the death benefit being paid. 


7.2.3 Recursive formulae for policy values 


In this section we show how to derive recursions for policy values for policies 
with discrete cash flows. These can be useful in the calculation of policy values 
in some cases — we give an example at the end of this section to illustrate this 
point — and they also provide an understanding of how the policy value builds 
up and how profit emerges while the policy is in force. We use Examples 7.1 
and 7.4 to demonstrate the principles involved. 


Example 7.5 In Example 7.1 we considered a fully discrete 20-year endow- 
ment insurance sold to a select life aged 50. There are no expenses. 

Let P denote the net premium, and let S denote the sum insured. Show that, 
fort=0,1,...,19, 


GV +P) +i) = S qisoj+t + piso]+ t+1V (7.4) 


where the interest and mortality/survival rates in (7.4) are from the policy value 
basis. 


Solution 7.5 From the solution to Example 7.1 we know that for t = 0, 
1,...,19, 


v= SArsorte: 20-1] Parsoise: 20—1]" 
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Splitting off the terms for the first year for both the endowment and the annuity 
functions, we have 


V = S (vąisoj + VP[s0}+# Arso}+141: T97) — P (1 + vpisop+r Öso: TA) 
=v (Saison + Piso (SA iso]: 1927] ~ Psoe: T957 )) =P. 


Rearranging, multiplying both sides by (1 + i) and recognizing that 


H1V = SArsou ett: 19—1] P å iso]: 19-1 


gives equation (7.4). 
We comment on Example 7.5 after the next example. 


Example 7.6 In Example 7.4 we considered a deferred annuity policy issued 
to a life aged 50, with annual premiums during deferment, annuity payments of 
$10 000 per year starting at age 60, and where any premiums paid are returned 
on death during the deferred period. 
Expenses are 10% of the first premium and 5% of subsequent premiums, 
plus $25 with each annuity payment, and $100 on payment of a death benefit. 
For this policy, show that for t = 1,2,...,9, 


GV + 0.95P)(1 + i) = (t+ 1)P + 100) gpsoj4e + Pisoj+t 41V (7.5) 


where P is the premium, and the interest and mortality rates are from the policy 
value basis. 


Solution 7.6 For t= 1,2,...,9,,;V has the same form as 5V, that is 
_ 1 1 

= PUA) sore 0A t Ma OUA ote 
+ 10025v"®™ 19_:pisoj+1 460 — 0.95Par so, T07 


We use recurrence relations for insurance and annuity functions to separate 
out the EPV of the first year’s payments from subsequent years, for each of the 
EPV functions: 


Gig enca = 1+ VP Ögri) 


1 — 1 
Ae GS = Vix) t+ VPI rA EY rer 


1 


1 aa 1 
QA) peno = Vix] t+ VPEdJ+r (4) Ht+1:n—t—1 PA Ht+1:n—t—1 ) i 
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Substituting these expressions into the policy value equation, we have, for 
t= 1, 2s x39, 


= 1 1 
ER (vaso + YPISO}+4 (Onan Tosa) t Ape! 10-11 )) 
1 
+ (tP T 100) (varsom T vpisom A sdn) 


+ 10025 vpis0]+r Tk 10—1—1P[50]+r+1 tio) 


— 0.95P (1 + VP[SO}+t ane} 


=> +V = vapor ((t + IP + 100) — 0.95P 


1 1 
+ YPI50}+4 {PCM aaa 10-71 HE+ DP +100) 4 cory st: 10-141 


+ 10 02510-11 P[50]+t+1 y O= doo — E E 


Notice that the expression in curly braces, { }, is ;+1 V, so, substituting and 
rearranging, 


GV + 0.95P) (1 + i) = ((t + 1)P + 100) qiso]j+t + Prsojte iV; (7.6) 


as required. 


Equations (7.4) and (7.5) are recursive formulae for policy values since they 
express ;V in terms of ;41V. Such formulae always exist but the precise form 
they take depends on the details of the policy being considered. The method 
we used to derive formulae (7.4) and (7.5) can be used for other policies with 
annual cash flows: first write down a formula for ;V and then break up the EPVs 
into EPVs of payments in the coming year, t to t + 1, and EPVs of payments 
from t + 1 onwards. We can demonstrate this in a more general setting as 
follows. 

Consider a policy issued to a life (x) where cash flows — that is, premiums, 
expenses and claims — can occur only at the start or end of a year. Suppose this 
policy has been in force for t years, where f is a non-negative integer. Consider 
the (t + 1)th year, and let 


P, denote the premium payable at time f, 

e, denote the renewal expenses payable at time t, 

S:41 denote the sum insured payable at time ¢ + 1 if the policyholder dies 
in the year, 

E,41 denote the expense of paying the sum insured at time t + 1, 
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tV denote the gross premium policy value for a policy in force at time t, 
and 

1+1V denote the gross premium policy value for a policy in force at time 
t+1. 


Let qix}+: denote the probability that the policyholder, alive at time ż, dies in 
the year and let i, denote the rate of interest assumed earned in the year. The 
quantities e;, Er, gpxj+r and i; are all as assumed in the policy value basis. 

Let L; and L;+ı denote the gross future loss random variables at times t 
and t + 1, respectively, in both cases assuming the policyholder is alive at 
that time. Note that L; involves present values at time t whereas Li+; involves 
present values at time f+ 1. Then, by considering what can happen in the year, 
we have 


O [AEN Smit Ba -Pr ter if Kier = 0, with probability guar 
| as = Pe: if Kpqar = 1, with probability prays. 


> 


t 


~ 


Taking expected values: 
(V = EIL) = apy + in)" (Sia + Ermi) — (i + Po) (Pr — e) 
+ PoC + ip) ElL], 


which, after a little rearranging, and recognizing that 1V = E[L;+1], gives 
the important equation 


GV + Pr— en) + i) = qies + En) + Piet iV. (7.7) 


Equation (7.7) includes equations (7.4) and (7.5) as special cases and it is 
a little more general than either of them since it allows the premium, the sum 
insured, the expenses and the rate of interest all to be functions of t or of t+ 1, 
so that they can vary from year to year. 

The intuition for equation (7.7) is explained below. 


o Assume that at time ¢ the insurer has assets of amount ;V in respect of this 
policy. Recall that ;V is the expected value on the policy value basis of the 
future loss random variable, assuming the policyholder is alive at time t. 
Hence we can interpret ;V as the value of the assets the insurer should have 
at time ¢ (in respect of a policy still in force) in order to expect to break even 
over the future course of the policy. 

o Now add to ;V the net cash flow received by the insurer at time ¢ as assumed 
in the policy value basis. In equation (7.7) this is P; — er; in Example 7.5 
this was just the premium, P; in Example 7.6 this was the premium less the 
expense assumed in the policy value basis. The new amount is the amount of 
the insurer’s assets at time f just after these cash flows. There are no further 
cash flows until the end of the year. 
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o These assets are rolled up to the end of the year with interest at the rate 
assumed in the policy value basis, i; (= 5% in the two examples). This gives 
the amount of the insurer’s assets at the end of the year before any further 
cash flows (assuming everything is as specified in the policy value basis). 
This gives the left-hand sides of equations (7.7), (7.4) and (7.5). 

o We assumed the policyholder was alive at the start of the year, time t, we do 
not know whether the policyholder will be alive at the end of the year. With 
probability pīx]++ the policyholder will be alive, and with probability gpq4i 
the policyholder will die in the year (where these probabilities are calculated 
on the policy value basis). 

o If the policyholder is alive at time t + 1 the insurer needs to have assets 
of amount ;+1 V at that time; if the policyholder has died during the year, 
the insurer must pay any death benefit and related expenses. The expected 
amount the insurer needs for the policy is given by the right-hand side of 
equation (7.7) (and of equations (7.4) and (7.5) for the two examples). In 
each recursion, the expected amount needed (right-hand side) is precisely 
the amount the insurer will have, based on experience matching assumptions. 
This happens because the policy value is defined as the expected value of the 
future loss random variable and because we assume cash flows from ż to 
t + 1 are exactly as specified in the policy value basis. We assumed that at 
time ¢ the insurer had sufficient assets to expect (on the policy value basis) to 
break even over the future course of the policy. Since we have assumed that 
from ź to t+ 1 all cash flows are as specified in the policy value basis, it is 
not surprising that at time t+ 1 the insurer still has sufficient assets to expect 
to break even. 


One further point needs to be made about equations (7.7), (7.4) and (7.5). We 
can rewrite these three formulae as follows: 
GV +P, — en) + i) = iV + gitl Si + Eri — aV), (7.8) 
GV +P +Ò = 1V + gpy4r(500 000 — 1 V), 
GV + 0.95P) + Ò = iV + qill + LP qs0+t — 1 V). 


The left-hand side of each of these formulae is unchanged — in each case it still 
represents the amount of assets the insurer is assumed to have at time t + 1 in 
respect of a policy which was in force at time t. The right-hand sides can now 
be interpreted slightly differently. 


e For each policy in force at time 7, the insurer needs to provide the policy 
value, ;+1V, at time t + 1, whether the life died during the year or not. 

e In addition, if the policyholder has died in the year (the probability of 
which is qpq+r), the insurer must also provide the extra amount to 
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increase the policy value to the death benefit payable plus any related 
expense, that is: 


Siti + E1 — +41V for the general policy, 
S — 1 V in Example 7.5, and 
(t+ 1)P — 1 V in Example 7.6. 


The extra amount required to increase the policy value to the death benefit 
is called the Sum at Risk (SAR), or the Death Strain At Risk or the Net 
Amount at Risk, at time ¢ + 1. Generally (ignoring claim expenses) if the 
death benefit payable in the tth year is S;, then the tth year SAR is S; — +V. 
This is an important measure of the insurer’s risk if mortality exceeds the basis 
assumption, and is useful in determining risk management strategy, including 
reinsurance — which is the insurance that an insurer buys to protect itself 
against adverse experience. 

In all the examples so far in this section it has been possible to calculate 
the policy value directly, as the EPV on the given basis of future benefits plus 
future expenses minus future premiums. In more complicated examples, in 
particular where the benefits are defined in terms of the policy value, this may 
not be possible. In these cases the recursive formula for policy values, equation 
(7.7), can be very useful, as the following example shows. 


Example 7.7 Consider a 20-year endowment policy purchased by a life aged 
50. Level premiums of $23 500 per year are payable annually throughout the 
term of the policy. A sum insured of $700 000 is payable at the end of the term 
if the life survives to age 70. On death before age 70 a sum insured is payable 
at the end of the year of death equal to the policy value at the start of the year 
in which the policyholder dies. 

The policy value basis used by the insurance company is as follows: 


Survival model: Standard Select Survival Model 
Interest: 3.5% per year 
Expenses: nil 


Calculate 15 V, the policy value for a policy in force at the start of the 16th year. 
Solution 7.7 For this example, formula (7.7) becomes 
GV + P) x 1.035 = qiso}+t St+1 + pisoj+r +1V fort =0,1,..., 19, 


where P = $23 500. For the final year of this policy, the death benefit payable 
at the end of the year is j9V and the survival benefit is the sum insured, 
$700 000. Putting t = 19 in the above equation gives: 


(19V + P) x 1.035 = geo 19V + poo x 700000. 
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Tidying this up and noting that S;+1 = ;V, we can work backwards as follows: 


19V = (ps9 x 700000 — 1.035P)/(1.035 — q69) = 652 401, 
18V = (pes x 19V — 1.035P)/(1.035 — qog) = 606 471, 
17V = (p67 X 18V — 1.035P)/(1.035 — q67) = 562 145, 
16V = (poo X 17V — 1.035P)/(1.035 — gos) = 519 362, 
15V = (pos X 16V — 1.035P)/(1.035 — gos) = 478 063. 


Hence, the answer is $478 063. 


7.2.4 Analysis of surplus 


Analysis of surplus, or analysis of profit by source, is the process of identifying 
sources of profit or loss from a portfolio over an accounting period. Consider a 
group of identical policies issued at the same time. The recursive formulae for 
policy values show that if all cash flows between ż and t+ 1 are as specified in 
the policy value basis, then the insurer will be in a break-even position at time 
t + 1, given that it was in a break-even position at time t. These cash flows 
depend on mortality, interest, expenses and, for participating policies, bonus 
rates. In practice, it is very unlikely that all the assumptions will be met in any 
one year. If the assumptions are not met, then the value of the insurer’s assets 
at time t + 1 may be more than sufficient to pay any benefits due at that time 
and to provide a policy value of ;+1 V for the policies still in force. In this case, 
the insurer will have made a profit in the year. If the insurer’s assets at time 
t+ 1 are less than the amount required to pay the benefits due at that time and 
to provide a policy value of ;+1 V for the policies still in force, the insurer will 
have made a loss in the year. 
In general terms: 


Actual expenses less than the expenses assumed in the policy value basis 
will be a source of profit. 

Actual interest earned on investments less than the interest assumed in the 
policy value basis will be a source of loss. 

Actual mortality less than the mortality assumed in the policy value basis can 
be a source of either profit or loss. For most whole life, term and endowment 
policies it will be a source of profit; for annuity policies it will be a source 
of loss. 

Actual bonus or dividend rates less than the rates assumed in the policy value 
basis will be a source of profit. 


The following example demonstrates how to calculate annual profit by source 
from a non-participating life insurance policy. 
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Example 7.8 An insurer issued a large number of policies identical to the 
policy in Example 7.3 to women aged 60. Each policy is a 20-year endowment 
insurance with a sum insured of $100000 and an annual premium of $5200 
payable for at most 10 years. 

The insurer’s policy value basis is: 


Survival model: Standard Select Survival Model 

Interest: 5% per year effective 

Expenses: 10% of the first premium, 5% of subsequent premiums, plus 
$200 on payment of the sum insured 


Five years after they were issued, a total of 100 of these policies were still 
in force. In the following year, 


e expenses of 6% of each premium paid were incurred, 

e interest was earned at 6.5% on all assets, 

e one policyholder died, and 

e expenses of $250 were incurred on the payment of the sum insured for the 
policyholder who died. 


(a) Calculate the profit or loss on this group of policies for this year. 
(b) Determine how much of this profit/loss is attributable to profit/loss from 
mortality, from interest and from expenses. 


Solution 7.8 (a) At duration t = 5 we assume the insurer held assets for the 
portfolio with value exactly equal to the total of the policy values at that 
time for all the policies still in force. From Example 7.3 we know the 
value of 5V and so we assume the insurer’s assets at time 5, in respect 
of these policies, amounted to 100 5V. If the insurer’s assets were worth 
less (resp. more) than this, then losses (resp. profits) have been made in 
previous years. These do not concern us — we are concerned only with 
what happens in the 6th year. 

Now consider the cash flows in the 6th year. For each of the 100 policies 
still in force at time 5 the insurer received a premium P (= $5200) and 
paid an expense of 0.06P at time 5. Hence, the total assets at time 5 after 
receiving premiums and paying premium-related expenses were 


1005V + 100 x 0.94 P = $3395 551. 


There were no further cash flows until the end of the year, so this amount 
grew for one year at the rate of interest actually earned, 6.5%, giving the 
value of the insurer’s assets at time 6, before paying any death claims and 
expenses and setting up policy values, as 


(1005V + 100 x 0.94 P) x 1.065 = $3 616 262. 
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The death claim plus related expenses at the end of the year was 100 250. 
A policy value equal to 6V (calculated in Example 7.3) is required at the 
end of the year for each of the 99 policies still in force. Hence, the total 
amount the insurer requires at the end of the year is 


100 250 + 99 6V = $3 597 342. 
Hence the insurer has made a profit in the sixth year of 
(100 5V + 100 x 0.94 P) x 1.065 — (100 250 + 99 6V) = $18 919. 


In this example the sources of profit and loss in the sixth year are as 

follows. 

(i) Interest: This is a source of profit since the actual rate of interest 
earned, 6.5%, is higher than the rate assumed in the policy value basis. 

(ii) Expenses: These are a source of loss since the actual expenses, both 
premium related (6% of premiums) and claim related ($250), are 
higher than assumed in the policy value basis (5% of premiums and 
$200). 

(iii) Mortality: The probability of dying in the year for any of these 
policyholders is ges (= 0.0059). Hence, out of 100 policyholders 
alive at the start of the year, the insurer expects 100 qg65 (= 0.59) 
to die. In fact, one died. Each death reduces the profit since the 
amount required for a death, $100 250, is greater than the amount 
required on survival, 6V (= $35324), that is, the Sum At Risk, 
(100 250 — 6V) = 64926 > 0, and so having more than the expected 
number of deaths generates a loss. If the Sum At Risk is negative, 
excess deaths generate profit. 

Since the overall profit is positive, (i) has had a greater effect than (ii) and 

(iii) combined in this year. 

We can attribute the total profit to the three sources as follows. 


Interest: If expenses at the start of the year had been as assumed in the 
policy value basis, 0.05 P per policy still in force, and interest had 
been earned at 5%, the total interest received in the year would have 
been 


0.05 x (1005V + 100 x 0.95 P) = $170 038. 
The actual interest earned, before allowing for actual expenses, was 
0.065 x (1005V + 100 x 0.95 P) = $221 049. 


Hence, there was a profit of $51 011 attributable to interest. 
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Expenses: Now, we allow for the actual interest rate earned during the 
year (because the difference between actual and expected interest 
has already been accounted for in the interest profit above) but use 
the expected mortality. That is, we look at the loss arising from the 
expense experience given that the interest rate earned is 6.5%, but 
on the hypothesis that the number of deaths is 100 ges. 

The expected expenses on this basis, valued at the year end, are 


100 x 0.05P x 1.065 + 100 ges x 200 = $27 808. 
The actual expenses, if deaths were as expected, are 
100 x 0.06P x 1.065 + 100 ges x 250 = $33 376. 


The loss from expenses, allowing for the actual interest rate earned in 
the year but allowing for the expected, rather than actual, mortality, 
was 


33 376 — 27 808 = $5568. 


Mortality: Now, we use actual interest (6.5%) and actual expenses, 
and look at the difference between the expected cost from mortality 
and the actual cost. For each death, the cost to the insurer is the death 
strain at risk, in this case 100 000+250—¢V, so the mortality profit is 


(100 gos — 1) x (100000 + 250 — 6V) = —$26 524. 
This gives a total profit of 
51011 — 5568 — 26524 = $18 919, 


which is the amount calculated earlier. 


We have calculated the profit from the three sources in the order: interest, 
expenses, mortality. At each step we assume that factors not yet considered are 
as specified in the policy value basis, whereas factors already considered are 
as actually occurred. This avoids “double counting’ and gives the correct total. 
However, we could follow the same principle, building from expected to 
actual, one basis element at a time, but change the order of the calculation as 


follows. 


Expenses: The loss from expenses, allowing for the assumed interest rate 
earned in the year and allowing for the expected mortality, was 


100 x (0.06 — 0.05) P x 1.05 + 100 ges x (250 — 200) = $5490. 
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Interest: Allowing for the actual expenses at the start of the year, the profit 
from interest was 


(0.065 — 0.05) x (100 5V + 100 x 0.94 P) = $50 933. 
Mortality: The profit from mortality, allowing for the actual expenses, was 
(100q65 — 1) x (100000 + 250 — 6V) = —$26 524. 
This gives a total profit of 
—5490 + 50933 — 26524 = $18919 


which is the same total as before, but with (slightly) different amounts of profit 
attributable to interest and to expenses. 

The analysis of surplus is an important component of any valuation. It will 
indicate if any parts of the valuation basis are too conservative or too weak; it 
will assist in assessing the performance of the various managers involved in the 
business, and in determining the allocation of resources, and, for participating 
business it will help to determine how much surplus should be distributed. 


7.2.5 Asset shares 


In Section 7.2.1 we showed, using Example 7.1, that if the three conditions at 
the end of the section were fulfilled, then the accumulation of the premiums 
received minus the claims paid for a group of identical policies issued simulta- 
neously would be precisely sufficient to provide the policy value required for 
the surviving policyholders at each future duration. We noted that condition 
(c) in particular would be extremely unlikely to hold in practice; that is, it is 
virtually impossible for the experience of a policy or a portfolio of policies to 
follow exactly the assumptions in the premium basis. In practice, the invested 
premiums may have earned a greater or smaller rate of return than that used 
in the premium basis, the expenses and mortality experience will differ from 
the premium basis. Each policy contributes to the total assets of the insurer 
through the actual investment, expense and mortality experience. 

It is of practical importance to calculate the share of the insurer’s assets 
attributable to each policy in force at any given time. This amount is known 
as the asset share of the policy at that time and it is calculated by assuming 
the policy being considered is one of a large group of identical policies issued 
simultaneously. The premiums minus claims and expenses for this notional 
group of policies are then accumulated using values for expenses, interest, 
mortality and bonus rates based on the insurer’s experience for similar policies 
over the period. At any given time, the accumulated fund divided by the 
(notional) number of survivors gives the asset share at that time for each 
surviving policyholder. If the insurer’s experience is close to the assumptions 
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in the policy value basis, then we would expect the asset share to be close to 
the policy value. 

The policy value at duration ¢ represents the amount the insurer needs to 
have at that time in respect of each surviving policyholder; the asset share 
represents (an estimate of) the amount the insurer actually does have. 


Example 7.9 Consider a policy identical to the policy studied in Exam- 
ple 7.4 — that is, a 10-year deferred annuity, with a return of premium death 
benefit. Suppose that this policy has now been in force for five years. Suppose 
that over the past five years the insurer’s experience in respect of similar 
policies has been as follows. 


e Annual interest earned on investments has been as shown in the following 
table. 


Year 1 2 3 4 5 


Interest% 48 56 52 49 4.7 


e Expenses at the start of the year in which a policy was issued were 15% of 
the premium. 

e Expenses at the start of each year after the year in which a policy was issued 
were 6% of the premium. 

e The expense of paying a death claim was, on average, $120. 

e The mortality rate, gjsoj4+, for £ = 0,1,...,4, has been approximately 
0.0015. 


Calculate the asset share for the policy at the start of each of the first six years. 


Solution 7.9 We assume that the policy we are considering is one of a large 
number, N, of identical policies issued simultaneously. As we will see, the 
value of N does not affect our final answers. 

Let AS; denote the asset share per policy surviving at time t = 0,1,...,5. 
We calculate AS; by accumulating to time f the premiums received minus the 
claims and expenses paid in respect of this notional group of policies using our 
estimates of the insurer’s actual experience over this period and then dividing 
by the number of surviving policies. We adopt the convention that AS; does not 
include the premium and related expense due at time t. With this convention, 
ASo is always 0 for any policy since no premiums will have been received and 
no claims and expenses will have been paid before time 0. Note that for our 
policy, using the policy value basis specified in Example 7.4, ọV = $490. 

The premiums minus expenses received at time 0 are 


0.85 x 11900N = LOLISN. 
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This amount accumulates to the end of the year with interest at 4.8%, giving 
10601 N. 


A notional 0.0015 N policyholders die in the first year so that death claims plus 
expenses at the end of the year are 


0.0015 x (11.900 + 120) N = 18N, 


which leaves 
10601 N — 18 N = 10582N 


at the end of the year. Since 0.9985 N policyholders are still surviving at the 
start of the second year, AS4, the asset share for a policy surviving at the start 
of the second year, is given by 


AS; = 10582N/(0.9985 N) = 10598. 


These calculations, and the calculations for the next four years, are summarized 
in Table 7.1. You should check all the entries in this table. For example, the 
death claims and expenses in year 5 are calculated as 


0.9985" x 0.0015 x (5 x 11900 + 120) N = 89 N 


since 0.9985*N policyholders are alive at the start of the fifth year, a fraction 
0.0015 of these die in the coming year, the death benefit is a return of the five 
premiums paid and the expense is $120. 

Note that the figures in Table 7.1, except the Survivors’ column, have been 
rounded to the nearest integer for presentation; the underlying calculations 
have been carried out using far greater accuracy. 


We make the following comments about Example 7.9. 


(1) As predicted, the value of N does not affect the values of the asset shares, 
AS,;. The only purpose of this notional group of N identical policies issued 
simultaneously is to simplify the presentation. 


Table 7.1 Asset share calculation for Example 7.9. 


Cash Fund at Death 
Fund at flow end of claims Fund at 
Year, start of at start year before and end of 
t year of year death claims expenses year Survivors AS; 


1 0 10115N = 10601N 18N 10582N 0.9985N 10598 
2 10582N 11169N 22970N 36N 22934N 0.9985? N 23003 
3 22934N 11152N 35859N 54N 35805N 0.99853N 35967 
4 35805N 11136N 49241N 71N 49170N 0.99854 N 49466 
5 49170N 11119N 63123N 89 N 63034N 0.9985°N 63509 
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(2) The experience of the insurer over the five years has been close to the 
assumptions in the policy value basis specified in Example 7.4. The actual 
interest rate has been between 4.7% and 5.6%; the rate assumed in the 
policy value basis is 5%. The actual expenses, both premium-related (15% 
initially and 6% thereafter) and claim-related ($120), are a little higher 
than the expenses assumed in the policy value basis (10%, 5% and $100, 
respectively). The actual mortality rate is comparable to the rate in the 
policy value basis, e.g. 0.99855 = 0.99252 is close to 5P[s0] = 0.99283. 

As a result of this, the asset share, AS5 (= $63 509), is reasonably close 
to the policy value, 5V (= $65 470) in this example. 


7.3 Policy values for policies with cash flows at 1/mthly intervals 


Throughout Section 7.2 we assumed all cash flows for a policy occurred at the 
start or end of each year. This simplified the presentation and the calculations 
in the examples. In practice, this assumption does not often hold; for example, 
premiums are often payable monthly and death benefits are usually payable 
soon after death. Definitions 7.1 and 7.2 for policy values can be directly 
applied to policies with more frequent cash flows, and our interpretation of 
a policy value is unchanged — it is still the amount the insurer needs such that, 
with future premiums, it can expect (on the policy value basis) to pay future 
benefits and expenses. 
The following example illustrates these points. 


Example 7.10 A life aged 50 purchases a 10-year term insurance with sum 
insured $500 000 payable at the end of the month of death. Level quarterly 
premiums, each of amount P = $460, are payable for at most five years. 

Calculate the (gross premium) policy values at durations 2.75, 3 and 6.5 
years using the following basis. 


Survival model: Standard Select Survival Model 
Interest: 5% per year 
Expenses: 10% of each gross premium 


Solution 7.10 To calculate 275V we need the EPV of future benefits and the 
EPV of premiums less expenses at that time, assuming the policyholder is 
still alive. Note that the premium and related expense due at time t = 2.75 
are regarded as future cash flows. Note also that from duration 2.75 years 
the policyholder will be subject to the ultimate part of the survival model since 
the select period is only two years. 

Hence 


= (12)4 = ++ (4) = 
2.75V = 500 000A eer 0.9x 4x BAe al = $3091.02. 
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Similarly 
— (12), = ++(4) _ 
3V = 5000004", 5 = 0.9 x 4 x PAY y = $3357.94, 
and 
6sV = 500 000A". a5 = $4265.63. 


7.3.1 Recursions with I/mthly cash flows 


We can derive recursive formulae for policy values for policies with cash flows 
at discrete times other than annually. For a policy with premiums of P every 
1/m years, premium expenses of e; at time t, and sum insured S payable at the 
end of the 1/mth year of death, then following exactly the reasoning for the 


annual case, for t = 0, L, 2, 3, ..., we have 
ae 
GV+P- e) +D” = rapa S + Pie (417) 


= 41V+ igan (S-a V). 


On the left-hand side we have the policy value brought forward, with the 
addition of the premium less premium expenses, and with interest added at 
the end of the 1/m years. On the right hand side we have the expected cost 
of death claims arising during the period, plus the expected cost of the policy 
value to be carried forward to the next period. In expectation, everything is 
in balance. 

When premiums and benefits are payable with different frequencies, we can 
use the same principles, but we have slightly different recursions depending on 
whether the premium is payable or not in the interval. Consider, for example, 
275V and 3V in the Example 7.10. In that case, benefits are monthly, but 
premiums are quarterly. So we can use a recurrence relationship to generate 
the policy value at each month end, but allowing for premiums only every third 
month. For the recursion starting at time 2.75, there is a premium payment and 
related expenses to account for, so 


1 
(275V + 460 — 0.1 x 460) (1.0512) = 500 0001, 452.75 + 1 P52.75 (2.833V). 
(7.9) 


For the following two months there are no premiums or premium expenses, so 
1 
2.833V (1.0512) = 500000 1 q52.833 + 4 ps2.833 (2.917V), 


1 
2.917 V (1.051) = 500 000 1 452.917 + 1 P52.917 GV). 
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7.3.2 Valuation between premium dates 


All of the calculations in the sections above considered policy values at cash 
flow dates. We often need to calculate policy values between premium dates; 
typically, we value all policies on the same calendar dates each year as part of 
the insurer’s liability valuation process. The principle when valuing between 
premium dates is the same as when valuing on premium dates; the policy value 
is the EPV of future benefits plus expenses minus premiums. The calculation 
may be a little more awkward though, as we demonstrate in the following 
examples. 


Example 7.11 Consider a fully discrete whole life insurance issued to a select 
life aged 50. The sum insured is S = $200000, and the annual premium is 
P = $2375. Expenses are 30% of the first year’s premium and 5% of all 
subsequent premiums. Policy values are calculated on a gross premium basis 
using the Standard Select Life Table, with interest at 5% per year. 


(a) Calculate the policy value at time t = 30. 

(b) Calculate the policy value at time t = 31 by recursion. 

(b) Calculate the policy value at time tf = 30.8, assuming a constant force of 
mortality between integer ages. 


Solution 7.11 (a) The policy value at time 30 is 
30V = SAgo — 0.95P ago = 99 299. 
(b) The recursive relationship between the policy values at times 30 and 31 is 
(30V + 0.95P) x 1.05 = qg0 S + pso X 31V, 
which gives 
_ GoV + 0.95P) x 1.05 — qso S 


P80 
(c) For the policy value at time t = 30.8, we split the future income and outgo 
into the costs arising before and after time t = 31. That is 


31V = 103 480. 


30.8V = 0.2q80.8 Sv" + 0.2p80.8 V°? SAgi — 0.2ps0.8 v°? 0.95P agi 
= 0.29808 S V’? + o.2ps0.8 V°? (SAgi — 0.95Pag1) 


0.2 0.2 
= 0.29308 SV ^ + 0.2P80.8 V“ (31V). 
Under the constant force fractional age assumption, 0.2p80.8 = (ps0)?? = 


0.99338, so that 0.2q80.8 = 0.00662. So we have 
30.8 V = 0.00662 (200 000)v®? + 0.99338 v®? (103 480) = 103 108. 
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Example 7.12 For the contract described in Example 7.10, (i.e., a 10-year 
term insurance with sum insured S = $500 000 payable at the end of the month 
of death, and with level quarterly premiums of P = $460 payable for at most 
five years), calculate the policy value 2.gV. 


Solution 7.12 As in the previous example, we split the EPV of future cash 
flows into the part up to the next premium date or benefit date and the parts 
after that date, noting that Ae and a are only defined if n is an integer 
multiple of 1/m. 


The EPV of future benefits is 


x 


0.033 


S v? O3 o33q528 + SV = 6614.75, 


Ao 
ey 
0033P52.8 "55 833 7167 


and the EPV of future premiums less expenses is 
0.2 (4) 
0.9 x 4P v°*0.2p52.8 Lay = 3138.59. 
In each of the above, we have used an exact calculation. Combining these, 
28V = 6614.75 — 3138.59 = 3476.16. 


An alternative approach is to use a form of recursion from time t = 2.8 up 
to the next benefit date, time t = 2.833, where we we can use formula (7.9) to 
calculate 2.333V = 3456.72. Accumulating 2.3V for 0.033 of a year to provide 
S if death occurs before time 2.833 or 2.333V if the policyholder survives to 
time 2.833, we have 


28V + ° = 0.033q52.85 + 0.033P52.8 (2.833 V) 


giving 28V = 3476.16, as before. 


For the general case, let h denote the time to the next benefit date, which is 
assumed to be at or before the next premium date; assume that we know ;+}V, 
and that we are calculating ,V where f¢ is not a benefit or premium payment 
date. Then for an insurance with death benefit S, we have 


V+ iy’ = haixt + nppg+e nV 


and this can be solved for ;V. 

It is interesting to note here that it would not be appropriate to apply simple 
interpolation to the two policy values corresponding to the premium dates 
before and after the valuation date, as we have, from Example 7.12, 


275V = $3091.02, 2gV = $3476.17 and 2g33V = $34556.72, 


so 2.3V does not lie between 2.75 V and 2.333V. 
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Figure 7.5 Policy values for the limited premium term insurance contract, 
Example 7.12. 


The reason is that the function ;V is not smooth. The policy value will jump 
immediately after each premium payment by the amount of that payment, less 
associated expenses. Before the premium payment, the premium immediately 
due is included in the EPV of future premiums, which is deducted from the 
EPV of future benefits to give the policy value. Immediately after the premium 
payment, it is no longer included, so the policy value increases by the amount 
of the premium. 

In Figure 7.5 we show the policy values at all durations for the policy in 
Examples 7.10 and 7.12. The curve jumps at each premium date, and has an 
increasing trend until the premiums cease. In the second half of the contract, 
after the premium payment term, the policy value is run down. Other types 
of policy will have different patterns for policy values as we have seen in 
Figures 7.1 and 7.2. 

A reasonable approximation to the policy value between premium dates can 
usually be achieved by interpolating between the policy value just after the 
previous premium and the policy value just before the next premium. That is, 
suppose the premium dates are 1/m years apart, and that t is a premium date. 
Then for s < 1/m, we approximate +s V by interpolating between ;V + P; — er 
and ,, 1 V; more specifically, 


m 


+ 


e =s) V F Prr ets (aav) 
1/m 


ttsV ~ 
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In Example 7.12 above, where s = 0.05 and m = 12, this would give an 
approximate value for 2.3 V of 
0.033(3091.02 + 0.9(460)) + 0.05(3456.72) 
0.0833 


which is very close to the exact value. 
In Example 7.11, we have 


= 3476.04, 


30.8 V © 0.2(99 299 + 0.95(2375)) + 0.8(103 480) = 103095, 
which is 99.99% of the accurate value of 103 108. 


7.4 Policy values with continuous cash flows 
7.4.1 Thiele’s differential equation 


In the previous sections, we have defined policy values for policies with cash 
flows at discrete intervals, and derived recursive formulae linking policy values 
at successive cash flow time points for these policies. These ideas extend to 
contracts where regular payments — premiums and/or annuities — are payable 
continuously and sums insured are payable immediately on death. In this case 
we can derive a differential equation, known as Thiele’s differential equation. 
This is a continuous time version of the recursion equation which we derived 
in Section 7.2.3. Recall that for the discrete life insurance case 


GV + Pi en + i) = aV + gpg (S41 + En — aV). (7.10) 


Our derivation of Thiele’s differential equation is somewhat different to 
the derivation of equation (7.10). However, once we have completed the 
derivation, we explain the link with this equation. 

Consider a policy issued to a select life aged x under which premiums 
and premium-related expenses are payable continuously and the sum insured, 
together with any related expenses, is payable immediately on death. Suppose 
this policy has been in force for t years, where t > 0, and let 


P, = the annual rate of premium payable at time t, 

e, = the annual rate of premium-related expense payable at time t, 
S; = the sum insured payable immediately on death at time t, 

E, = the expense of paying the sum insured at time t, 

p+ = the force of mortality at age [x] + t, 

ôr = the force of interest per year assumed earned at time f, and, 
tV = the policy value for a policy in force at time t. 


We assume that P;, et, St, (pq+r and ô are all continuous functions of t and 
that e,, Er, Mixj+r and ô; are all as assumed in the policy value basis. 
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Just as we allowed the rate of interest to vary from year to year in 
Section 7.2.3, we are here letting the force of interest be a continuous function 
of time. Thus, if v(t) denotes the present value of a payment of 1 at time t, 
we have 


t 


v(t) = exp - f sas , (7.11) 


0 


Now ;V represents the EPV of future benefits plus benefit-related expenses 
minus the EPV of future premiums less premium-related expenses, so we have 


(0,0) 


v(t +s) 
v=f (Sits + Erts) sPix]+t Hix]+t+s ds 
v(t) 
0) 

fv 
v(t+s) 

f vO (Pits — etts) sP[x]+t ds. 

0 


Note that we are measuring time, represented by s in the integrals, from time f, 
so that if, for example, the sum insured is payable at time s, the amount of 
the sum insured is S;+s and as we are discounting back to time f, the discount 
factor is v(t + s)/v(t). Changing the variable of integration to r = t + s gives 


oo OO 


v(r) 
V= J wO (Sr + Er) r—Pixj+ Hid+r dr — / uh (Pr — er) r—aP[xjtt dr. 


t t 


(7.12) 


We could use formula (7.12) to calculate ;V by numerical integration. How- 
ever, we are instead going to turn this identity into a differential equation. There 
are two main reasons why we do this: 


(1) There exist numerical techniques to solve differential equations, one of 
which is discussed in the next section. As we will see, an advantage of 
such an approach over numerical integration is that we can easily calculate 
policy values at multiple durations. 

(2) In Chapter 8 we consider more general types of insurance policy than 
we have so far. For such policies it is usually the case that we are 
unable to calculate policy values using numerical integration, and we must 
calculate policy values using a set of differential equations. The following 
development of Thiele’s differential equation sets the scene for the next 
chapter. 
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In order to turn equation (7.12) into a differential equation, we note that 


rPix] 
r—tP[x]+t = 
tP[x] 
so that 
i oo) oo 
V= / v(r) (S; + E,) rP{x] H[x]+r dr -f v(r) (Py — er) rP{x] dr), 
v(t) 1P[x] A 


which we can write as 


oo oo 


v(t) tP[x] tV = J v(r) (S; + Er) rPix] M[xJ+r dr — J v(r) (P, — er) rPix dr. 
t t 


(7.13) 


Differentiation of equation (7.13) with respect to ¢ leads to Thiele’s differential 
equation. First, differentiation of the right-hand side yields 


— v(t) (Si + Ei) Pid Meter + VO (Pi — er) Pix] 
= v(t) Pix (P, — er — (St + Er) Hix) i (7.14) 


Differentiation of the left-hand side is most easily done in two stages, applying 
the product rule for differentiation at each stage. Treating v(t) pj] as a single 
function of t we obtain 
£ (v(t) Pix] iV) = V(t) Pix] - V+ Vv < (ve) Pia) . 

Next, 

d d d 

z CO pw) = "OF Pa + Pa ZV. 
From Chapter 2 we know that 


d 
dt tP] = Pix] Hix] 


and from formula (7.11) 


t 
d 
— v(t) = —d; exp { — / bs ds ¢ = —6; v(t). 
dt 
0 
Thus, the derivative of the left-hand side of equation (7.13) is 


d d 
a (vt) Pia eV) = VO Pia 7 1V — V (VO Piah + Pra êr vO) 


d 
= v(t) Pix] ad tV— V (ugt F 5) . 
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Equating this to (7.14) yields Thiele’s differential equation, namely 


d 
a tV = tV + Py — ey — (Sp + Ey — tV) Hite (7.15) 


Formula (7.15) can be interpreted as follows. The left-hand side of the formula, 
LV, is the rate of increase in the policy value at time t. We can derive a 
formula for this rate of increase by considering the individual factors affecting 
the value of ,V: 


Interest is being earned on the current amount of the policy value. The 
amount of interest earned in the time interval t to t+ h is 6, ;Vh (+o0(h)), so 
that the rate of increase at time f is 5; +V. 

Premium income, minus premium-related expenses, is increasing the policy 
value at rate P; — er. If there were annuity payments at time f¢, this would 
decrease the policy value at the rate of the annuity payment (plus any 
annuity-related expenses). 

Claims, plus claim-related expenses, decrease the amount of the policy 
value. The expected extra amount payable in the time interval ¢ to t + h is 
Mpy+rh(S;+ Er — V) and so the rate of decrease at time f is Mjxj+r 
(S; + Er — +V). 


Hence the total rate of increase of the policy value at time t is 
ôttV + Pi — et — hijst + Er — V). 


We can also relate formula (7.15) to equation (7.10) assuming that for some 
very small value A, 


d 
dt 


1 
Ve h C4nV — tV), (7.16) 
leading to the relationship 
(1+ 6;h) Vit (Pi — er) h® hV + hhijlSt +E V). 


Remembering that h is very small, the interpretation of the left-hand side is that 
it is the accumulation from time ¢ to time t + h of the policy value at time t plus 
the accumulation at time ¢ + h of the premium income less premium-related 
expenses over the interval (t,t + h). (Note that for very small h, S7) = h.) 
This total accumulation must provide the policy value at time ¢ + h, and, 
if death occurs in the interval (t,t + h), it must also provide the excess 
S; + Er — +V over the policy value. The probability of death in the interval 
(t,t + h) is approximately hypy+t. 
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7.4.2 Numerical solution of Thiele’s differential equation 


In this section we show how we can evaluate policy values by solving Thiele’s 
differential equation numerically. The key to this is to apply equation (7.16) as 
an identity rather than an approximation, assuming that h is very small, that is 


enV — tV = h(ôtiV + Pi — et — Mpgge(S: + Et — 1+V)). (7.17) 


The smaller the value of h, the better this approximation is likely to be. The 
values of ôr, Pr, et, (4pq+r, St and E; are assumed to be known, so this equation 
allows us to calculate ,V provided we know the value of ;4;V, or +V if we 
know the value of ;V. But we always know the value of ;V as t approaches the 
end of the policy term since, in the limit, it is the amount that should be held 
in respect of a policyholder who is still alive. For an endowment policy with 
term n years and sum insured S, the policy value builds up so that just before 
the maturity date it is exactly sufficient to pay the maturity benefit, that is 


lim ,V=S. 
t—n- 
For a term insurance, with term n years and sum insured S, we have 
lim tV = 0. 
t—n- 


For a whole life insurance with sum insured S, if the policyholder is still alive 
as she approaches age w (the upper limit of the life table), we assume the 
policyholder, and the policy expire at that time, so that 


t>o- 


Using the endowment policy with term n years and sum insured § as an 
example, formula (7.17) with t = n — h gives us 


S= nw = h( bnn n—hV + Pn-h — en h — E[x]+n n(Sn—h + En—h — n nV), 
(7.18) 


from which we can calculate ,_;,V. Another application of formula (7.17) with 
t = n — 2h gives the value of ;—2;,V, and so on. 

This method for the numerical solution of a differential equation is known 
as Euler’s method. It is also the continuous time version of the discrete time 
recursive method for calculating policy values illustrated in Example 7.7. 

In some cases we also have a boundary condition at £ = 0. For example, 
if the premium is calculated using the equivalence principle, we know that 
oV = 0. However, if there is a single premium, or if there is a lump sum initial 
expense, there will be an immediate jump in the policy value, so a different 
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boundary condition applies. In general, given a single equivalence principle 
premium Gp and initial expenses eo, the time t = 0 boundary condition is 


lim ;V = Go — eo. 
t>0+ 


Example 7.13 Consider a 20-year endowment insurance issued to a life aged 
30. The sum insured, $100000, is payable immediately on death, or on 
survival to the end of the term, whichever occurs sooner. Premiums are payable 
continuously at a constant rate of $2500 per year throughout the term of the 
policy. The policy value basis uses a constant force of interest, ô, and makes 
no allowance for expenses. 


(a) Evaluate 10V. 
(b) Use Euler’s method with h = 0.05 years to calculate 10V. 


Perform the calculations on the following basis: 


Survival model: Standard Select Survival Model 
Interest: 5 = 0.04 per year 


Solution 7.13 (a) We have 
10V = 100 000A 49.79) — 25004 49.79} 
and as Aaa =1—ô 49-07 we can calculate 10V as 


10V = 100000 — (100 0006 + 2500) 449.79). 


Using numerical integration or the three-term Woolhouse formula, we get 
449.701 = 8.2167, and hence 10V = 46591. 

For this example, we use formula (7.18) with h = 0.05, 6 = 0.04, 
P = 2500, and S = 100000. Using Euler’s method, working backwards 
from n = 20, and noting that 149.95 = 0.001147, we have 


(b 


wm 


S — 19.95 V = 0.05(0.04 x 19.95V + 2500 — 0.001147(100 000 — 19.95 V)) 


which gives 1995V = 99676. Calculating recursively j99V, 19.35V,..., 
we arrive at jọ V = 46635. 

We note that the answer here is close to $46 591, the value calculated in 
part (a). Using a value of h = 0.01 gives the closer answer of $46 600. 


We remarked earlier that a useful feature of setting up and numerically solving 
a differential equation for policy values is that the numerical solution gives 
policy values at a variety of durations. We can see this in the above example. 
In part (a) we wrote down an expression for j9V and evaluated it using 
numerical integration. By contrast, in part (b) with h = 0.05, as a by-product 
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of our backwards recursive calculation of 1gV we also obtained values of 
10+h V, 10+2nV..-,20-nV. 

Other major advantages of Thiele’s equation arise from its versatility 
and flexibility. We can easily accommodate variable premiums, benefits and 
interest rates. We can also use the equation to solve numerically for the 
premium given the benefits, interest model and boundary values for the policy 
values. 


Some notes on Euler’s method 

There are two versions of Euler’s method, the forward method and the 
backward method. In both methods, we approximate a function by using 
its derivative at intervals, of length h, say, to construct a piecewise linear 
function where each segment matches the derivative of the function at the 
start of the interval (under the forward method) or at the end of the interval 
(under the backward method). That is, suppose we have a differential equation 
4 g(t) = d(t) for some functions g and d, and assume a step size h. Then we 
have the forward Euler approximation 


gt+h) -gO 
h 
and the backward Euler approximation, 


gt +h) — sf) 
h 
As h — 0 the forward and backward methods converge. 

The examples in this section use the forward method, even though we 
iterated backwards from the boundary condition at the maximum policy term. 
In the next chapter we use both methods. 

In practice, there are more efficient algorithms for solving differential 
equations; some references are given at the end of this chapter. However, 
Euler’s method is intuitive, and provides a clear connection between the policy 
value recursions in the discrete case, and the differential equation in the 
continuous case. 


wd) > gtt+h~g()\)+hdo, (119) 


~ d(t +h) => g(t th) © g(t) thd(t +h). (7.20) 


7.5 Policy alterations 


A life insurance policy is a contract between an individual, the policyholder, 
and the insurance company. This contract places obligations on both parties; 
for example, the policyholder agrees to pay regular premiums while he or she 
remains alive and the insurance company agrees to pay a sum insured, plus 
bonuses for a participating policy, on the death of the policyholder. So far in 
this book we have assumed that the terms of the contract are never broken or 
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altered in any way. In practice, it is not uncommon, after the policy has been 
in force for some time, for the policyholder to request a change in the terms of 
the policy. Typical changes might be: 


(1) 


(2) 


(3) 


(4) 


(5) 


The policyholder wishes to cancel the policy with immediate effect. In this 
case, it may be appropriate for the insurance company to pay a lump sum, 
called the cash value or surrender value, to the policyholder. This will 
be the case if the policy has a significant investment component — such as 
an endowment insurance, or whole life insurance. Term insurance and life 
annuity contracts (after any deferred period) do not have cash values. A 
policy which is cancelled at the request of the policyholder before the end 
of its originally agreed term, is said to lapse or to be surrendered. 

We tend to use the term lapse to indicate a voluntary cessation when 
no surrender value is paid, and surrender when there is a return of 
assets of some amount to the policyholder, but the words may be used 
interchangeably. 

In the USA and some other countries, insurers are required to offer 
cash surrender values on certain contract types once they have been in 
force for one or two years. The stipulation is known as the non-forfeiture 
law. Allowing zero cash values for early surrenders reflects the need of 
the insurers to recover the new business strain associated with issuing the 
policy. 

The policyholder wishes to pay no more premiums but does not want 
to cancel the policy, so that, in the case of an endowment insurance for 
example, a (reduced) sum insured is still payable on death or on survival 
to the end of the original term, whichever occurs sooner. Any policy for 
which no further premiums are payable is said to be paid-up, and the 
reduced sum insured for a policy which becomes paid-up before the end 
of its original premium paying term is called a paid-up sum insured. 

A whole life policy may be converted to a paid-up term insurance policy 
for the original sum insured. 

Some term insurance policies carry an option to convert to a whole life 
policy at certain times. 

Many other types of alteration can be requested: reducing or increasing 
premiums; changing the amount of the benefits; converting a whole life 
insurance to an endowment insurance; converting a non-participating 
policy to a with-profit policy; and so on. The common feature of these 
changes is that they are requested by the policyholder and were not part of 
the original terms of the policy. 


If the change was not part of the original terms of the policy, and if it has been 
requested by the policyholder, it could be argued that the insurance company 
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is under no obligation to agree to it. However, when the insurer has issued 
a contract with a substantive investment objective, rather than solely offering 
protection against untimely death, then at least part of the funds should be 
considered to be the policyholder’s, under the stewardship of the insurer. In the 
USA the non-forfeiture law states that, for investment-type policies, each of 
(1), (2) and (3) would generally be available on pre-specified minimum terms. 
In particular, fixed or minimum cash surrender values, as a percentage of the 
sum insured, are specified in advance in the contract terms for such policies. 

For policies with pre-specified cash surrender values, let CV; denote the cash 
surrender value at duration t. Where surrender values are not set in advance, the 
actuary would determine an appropriate value for CV; at the time of alteration. 

Starting points for the calculation of CV; could be the policy value at t, ;V, 
if it is to be calculated in advance, or the policy’s asset share, AS;, when the 
surrender value is not pre-specified. Recall that AS; represents (approximately) 
the cash the insurer actually has and ;V represents the amount the insurer 
should have at time ¢ in respect of the original policy. Recall also that if the 
policy value basis is close to the actual experience, then ;V will be numerically 
close to AS;. 

Setting CV; equal to either AS, or ,V could be regarded as over-generous to 
the policyholder for several reasons, including: 


(1) It is the policyholder who has requested that the contract be changed. The 
insurer will be concerned to ensure that surrendering policyholders do 
not benefit at the expense of the continuing policyholders — most insurers 
prefer the balance to go the other way, so that policyholders who maintain 
their contracts through to maturity achieve greater value than those who 
surrender early or change the contract. Another implication of the fact that 
the policyholder has called for alteration is that the policyholder may be 
acting on knowledge that is not available to the insurer. For example, a 
policyholder may alter a whole life policy to a term insurance (with lower 
premiums or a higher sum insured) if he or she becomes aware that their 
health is failing. This is an example of adverse selection or selection 
against the insurer. 

(2) The insurance company will incur some expenses in making alterations to 
the policy, and even in calculating and informing the policyholder of the 
revised values, which the policyholder may not agree to accept. 

(3) The alteration may, at least in principle, cause the insurance company to 
realize assets it would otherwise have held, especially if the alteration is 
a surrender. This liquidity risk may lead to reduced investment returns 
for the company. Under non-forfeiture law in the USA, the insurer has six 
months to pay the cash surrender value, so that it is not forced to sell assets 
at short notice. 
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For these reasons, CV; is usually less than 100% of either AS; or ;V and may 
include an explicit allowance for the expense of making the alteration. 

For alterations other than cash surrenders, we can apply CV; as if it were a 
single premium, or an extra preliminary premium, for the future benefits. That 
is, we construct the equation of value for the altered benefits, 


CV, + EPV at t of future premiums, altered contract 


= EPV at t of future benefits plus expenses, altered contract. (7.21) 


The numerical value of the revised benefits and/or premiums calculated using 
equation (7.21) depends on the basis used for the calculation, that is, the 
assumptions concerning the survival model, interest rate, expenses and future 
bonuses (for a participating policy). This basis may be the same as the premium 
basis, or the same as the policy value basis, but in practice usually differs from 
both of them. 

The rationale behind equation (7.21) is the same as that which leads to 
the equivalence principle for calculating premiums: together with the cash 
currently available (CV;), the future premiums are expected to provide the 
future benefits and pay for the future expenses. 


Example 7.14 Consider the 10-year, regular premium deferred annuity with a 
return of premium death benefit discussed in Example 7.4. 

You are given that the insurer’s experience in the five years following the 
issue of this policy is as in Example 7.9. At the start of the sixth year, before 
paying the premium then due, the policyholder requests that the policy be 
altered in one of the following three ways. 


(a) The policy is surrendered immediately. 

(b) No more premiums are paid and a reduced annuity is payable from age 60. 
In this case, all premiums paid are refunded at the end of the year of death 
if the policyholder dies before age 60. 

Premiums continue to be paid, but the benefit is altered from an annuity 
to a lump sum (pure endowment) payable on reaching age 60. Expenses 
and benefits on death before age 60 follow the original policy terms. There 
is an expense of $100 associated with paying the sum insured at the new 
maturity date. 


(c 


wm 


Calculate (a) the surrender value, (b) the reduced annuity, and (c) the sum 
insured, assuming the insurer uses 


(i) 90% of the asset share less a charge of $200, or 
(ii) 90% of the policy value less a charge of $200 


together with the assumptions in the policy value basis when calculating 
revised benefits and premiums. 


260 Policy values 


Solution 7.14 We already know from Examples 7.4 and 7.9 that 
5V=65470 and AS; = 63509. 


Hence, the amount CV; to be used in equation (7.21) is 


(i) 0.9 x AS; — 200 = 56958, 
(ii) 0.9 x 5V — 200 = 58723. 


(a) The surrender values are the cash values CVs, so we have 
(i) $56 958, 
(ii) $58 723. 
(b) Let X denote the revised annuity amount. In this case, equation (7.21) gives 


CVs =5 x 11 9004. 
Using values calculated for the solution to Example 7.4, we can solve this 
equation for the two different values for CV5 to give 

(i) X = $4859, 
(ii) X = $5012. 
(c) Let S denote the new sum insured. Equation (7.21) now gives 


+ 1004 J. + (X + 25) 5E55 doo. 


CVs +0.95 x 119008... = 11900 (WA)... Ta a 


+ 100A} — + 5E55 (S + 100), 


55:5] 


which we solve using the two different values for CV5 to give 
G) S = $138 314, 
(ii) S = $140 594. 


Example 7.15 Ten years ago a man now aged 40 purchased a with-profit 
whole life insurance. The basic sum insured, payable at the end of the year 
of death, was $200 000. Premiums of $1500 were payable annually for life. 

The policyholder now requests that the policy be changed to a with-profit 
endowment insurance with a remaining term of 20 years, with the same 
premium payable annually, but now for a maximum of 20 further years. 

The insurer uses the following basis for the calculation of policy values and 
policy alterations. 


Survival model: Standard Select Survival Model 

Interest: 5% per year 

Expenses: none 

Bonuses: compound reversionary bonuses at rate 1.2% per year at the start 
of each policy year, including the first. 
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The insurer uses the full policy value less an expense of $1000 when 


calculating revised benefits. You are given that the actual bonus rate declared 
in each of the past 10 years has been 1.6%. 


(a) Calculate the revised sum insured, to which future bonuses will be added, 


assuming the premium now due has not been paid and the bonus now due 
has not been declared. 


(b) Calculate the revised sum insured, to which future bonuses will be added, 


assuming the premium now due has been paid and the bonus now due has 
been declared to be 1.6%. 


Solution 7.15 (a) Before the declaration of the bonus now due, the sum 


(b 


wm 


insured for the original policy is 
200000 x 1.016'° = 234 405. 
Hence, the policy value for the original policy, 10V, is given by 
10V = 234 405440; — Paso 


where P = 1500 and the subscript j indicates that the rate of interest to be 
used is j = 0.0375 since 1.05/1.012 = 1.0375. Let S denote the revised 
sum insured. Then, using equation (7.21) 


10V — 1000 = SA P => S = $76 039. 


40:201; — * “40: 20] 


A point to note here is that the life was select at the time the policy was 
purchased, ten years ago. No further health checks are carried out at the 
time of a policy alteration and so the policyholder is now assumed to be 
subject to the ultimate part of the survival model. 

Let 194V denote the policy value just after the premium has been paid 
and the bonus has been declared at time 10. The term Ayo; used in the 
calculation of 19V assumed the bonus to be declared at time 10 would be 
1.2%, so that the sum insured in the 11th year would be 234 405 x 1.012, in 
the 12th year would be 234 405 x 1.0122, and so on. Given that the bonus 
declared at time 10 is 1.6%, these sums insured are now 234405 x 1.016 
(this value is known) and 234405 x 1.016 x 1.012 (this is an assumed 
value since it assumes the bonus declared at the start of the 12th year will 
be 1.2%). Hence 


104 V = (1.016/1.012) x 234405440; — Pago 
= (1.016/1.012) x 234405440; — Pä4o + P. 
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Let S’ denote the revised sum insured for the endowment policy in this 
case. Equation (7.21) now gives 


10+ V — 1000 = (S'/1.012) A4030} = Pay. 79) 


= (8'/1.012)A 


40:20; P(å10:70) - 1), 


and hence the revised sum insured is S’ = $77 331. 


Note that, in Example 7.15, the sum insured payable in the 11th year is 
S x 1.016 = $149 295 in part (a) and $149381 in part (b). The difference 
between these values is not due to rounding — the timing of the request for 
the alteration has made a (small) difference to the sum insured offered by the 
insurer for the endowment insurance. This is caused partly by the charge of 
$1000 for making the alteration and partly by the fact that the bonus rate in 
the 11th year is not as assumed in the policy value basis. In Example 7.15 we 
would have S’ = S x 1.012 if there were no charge for making the alteration 
and the bonus rate declared in the | 1th year were the same as the rate assumed 
in the reserve basis (and the full policy value is still used in the calculation of 
the revised benefit). 


7.6 Retrospective policy values 
7.6.1 Prospective and retrospective valuation 


Our definition of a policy value is based on the future loss random variable. As 
noted in Section 7.2.2, what we have called a policy value is called by some 
authors a prospective policy value. Since prospective means looking to the 
future, this name has some merit. We may also define the retrospective policy 
value at duration t, which is, loosely, the accumulated value of past premiums 
received, less the value of the past insurance, for a large group of identical poli- 
cies, assuming the experience follows precisely the assumptions in the policy 
value basis, divided by the expected number of survivors. This is precisely the 
calculation detailed in the final part of Section 7.2.1 in respect of the policy 
studied in Example 7.1, so that the left-hand side of formula (7.3) is a formula 
for the retrospective policy value (at duration 10) for this particular policy. 

The main purpose of policy values is to determine the liability value for 
policies that are in force. That is, the policy value is used to determine the 
capital that the insurer needs to hold such that, together with the expected 
future premiums, the insurer will have sufficient assets to meet the expected 
future liabilities. This fund is what actuaries call the reserve at time ¢ for the 
policy. Since the purpose of the policy value is to assess future needs, it is 
natural to take the prospective approach. 
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The retrospective policy value will be defined more formally below; loosely, 
it measures the value at time ¢ of all the cash flows from time O to time f, 
expressed per surviving policyholder. It is connected to the asset share, which 
tracks the accumulated contribution of each surviving policy to the insurer’s 
funds. The difference between the retrospective policy value and the asset 
share is that, by definition, the asset share at time ¢ uses the actual experience 
up to time t. The asset share at time t cannot be calculated until time ¢. The 
retrospective policy value can use any basis, and can be calculated at any time. 
If the retrospective policy value basis exactly matches the experience, then it 
will be equal to the asset share. 

Intuitively, we interpret the prospective policy value as a measure of the 
funds needed at time f, and the retrospective policy value as a measure of 
the funds expected to be acquired at time t. The reserve must be prospective 
to meet natural requirements that assets should be sufficient to meet future 
liabilities. At time ft, also, we have an exact measure of the asset share at that 
time. It is not clear why the retrospective reserve is necessary, and it is not 
commonly used in any country which uses gross premium policy values for 
setting reserves. 

However, there is one way in which retrospective policy values may be 
useful, and it arises from the fact that, under very specific conditions, the 
prospective and retrospective policy values are equal. That is, let ;V? denote 
the retrospective policy value and let ;V? denote the prospective policy value 
of an n-year insurance policy. There are two conditions for ¿V? to be equal to 
VĒ, in general, namely: 


(1) the premiums for the contract are determined using the equivalence 
principle, and 
(2) the same basis is used for ,V*, ,V? and the equivalence principle premium. 


Now, in most cases, these conditions are very unlikely to be satisfied. 
Policies are very long term, and the basis used to determine the premiums will 
be updated regularly to reflect more up to date information about interest rates, 
expenses and mortality. The valuation assumptions might be quite different to 
the premium basis, as the former are likely to be more regulated to manage 
solvency risk. 

However, there is one circumstance when the conditions may be satisfied, 
and the equality of the prospective and retrospective policy values may be 
useful. This is the case when the insurer uses the net premium policy value 
for determination of the reserves. Recall from Definition 7.2 that under the net 
premium policy value calculation, the premium used is always calculated using 
the valuation basis (regardless of the true or original premium). As the net 
premium is calculated using the equivalence principle, then the retrospective 
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and prospective net premium policy values will be the same. This can be useful 
if the premium or benefit structure is complicated, so that it may be simpler 
to take the accumulated value of past premiums less accumulated value of 
benefits, per surviving policyholder (the retrospective policy value), than to use 
the prospective policy value. It is worth noting that many policies in the USA 
are still valued using net premium policy values, often using a retrospective 
formula. In all other major developed insurance markets, regulators require 
some form of gross premium policy value calculation, and in these countries 
the retrospective approach would be inappropriate. 


7.6.2 Defining the retrospective net premium policy value 


Consider an insurance sold to (x) at time t = 0 with term n (which may be 
oo for a whole life contract). For a policy in force at time t, let L; denote 
the present value at time f¢ of all the future benefits less net premiums, under 
the terms of the contract. The prospective policy value, ,V’, was defined for 
policies in force at time t < n as 


iV? = EJLA. 


If (x) does not survive to time f¢ then L; is undefined. 
The value at issue of all future benefits less premiums payable from time 
t < n onwards is the random variable 


IT; > v Li 


where J is the indicator random variable. 
Further, we define Lo, for t < n, as 


Lo = PV at issue of future benefits payable up to time t 


— PV at issue, of future net premiums payable up to time t. 


If premiums and benefits are paid at discrete intervals, and f¢ is a premium or 
benefit payment date, then the convention is that Lo, would include benefits 
payable at time fr, but not premiums. At issue (time 0) the loss at issue random 
variable, Lo, comprises the value of benefits less premiums up to time t, Loy, 
plus the value of benefits less premiums payable after time t, that is 


Lo = Loy + I(T; > OV Ly. 
We now define the retrospective net premium policy value as 


_ Ello +)! _ -Elkos 
tPx Ex 


P 


and this formula corresponds to the calculation in Section 7.2 for the policy 
from Example 7.1. The term —E[Lo,](1+)! is the expected value of premiums 
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less benefits in the first t years, accumulated to time t. Dividing by ;p, expresses 
the expected accumulation per expected surviving policyholder. 

Recall the conditions listed for equality of the retrospective and prospective 
values: 


(1) the premium is calculated using the equivalence principle, and 
(2) the same basis is used for prospective policy values, retrospective policy 
values and the equivalence principle premium. 


By the equivalence principle, 


E[Lo] = E [Lo +1, > Dv Li] = 0, 
=> —E[Lo,] = E[I(T; > Hv Li] 
=> —E[Los] = Px Y! V” 
=> V =V”. 


The same result could easily be derived for gross premium policy values, 
but the assumptions listed are very unlikely to hold when expenses and gross 
premiums are taken into consideration. 


Example 7.16 An insurer issues a whole life insurance policy to a life aged 40. 
The death benefit in the first five years of the contract is $5 000. In subsequent 
years, the death benefit is $100000. The death benefit is payable at the end 
of the year of death. Premiums are paid annually for a maximum of 20 years. 
Premiums are level for the first five years, then increase by 50%. 


(a) Write down the equation of value for calculating the net premium, using 
standard actuarial functions. 

(b) Write down equations for the net premium policy value at time t = 4 using 
(i) the retrospective policy value approach, and (ii) the prospective policy 
value approach. 

(c) Write down equations for the net premium policy value at time t = 20 
using (i) the retrospective policy value approach, and (ii) the prospective 
policy value approach. 


Solution 7.16 For convenience, we work in units of $1000. 


(a) The equivalence principle premium is P for the first five years, and 1.5 P 
thereafter, where 


1 
p 5A 93] + 100 5E49 Aas 


Ayy.5] + 1.5 5E49 Gigs. 73) 


(1.22) 
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(b) The retrospective and prospective policy value equations at time t = 4 are 


Pa,.~—5A! 
ee A (7.23) 
4E40 


and 


av? = 5AT + 100 1 E44 A45 — P(ä,4:7] + 1.51 E44 ä45:73)) (1.24) 


(c) The retrospective and prospective policy value equations at time t = 20 


are 
ovt- P(å40:3) + 1.5 sE40 G45, 75) — 543 — 100 5E40 Ags. 75) 
20E40 
and 


20V” = 100 Ago. 


From these equations, we see that for this contract, the retrospective policy 
value offers an efficient calculation method at the start of the contract, when 
the premium and benefit changes are ahead, and the prospective approach is 
more efficient at later durations, when the changes are in the past. 


Example 7.17 For Example 7.16 above, show that the prospective and retro- 
spective policy values at time ¢ = 4, given in equations (7.23) and (7.24), are 
equal under the standard assumptions (premium and policy values all use the 
same basis, and the equivalence principle premium). 


Solution 7.17 Note that, assuming all calculations use the same basis, 


1 = 1 1 
Aa = Aag.a t+ 4F404 4.77 


yy. 5] = 40:7) + 4£40 444. Tp 
5E49 = 4E40 1 E44. 


Now we use these to re-write the equivalence principle premium equation 
(7.22), 


P (40.3 + 1.5 5E40 ais. 73)) = 5A o3] FIUO SEa Aas 
>P (Go.a + 4E40 yy. 7) + 1-5 4E40 1E44 äas:1831) 
=š (A 


+ 4E49 A! ) + 100 4E40 1 E44 Aas. 


1 
40: 4] 44:1] 
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Rearranging gives 


Paya = 5A 19.7 = 4E40 A + 100 | E44 A45 


=P (iggy) + 1-5 1Es4 45:75) ) - 


Dividing both sides by 4E49 gives 4VR = 4V” as required. 


7.7 Negative policy values 


In all our examples in this chapter, the policy value was either zero or positive. 
It can happen that a policy value is negative. In fact, negative gross premium 
policy values are not unusual in the first few months of a contract, after the 
initial expenses have been incurred, and before sufficient premium is collected 
to defray these expenses. However, it would be unusual for policy values to be 
negative after the early period of the contract. If we consider the policy value 
equation 


tV = EPV at t of Future Benefits + Expenses — EPV at t of Future Premiums, 


then we can see that, since the future benefits and premiums must both have 
non-negative EPVs, the only way for a negative policy value to arise is if the 
future benefits are worth less than the future premiums. 

In practice, negative policy values would generally be set to zero when 
carrying out a valuation of the insurance company. Allowing them to be entered 
as assets (negative liabilities) ignores the policyholder’s option to lapse the 
contract, in which case the excess premium will not be received. 

Negative policy values arise when a contract is poorly designed, so that 
the value of benefits in early years exceeds the value of premiums, followed 
by a period when the order is reversed. If the policyholder lapses then 
the policyholder will have benefitted from the higher benefits in the early 
years without waiting around to pay for the benefit in the later years. In 
fact, the policyholder may be able to achieve the same benefit at a cheaper 
price by lapsing and buying a new policy. This is called the lapse and 
re-entry option. 


7.8 Deferred acquisition expenses and modified net premium reserves 


The principles of reserve calculation, such as whether to use a gross or 
net premium policy value, and how to determine the appropriate basis, are 
established by insurance regulators. While most jurisdictions use a gross 
premium policy value approach, as mentioned above, the net premium policy 
value is still used in the USA. 
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The use of the net premium approach can offer some advantages, in compu- 
tation, and perhaps in smoothing results, but it can be quite a severe standard 
when there are large initial expenses (called acquisition expenses) incurred by 
the insurer. To reduce the impact, the reserve is not calculated directly as the net 
premium policy value, but can be modified, to approximate a gross premium 
policy value approach, whilst maintaining the advantages of the net premium 
approach. In this section we explain why this approach is used, by considering 
the impact of acquisition expenses on the policy value calculations. 

Let ;V” denote the net premium policy value for a contract which is in force 
t years after issue, and let ,V* denote the gross premium policy value for the 
same contract, using the equivalence premium principle and using the original 
premium interest and mortality basis. Then we have 


1V” = EPV future benefits — EPV future net premiums, 


iVE = EPV future benefits + EPV future expenses 


— EPV future gross premiums, 


and oV” = o V£ = 0. 

Since all the premium and policy valuations are on the same basis, the 
gross premium can be expressed as the net premium plus an amount to cover 
expenses. That is, if the gross premium for a level premium contract is P, 
and the net premium is P”, the difference, P°, say, is the expense loading (or 
expense premium) for the contract. This is the level annual amount paid by 
the policyholder to cover the policy expenses. So 


,V® = EPV future benefits + EPV future expenses 
— (EPV future net premiums + EPV future expense loadings) 
= V” + EPV future expenses — EPV future expense loadings. 
That is 
V8 =V" + ,V° 
where ;V° is the expense policy value, defined as 
:V° = EPV future expenses — EPV future expense loadings. 


What is important about this relationship is that generally, for t > 0, ;V° is 
negative, meaning that the net premium policy value is greater than the gross 
premium policy value, assuming the same interest and mortality assumptions 
for both. This may appear counterintuitive — the reserve which takes expenses 
into consideration is smaller than the reserve which does not — but remember 
that the gross premium approach offsets the higher future outgo with higher 
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future premiums. If expenses were incurred as a level annual amount, and 
assuming premiums are level and payable throughout the policy term, then 
the net premium and gross premium policy values would be the same, as the 
extra expenses valued in the gross premium case would be exactly offset by the 
extra premium. In practice though, expenses are not incurred at a flat rate. The 
acquisition expenses (commission, underwriting and administrative) are large 
relative to the renewal and claims expenses. This results in negative values for 
1V°, in general. 

If expenses were incurred as a level sum at each premium date, then P° 
would equal those incurred expenses (assuming premiums are paid throughout 
the policy term). If expenses are weighted to the start of the contract, as is 
normally the case, then P® will be greater than the renewal expense as it must 
fund both the renewal and initial expenses. We illustrate these ideas with an 
example. 


Example 7.18 An insurer issues a whole life insurance policy to a life aged 
50. The sum insured of $100000 is payable at the end of the year of death. 
Level premiums are payable annually in advance throughout the term of the 
contract. All premiums and policy values are calculated using the Standard 
Select Survival Model, and an interest rate of 5% per year effective. Initial 
expenses are 50% of the gross premium plus $250. Renewal expenses are 3% 
of the gross premium plus $25 at each premium date after the first. 
Calculate 


(a) the expense loading, P°, and 
(b) 10V%, 10V” and joV8. 


Solution 7.18 (a) The expense loading, P°, depends on the gross premium, 
P£, which we calculate first as 


pe _ 1000004730) + 25ätso + 225 _ 61419 99 
= 0.97 tits) — 0.47 E > 


Now P*® can be calculated by finding the EPV of future expenses, and 
calculating the level premium to fund those expenses — that is 


P® G50) = 25 G50) + 225 + 0.03P8 a5) + 0.47 P£. 
Alternatively, we can calculate the net premium, 
P” = 100 000Ajs0)/@s0) = $1110.65, 


and use P? = PE — P”. Either method gives P? = $108.43. 

Compare the expense premium with the incurred expenses. The annual 
renewal expenses, payable at each premium date after the first, are $61.57. 
The rest of the expense loading, $46.86 at each premium date, reimburses 
the acquisition expenses, which total $859.54 at inception. Thus, at any 
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premium date after the first, the value of the future expenses will be smaller 
than the value of the future expense loadings. 
(b) The expense reserve at time t = 10 for an in force contract is 


10V° = 25 den + 0.03P8 Gon — P* doo = —46.86 Gon = —698.42, 
the net premium policy value is 
10V” = 100000 Ago — P” doo = 12 474.94, 
and the gross premium policy value is 
10V = 100000 Ago + 25 doo — 0.97P8 doo = 11 776.52. 
We note that, as expected, the expense reserve is negative, and that 


10V? = 10V” + 10 V°. 


The negative expense reserve is referred to as the deferred acquisition cost, 
or DAC. The use of the net premium reserve can be viewed as being overly 
conservative, as it does not allow for the DAC reimbursement. The idea is that 
an insurer should not be required to hold the full net premium policy value as 
a reserve, when the true future liability value is smaller because of the DAC. 
One solution would be to use a gross premium reserve, but to do so would 
lose some of the numerical advantage offered by the net premium approach, 
including simple formulae for standard contracts, and the ability to use either 
a retrospective or prospective formula to perform the valuation. An alternative 
method, which maintains most of the numerical simplicity of the net premium 
approach, is to modify the net premium method to allow for the DAC, in a 
way that is at least approximately correct. Modified net premium reserves 
use a net premium policy value approach to reserve calculation, but instead 
of assuming a level annual premium, we assume a lower initial premium to 
allow implicitly for the DAC. The most common method of adjusting the net 
premium policy value is the Full Preliminary Term approach. 


7.8.1 Full Preliminary Term reserve 


We describe the full preliminary term (FPT) reserve for a simple contract, to 
illustrate the principles, but the method can be quite easily generalized to more 
complex products. 

Consider a whole life insurance with level annual premiums payable 
throughout the term. Let Pix]}+s denote the net premium for a contract issued to 
a life aged [x] + s, who was select at age x. Let | Pi,j denote the single premium 
required to fund the benefits payable during the first year of the contract (this 
is called the first year Cost of Insurance). Then the FPT reserve for a contract 
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issued to a select life aged x is the net premium policy value assuming that 
the net premium in the first year is ; Pr, and in all subsequent years is Piyj+1. 
This is equivalent to considering the policy as two policies, a one-year term 
insurance, and a separate contract issued to the same life one year later, if the 
life survives. 


Example 7.19 (a) Calculate the premiums  P[s0] and P;50}+1 for the policy in 
Example 7.18. 

(b) Compare the net premium policy value, the gross premium policy value 
and the FPT reserve for the policy in Example 7.18 at durations 0, 1, 2 
and 10. 


Solution 7.19 (a) The modified net premium assumed at time t = 0 is 


= 1 = = 
1P [50] = 100 000A cial = 100 000 v gjs0) = 98.41. 
The modified net premium assumed to be paid at all subsequent premium 
dates is 
100 000 A 
Piso+1 = O E 1173.81. 
a[50]+1 


(b) Let PE = 1219.09 denote the gross premium for the policy. This is the 
gross premium calculated in Example 7.18, payable annually throughout 
the term. At time 0, 


oV” = 100000 Apso) — P{s0} 450) = 0, 


oV® = 100 000 Apso} + 225 + 25 ayso) + 0.47P® — 0.97P8 450] = 0, 
oV??T = 100000 Ajs0) — 1P [50] — Pisoi+1 V Piso] 4tso}41 


= 100000 (A $ + vpiso)Ajsol+1) — 1000004 $ 7 
( 100 000Ațs0]+1 


a[so|+1 


) v P[50) 4[50}+1 
= 0, 
At time 1, 


1V” = 100000 Ajso}4.1 — Piso] aps0j41 = 1063.96, 
1V = 100 000 Ajsoj+1 + 25 asoj4+1 — 0.97P8 äjso}+1 = 274.48, 
ive = 100000 Ajsoj+1 — Prsoj+i asoj+1 = 9. 
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At time 2, 


2V” = 100000 A592 — Piso) äs2 = 2159.63, 
2V8 = 100000 A52 + 25 äs2 — 0.97P® äs2 = 1378.89, 
2VFPT — 100000 As2 — Prsoj41 äs2 = 1107.45. 


At time 10, we know from Example 7.18 that 
10V” = 12474.94 and 10V = 11776.52, 
and we have 


10V"PT = 100000 Ago — Ptsoj+1 Goo = 11 533.70. 


Comments on full preliminary term reserves 

1. The FPT reserve at time t = 0 is always equal to zero, because we are using 
the equivalence principle to determine the modified premium. 

2. The FPT reserve at time t = 1 will also always be equal to zero. This is 
because we effectively start over at time 1, with a new equivalence principle 
premium, with an EPV that is exactly sufficient to meet the EPV of future 
benefits. 

3. We emphasize that the FPT approach, and all other modified net premium 
approaches, use net premium policy values. That means that there is no 
explicit allowance for expenses in the modified premium calculation or in 
the policy value calculation. It also means that premiums must be calculated 
on the policy value basis using the equivalence principle. The only differ- 
ence between the unmodified net premium policy value and the modified net 
premium policy value is that the unmodified one assumes level net premi- 
ums throughout, while the modified one assumes non-level net premiums. 

4. The FPT reserve is intended, very roughly, to approximate the gross 
premium policy value, particularly in the first few years of the contract. 
As the policy matures, the net, gross and modified net premium policy 
values converge (though perhaps not until extremely advanced ages). 

5. The FPT method implicitly assumes that the whole of the first year’s gross 
premium is spent on the cost of insurance and the acquisition expenses. 
In the above example, that assumption overstates the acquisition expenses, 
with the result that the FPT reserve is actually a little lower than the gross 
premium policy value after the first year. 

6. Modifications of the method may be used. For example, a partial 
preliminary term method would assume the first year’s modified premium 
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is greater than the first year’s cost of insurance, resulting in a slightly lower 
modified premium from the second year. 

7. When the premium payment term is limited, the modified net premium 
would assume the same premium payment term as the original policy. 
So the FPT modified policy value would assume, as above, that the first 
year’s premium covers the cost of insurance, and subsequent net premiums 
would be the net premium payable for a policy issued one year later, with a 
premium term ending at the same age as under the original policy. 


7.9 Other reserves 


At the start of this chapter, we discussed policy values, noting that these are 
often the basis for determining the insurer’s reserves, by which we mean the 
funds held by the insurer to meet the costs arising from the current policies. In 
statutory reporting, these reserves are called technical provisions. 

It is worth noting that the use of policy values to determine reserves only 
includes policies that are still in force. In practice there may be other reserves 
included in the technical provisions, and we discuss two of them briefly here. 

The Reported But Not Settled (RBNS) reserve represents the value of 
outstanding claims for policies where the policyholder has died, but the claim 
has not yet been paid. For example, consider a whole life insurance with annual 
premiums, under which the death benefit is payable at the end of the year of 
death. Once the policyholder dies, the policy expires and there is no policy 
value. However, the sum insured will not be paid until the end of the policy 
year. So for each death reported an amount should be transferred into the 
RBNS reserve, ready to be paid out at the appropriate time. 

In practice, while annual premiums are not uncommon, having a death 
benefit payable at the end of the year of death is not realistic. More commonly, 
the death benefit would be paid as soon as possible after the death is reported. 
There will be some checks made on the coverage; for example, were there any 
policy exclusions; were there any outstanding premiums or policy loans; is 
there any evidence that the policyholder gave misleading information — for 
example, with respect to smoking status or hazardous sports; is there any 
uncertainty about who should receive the payment. The checks will be more 
rigorous if the policy has been in force for less than about 3 years. So, as soon 
as a death is reported, a claims manager will assess how detailed the review 
process is likely to be, and the RBNS reserve would be suitably adjusted. 
Normally, the payment of the death benefit would occur, on average, around 
2-4 months after the death is reported, for straightforward cases, and the RBNS 
would then be reduced by the claim amount at that time. 
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The Incurred But Not Reported (IBNR) reserve, as the name implies, 
allows for potential claims arising in respect of policyholders who have died, 
but whose deaths have not yet been recorded by the insurer. IBNR reserves 
will be more significant in countries where infrastructure is less reliable or 
accessible, for example, in microinsurance in developing nations. 

Techniques for RBNS and IBNR reserves have been developed more 
extensively for Property and Casualty insurance, where they represent a much 
more substantial part of the full technical provision. 


7.10 Notes and further reading 


Thiele’s differential equation is named after the Danish actuary Thorvald 
N. Thiele (1838-1910). For information about Thiele, see Hoem (1983) or 
Lauritzen et al. (2002). 

For more information on more efficient methods for solving differential 
equations, see for example Burden et al. (2015) or Shampine (2018). 

Texts such as Neill (1977) and Bowers et al. (1997) contain standard 
actuarial notation for policy values. We do not find the notation useful in 
practice, so it is not covered in this text. 
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Shorter exercises 
Exercise 7.1 For a whole life insurance issued to (40), you are given: 


(i) The death benefit, which is payable at the end of the year of death, is 
$50 000 in the first 20 years, and $100 000 thereafter. 
(ii) Level annual premiums are payable for 20 years or until earlier death. 
(iii) The mortality basis for policy values is the Standard Ultimate Survival 
Model. 
(iv) The interest basis for policy values is 5% per year. 


Calculate the net premium policy value, 10V. 


Exercise 7.2 A fully discrete whole life insurance with sum insured $10 000 
is issued to a select life aged x. The net premium is $134. You are given that 
[x] = 9.00106 and i = 0.045. Calculate ı V”. 


Exercise 7.3 An insurer issues a whole life insurance with sum insured 
$500 000, with premiums payable quarterly, to (70). 


(a) Calculate the net premium policy value at time 10 assuming that the death 
benefit is payable at the end of the quarter year of death. 

(b) Calculate the net premium policy value at time 10 assuming that the death 
benefit is payable 3 months after the death of the policyholder. 
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Basis: 


e Mortality follows the Standard Ultimate Life Table. 
© i= 5%. 
e Uniform distribution of deaths between integer ages. 


Exercise 7.4 An insurer issues a whole life insurance to (70) with sum insured 
$500000 payable at the end of the year of death. Premiums are payable 
annually for a maximum of 15 years. Calculate the Full Preliminary Term 
reserve at the end of the fifth year, assuming mortality follows the Standard 
Ultimate Life Table, with interest at 5% per year. 


Exercise 7.5 A special deferred annuity issued to (30) provides the following 
benefits: 


A whole life annuity of $10000 per year, deferred for 30 years, payable 
monthly in advance. 

The return of all premiums paid, without interest, at the moment of death, 
in the event of death within the first 30 years. 


Premiums are payable continuously for a maximum of 10 years. 


(a) Write down expressions for 
(i) the present value random variable for the benefits, and 
(ii) Lo, the future loss random variable for the contract. 

(b) Write down an expression in terms of annuity and insurance functions for 
the net annual premium rate, P, for this contract. 

(c) Write down an expression for Ls, the net present value of future loss 
random variable for a policy in force at duration 5. 

(d) Write down an expression for 5V, the net premium policy value at time 5 
for the contract, in terms of annuity and insurance functions, and the net 
annual premium rate, P. 


Exercise 7.6 For a fully continuous whole life insurance with sum insured 
$100 000 issued to (70) you are given 


e Mortality follows the Standard Ultimate Survival Model. 

e Renewal expenses of 5% of the premium are payable continuously. 
© i= 5%. 

e The gross premium rate is $4000 per year. 


(a) Calculate 10V, using Woolhouse’s three-term formula for calculating the 
annuity and insurance functions. 
(b) Calculate £,V at t = 10. 


Exercise 7.7 Recalculate the analysis of surplus in Example 7.8 in the order: 
mortality, interest, expenses. Check that the total profit is as before and note 
the small differences from each source. 
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Longer exercises 
Exercise 7.8 You are given the following extract from a select life table with 
four-year select period. A select individual aged 41 purchased a three-year term 
insurance with a sum insured of $200 000, with premiums payable annually 
throughout the term. 


[x] Ix lix]+1 lix]+2 lix]+3 aw 


[40] 100 000 99 899 99 724 99 520 99288 44 
[41] 99 802 99 689 99 502 99 283 99033 45 
[42] 99 597 99 471 99 268 99 030 98752 46 


Assume an effective rate of interest of 6% per year, and no expenses. 


(a) Show that the premium for the term insurance is P = $323.59. 

(b) Calculate the mean and standard deviation of the present value of future 
loss random variable, L4, for the term insurance. 

(c) Calculate the sum insured for a three-year endowment insurance for a 
select life age 41, with the same premium as for the term insurance, 
P = $323.59. 

(d) Calculate the mean and standard deviation of the present value of future 
loss random variable, L;, for the endowment insurance. 

(e) Comment on the differences between the values for the term insurance and 
the endowment insurance. 


Exercise 7.9 A whole life insurance with sum insured $100 000 is issued to a 
select life aged 35. Premiums are payable annually in advance and the death 
benefit is payable at the end of the year of death. 

The premium is calculated using the Standard Select Survival Model, and 
assuming 


Interest: 6% per year effective 

Initial Expenses: 40% of the gross premium plus $125 

Renewal expenses: 5% of gross premiums plus $40, due at the start of each 
policy year from the second onwards 


(a) Calculate the gross premium. 

(b) Calculate the net premium policy value at time t = | using the premium 
basis. 

(c) Calculate the gross premium policy value at time t = | using the premium 
basis. 

(d) Explain why the gross premium policy value is less than the net premium 
policy value. 
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(e) Calculate the asset share per policy at the end of the first year of the 
contract if the experienced mortality rate is given by qj35} = 0.0012, 
the interest rate earned on assets was 10%, and expenses followed the 
premium basis, except that there was an additional initial expense of $25 
per policy. 

(f) Calculate the surplus at the end of the first year per policy issued given 
that the experience follows (e) and assuming the policy value used is as 
calculated in (c) above. 

(g) Analyse the surplus in (f) into components for interest, mortality and 
expenses. 


Exercise 7.10 Consider a whole life insurance policy issued to a select life 
aged x. Premiums of $P per year are payable continuously throughout the 
policy term, and the sum insured of $S is paid immediately on death. 


(a) Show that 


PNA j = 
VIL] = (s + r) (Ata = (Â) ) 


(b) Assume the life is aged 55 at issue, and that premiums are $1200 per year. 
Show that the sum insured on the basis below is $77 566.44. 


Mortality: Standard Select Survival Model 
Interest: 5% per year effective 
Expenses: None 


(c) Calculate the standard deviation of Lj, L5 and Li). Comment briefly on the 
results. 


Exercise 7.11 An insurer issues a fully discrete whole life insurance with sum 
insured $100 000 to (60), under which premiums cease when the policyholder 
reaches age 80. 

You are given the following assumptions for pricing and reserving. 


e Mortality follows the Standard Ultimate Life Table. 

e Commissions are 40% of the first premium, and 10% thereafter. 

e Maintenance expenses are $500 at issue and $50 at the beginning of each 
subsequent year, while the policy is in force. 

e i= 0.05. 


(a) (i) Calculate the gross premium using the equivalence principle. 
(ii) Calculate the gross premium policy value at the end of the second 
policy year. 
(b) The insurer holds reserves on a modified net premium policy value basis 
defined by these rules: 
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e The net premium payment term is the same as the gross premium 
payment term. 

e The first year modified net premium is 50% of the renewal modified net 
premium. 

e Renewal modified net premiums are level. 


(i) Calculate the first year modified net premium using this method. 

(ii) Calculate the modified net premium policy value at the end of the 
second policy year. 

(c) (i) Calculate the first year modified net premium using the Full Prelimi- 

nary Term (FPT) method. 

(ii) Without further calculation, state with reasons whether the FPT 
reserve at the end of the second policy year will be higher, lower, or 
the same as the modified net premium policy value in part (b). 


(Copyright 2018. The Society of Actuaries, Schaumburg, Illinois. Reproduced 
with permission.) 


Exercise 7.12 For an n-year endowment policy, level monthly premiums are 
payable throughout the term of the contract, and the sum insured is payable at 
the end of the month of death. 

Derive the following formula for the net premium policy value at time t 
years, where t is a premium date: 


ex (12) 


a 
[x]+t:n—t] 
tV = S 1 = = 
am 


Exercise 7.13 A 10-year endowment insurance is issued to a life aged 40. The 
sum insured is payable at the end of the year of death or on survival to the 
maturity date. The sum insured is $20 000 on death, $10 000 on survival to age 
50. Premiums are payable annually in advance. 


(a) The premium basis is: 


Expenses: 5% of each gross premium including the first 
Interest: 5% per year effective 
Survival model: Standard Select Survival Model 


Show that the gross premium is $807.71. 

(b) Calculate the policy value on the premium basis just before the fifth 
premium is due. 

(c) Just before the fifth premium is due the policyholder requests that all future 
premiums, including the fifth, be reduced to one half their original amount. 
The insurer calculates the revised sum insured — the maturity benefit still 
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being half of the death benefit — using the policy value in part (b) with no 
extra charge for making the change. 
Calculate the revised death benefit. 


Exercise 7.14 An insurer issues a whole life insurance policy to a life aged 40. 
The death benefit in the first three years of the contract is $1000. In subsequent 
years the death benefit is $50 000. The death benefit is payable at the end of 
the year of death and level premiums are payable annually throughout the term 
of the contract. 

Basis for premiums and policy values: 


Survival model: Standard Select Life Table 
Interest: 5% per year effective 
Expenses: None 


(a) Calculate the premium for the contract. 

(b) Write down the policy value formula for any integer duration t > 3. 

(c) Calculate the policy value at duration t = 3. 

(d) Use the recurrence relation to determine the policy value after two years. 

(e) The insurer issued 1000 of these contracts to identical, independent lives 
aged 40. After two years there are 985 still in force. In the following year 
there were four further deaths in the cohort, and the rate of interest earned 
on assets was 5.5%. Calculate the profit or loss from mortality and interest 
in the year. 


Exercise 7.15 An insurer issued a single premium, 20-year level term insur- 
ance to a select life then aged exactly 60. The benefit is $1. 
Let ;V denote the policy value after t years. 


(a) Suppose the death benefit is payable at the year end. Write down and 


explain a recurrence relation between ;V and ;+1 V fort = 0,1,...,19. 

(b) Suppose the benefit is payable at the end of every h years, where h < 1. 
Write down a recurrence relation between ;V and +V for t = 0,h, 
2h,...,20—h. 


(c) By considering the limit as h — 0, show that Thiele’s differential equation 
for the policy value for a benefit payable continuously is 
d 1V 
ar ~ ([60]+1 + ô) V — Hjsoj+ for 0 < t< 20 
where 6 is the force of interest, and state any boundary conditions. 
(d) Show that 


=A ! 
V = A coi 057 
is the solution to the differential equation in part (c). 
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Exercise 7.16 An insurer issues identical deferred annuity policies to 100 
independent lives aged 60 at issue. The deferred period is 10 years, after which 
the annuity of $10000 per year is paid annually in advance. Level premiums 
are payable annually throughout the deferred period. The death benefit during 
deferment is $50 000, payable at the end of the year of death. 

The basis for premiums and policy values is: 


Survival model: Standard Ultimate Life Table 
Interest: 5% per year effective 
Expenses: None 


(a) Calculate the premium for each contract. 

(b) Write down the recursive relationship for the policy values, during and 
after the deferred period. 

(c) Calculate the death strain at risk in the second year of the contract, for each 
contract still in force at the start of the year. 

(d) Calculate the death strain at risk in the 13th year of the contract, per 
contract in force at the start of the year. 

(e) One year after the issue date, 98 policies remain in force. In the second 
year, two lives die. Calculate the total mortality profit in the second year, 
assuming all other experience follows the assumptions in the premium 
basis. 

(f) Twelve years after the issue date 80 lives survive; in the 13th year there 
are four deaths. Calculate the total mortality profit in the 13th year. 


Exercise 7.17 An insurer issues a deferred annuity with a single premium to 
(x). The annuity is payable continuously at a level rate of $50000 per year 
after the 20-year deferred period, if the policyholder survives. On death during 
the deferred period, the single premium is returned at the time of death with 
interest at rate i per year effective. 


(a) Write down an equation for the prospective net premium policy value (i) 
during the deferred period and (ii) after the deferred period, using standard 
actuarial functions. Assume an interest rate of i per year effective, the same 
as the accumulation rate for the return of premium benefit. 

(b) Repeat part (a) for the retrospective net premium policy value. 

(c) Show that the retrospective and prospective policy values are equal. 


Exercise 7.18 An insurer issues a 20-year term insurance policy to (40). The 
sum insured is $600 000 for the first five years, and $300 000 for the remainder 
of the term. The gross premium is level for five years, and then reduces to 50% 
of the original value for the remainder of the term. Premiums are payable annu- 
ally in advance and death benefits are payable at the end of the year of death. 
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The insurer calculates premiums and policy values using the following basis 
for mortality and expenses: 


Initial Expenses: 50% of the first premium plus $200 
Renewal Expenses: 10% of all premiums after the first 
Mortality: Standard Select Survival Model 


Gross premiums are calculated using an interest rate of 5% per year. 
All policy values are calculated using an interest rate of 4.5% per year. You 
are given that, at 4.5% per year interest: 


1 PEER 1 _ 
A so.) = 0.002573, A 401:7 = 0.015400. 


(a) Show that the gross premium in the first year is $710 to the nearest 10. 
(b) Calculate the gross premium policy values at times tf = 0, 1,2 and 19. 
(c) Calculate the net premium policy values at times ¢ = 0, 1,2 and 19. 
(d) (i) Calculate a [40]+1:7 [40]+1: T9 at i = 4.5%. 


(ii) Calculate the Full Preliminary Term (FPT) modified premium in the 
second year. Assume that the modified net premium for the final 15 
years is 50% of the value for the second to fifth years. 

Gii) Calculate the FPT policy values at times t = 0, 1,2 and 19. 

(e) Explain briefly the rationale for the FPT approach. Does this example 
support the use of the FPT policy value? Justify your answer. 


q and a 


Exercise 7.19 Consider a whole life insurance policy issued to (40), with 
premiums of $70 per month, and sum insured $100 000 payable at the end 
of the month of death. At the end of the 15th policy year the policyholder is 
considering surrendering her policy. 

The cash value for the policy is the policy value on the following basis: 


Interest: 5% per year effective 
Renewal expenses: 5% of premiums, and 

$5 per month at the start of each month 
Surrender charge: $500 (deducted from the policy value) 
Mortality: Standard Ultimate Life Table 


(a) Calculate the cash value at time 15 years. 

(b) Calculate the probability that Z;5 is less than the cash value, assuming the 
policy is not altered or surrendered. Assume UDD between integer ages in 
the life table. 
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(c) Calculate the paid-up sum insured based on the cash value. Assume that 
the $5 per month maintenance expense continues under the paid-up policy. 

(d) The policyholder proposes converting the policy to a term insurance, 

maturing at age 65. Assume the revised benefit would be payable at the end 

of the month of death and that the policyholder continues paying premiums 
until the end of the contract. Calculate the revised sum insured based on 
the cash value. 

Explain briefly why the insurer might not offer the term insurance conver- 

sion. 

(f) The insurer values the liabilities for the whole life portfolio using the 
same assumptions, except with an interest rate of 4%. Explain briefly 
why the cash value interest rate is significantly higher than the valuation 
interest rate. 


(e 


wm 


Excel-based exercises 
Exercise 7.20 An insurer issues a 20-year term insurance policy to (35). The 
sum insured of $100000 is payable at the end of the year of death, and 
premiums are payable annually throughout the term of the contract. The basis 
for calculating premiums and policy values is: 


Survival model: Standard Select Survival Model 
Interest: 5% per year effective 
Expenses: Initial: $200 plus 15% of the first premium 


Renewal: 4% of each premium after the first 


(a) Show that the premium is $91.37 per year. 
(b) Show that the policy value immediately after the first premium payment is 


o4 V = —$122.33. 


(c) Explain briefly why the policy value in part (b) is negative. 

(d) Calculate the policy values at each year end for the contract, just before 
and just after the premium and related expenses incurred at that time, and 
plot them on a graph. At what duration does the policy value first become 
strictly positive? 

Suppose now that the insurer issues a large number, N say, of identical 
contracts to independent lives, all aged 35 and all with sum insured 
$100 000. Show that if the experience exactly matches the premium/policy 
value basis, then the accumulated value at (integer) time k of all premiums 
less claims and expenses paid out up to time k, expressed per surviving 


(e 


eer 


policyholder, is exactly equal to the policy value at time k. 
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Exercise 7.21 Consider a 20-year endowment policy issued to (40), with 
premiums, P per year payable continuously, and sum insured of $200 000 
payable immediately on death. Premiums and policy values are calculated 


assuming: 

Survival model: Standard Select Survival Model 
Interest: 5% per year effective 
Expenses: None 


(a) Show that the premium, P, is $6020.40 per year. 

(b) Show that the policy value at duration t = 4, 4V, is $26 131.42. 

(c) Assume that the insurer decides to change the valuation basis at tf = 4 
to Makeham’s mortality with A = 0.0004, with B = 2.7 x 1076 and 
c = 1.124 as before. Calculate the revised policy value at t = 4 (using the 
premium calculated in part (a)). 

(d) Explain why the policy value does not change very much. 

(e) Now assume again that A = 0.00022 but that the interest assumption 
changes from 5% per year to 4% per year. Calculate the revised value 
of 4V. 

(f) Explain why the policy value has changed considerably. 

(g) A colleague has proposed that policyholders wishing to alter their con- 
tracts to paid-up status should be offered a sum insured reduced in 
proportion to the number of premiums paid. That is, the paid up sum 
insured after k years of premiums have been paid, out of the original total 
of 20 years, should be S x k/20, where S is the original sum insured. This 
is called the proportionate paid-up sum insured. 

Calculate the EPV of the proportionate paid-up sum insured at each year 
end, and compare these graphically with the policy values at each year 
end, assuming the original basis above is used for each. Explain briefly 
whether you would recommend the proportionate paid-up sum insured for 
this contract. 


Exercise 7.22 A life aged 50 buys a participating whole life insurance policy 

with sum insured $10000. The sum insured is payable at the end of the year 

of death. The premium is payable annually in advance. Profits are distributed 

through cash dividends paid at each year end to policies in force at that time. 
The premium basis is: 


Initial expenses: 22% of the annual gross premium plus $100 
Renewal expenses: 5% of the gross premium plus $10 

Interest: 4.5% 

Survival model: Standard Select Survival Model 
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(a) Show that the annual premium, calculated with no allowance for future 
bonuses, is $144.63 per year. 

(b) Calculate the policy value at each year end for this contract using the 
premium basis. 

(c) Assume the insurer earns interest of 5.5% each year. Calculate the dividend 
payable each year assuming 

(i) the policy is still in force at the end of the year, 

(ii) experience other than interest exactly follows the premium basis, and 
(iii) that 90% of the profit is distributed as cash dividends to policyholders. 

(d) Calculate the expected present value of the profit to the insurer per policy 
issued, using the same assumptions as in (c). 

(e) What would be a reasonable surrender benefit for lives surrendering their 
contracts at the end of the first year? 


Exercise 7.23 A 20-year endowment insurance issued to a life aged 40 has 
level premiums payable continuously throughout the term. The sum insured 
on survival is $60 000. The sum insured payable immediately on death within 
the term is $20000 if death occurs within the first 10 years and ;V if death 
occurs after t years, 10 < t < 20, where ;V is the policy value calculated on 
the premium basis. 

Premium basis: 


Survival model: Standard Select Survival Model 
Interest: ôr = 0.06 — 0.001t per year 
Expenses: None 


(a) Write down Thiele’s differential equation for ;V, separately for 0 < t < 10 
and 10 < t < 20, and give any relevant boundary conditions. 

(b) Determine the equivalence principle premium rate P by solving Thiele’s 
differential equation using Euler’s method, with a time step h = 0.05. 

(c) Plot the graph of ;V for 0 < t < 20. 


Exercise 7.24 Consider Example 7.1. Calculate the policy values at intervals 
of h = 0.1 years from tf = 0 to t = 2. 


Answers to selected exercises 


7.1 $11 149.02 

7.2 129.57 

7.3 (a) $148799 (b) $147 895 

7.4 $80598.09 

7.6 (a) 30205.74 (b) 3088.25 

7.7 —$26 504.04, $51011.26, —$5 588.00 
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7.8 (b) $116.68, $11663.78 (c) $1090.26 (d) $342.15, $15.73 
7.9 (a) $469.81 (b) $381.39 (c) $132.91 (e) $25.10 (f) —$107.67 

(g) $6.28, —$86.45, —$27.50 

7.10 (c) $14540.32, $16240.72, $17619.98 

7.11 (a(i) $2787.23 (ii) $3153.24 (b)(i) $1221.55 (ii) $3191.66 
(c)(i) $323.65 

7.13 (b) $3429.68 (c) $14565.95 

7.14 (a) 323.83 (c) 1071.41 (d) 696.52 
(e) 5268.06 (profit), 5025.21 (interest), 242.85 (mortality) 

7.16 (a) $9001 (c) 30887 (d)—110081 (e) —50297 (f) 325130 

7.18 (b) $96.93, —$6.95, $338.85, $555.40 (c) $0, $353.08, $670.50 
$576.81 (d)(i) 3.7458, 13.0650 (ii) $638.47 (iii) $0, $0, $345.25, 
$555.81 

7.19 (a) $12048 (b) 0.642291 (c)$46189 (d) $705 374 

7.20 (d) Selected values: 
4V = —$32.53, 4+V = $55.18; 13V = $238.95, 13+ V = $326.67 
The policy value first becomes positive at duration 3+. 

7.21 (c) $26348.41 (e) $36575.95 

7.22 (b) Selected values: 5V = $509.93, 10V = $1241.77 
(c) Selected values: Dividend at t = 5: $4.55, Dividend at t = 10: 
$10.96 (d) $29.26 (e) $0 

7.23 (b) $1810.73 
(c) Selected values: 5V = $10400.92, oV = $23821.21, 15V = 
$40 387.35 

7.24 Selected values: 95V = $15256, 1V = $15369, 15V = $30962, 
2V = $31415 


8 
Multiple state models 


8.1 Summary 


In this chapter we reformulate the survival model introduced in Chapter 2 as 
an example of a multiple state model. We then introduce several other multiple 
state models which are useful for different types of life insurance policies, for 
example when benefits depend on the policyholder’s health as well as survival, 
or when extra benefits are payable where death is accidental. 

A general definition of a multiple state model, together with assumptions 
and notation, is given in Section 8.3. In Section 8.4 we discuss the derivation 
of formulae for probabilities and in Section 8.5 we consider the numerical 
evaluation of these probabilities. We then extend ideas from earlier chapters, 
first by introducing functions to value annuity and insurance benefits in 
Section 8.6, then we consider premium calculation in Section 8.7 and policy 
values in Section 8.8. 

The general results in this chapter are derived for continuous-time transi- 
tions, for example, from healthy to disabled. In Section 8.10 we consider the 
discrete time model, where the states are observed at discrete intervals. 

In Section 8.9 we show how multiple state models can be applied to specific 
long-term health contracts, including disability income insurance, critical 
illness insurance and funding of continuing care retirement communities. 


8.2 Examples of multiple state models 


Multiple state models are one of the most exciting developments in actuarial 
science in recent years. They are a natural tool for many important areas of 
practical interest to actuaries. They are intuitive, and easy to work with using 
some straightforward but powerful numerical techniques. They also simplify 
and provide a sound foundation for pricing and valuing complex insurance 
contracts. In this section we illustrate some of the applications of multiple state 
models, using four examples which are common in current actuarial practice, 
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Alive Dead 
0 1 


Figure 8.1 The alive—dead model. 


and which offer some insight into the different levels of complexity that can be 
incorporated. In Section 8.9 we consider some further, more complex examples 
used in long-term health insurance and related contracts. 


8.2.1 The alive—dead model 


So far, we have modelled the uncertainty over the duration of an individual’s 
future lifetime by regarding the future lifetime as a random variable, Ty, 
for an individual currently aged x. The cumulative distribution function of 
Tx is Pr[Ty < t] = Fy() = tqx, and the survival function is Pr[7). > t] = 
S,(t) = ;px. This is a probabilistic model in the sense that for an individual 
aged x we have a single random variable, Ty, whose distribution is assumed to 
be known, and for which all associated probabilities can be determined. 

We can represent this model diagrammatically as shown in Figure 8.1. 
Our individual is, at any time, in one of two states, ‘Alive’ and ‘Dead’. For 
convenience we label these states ‘0’ and ‘1’, respectively. Transition from 
State 0 to State 1 is allowed, as indicated by the direction of the arrow, but 
transitions in the opposite direction cannot occur. This is an example of a 
multiple state model with two states. 

We can use this multiple state model to reformulate our survival model as 
follows. Suppose we have a life aged x > 0 at time t = 0. For each t > 0, 
we define a random variable Y(t) which takes one of the two values 0 and 1. 
The event ‘Y(t) = 0’ means that our individual is alive at age x + t, and 
‘Y(t) = l’ means that our individual died before age x + t. The set of random 
variables {Y(t)};+9 is an example of a continuous time stochastic process. 
A continuous time stochastic process is a collection of random variables 
indexed by a continuous time variable. For all t, Y (t) is either 0 or 1, and Ty is 
connected to this model as the time at which Y(f) jumps from 0 to 1, that is 


T; = max{t: Y(t) = O}. 


The alive—dead model represented by Figure 8.1 captures all the life contingent 
information that is necessary for calculating insurance premiums and policy 
values for policies where payments (premiums, benefits and expenses) depend 
only on whether the individual is alive or dead at any given age. We have 
seen examples of these contracts, such as term insurance or deferred annuities, 
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in previous chapters. But there are more complicated forms of insurance 
which require more sophisticated models. We introduce some examples in 
this section, which we will use to illustrate the development of functions for 
calculating premiums and policy values. Further examples are presented in 
Section 8.9. Each of these models consists of a finite set of states with arrows 
indicating possible movements between some, but not necessarily all, pairs 
of states. Each state represents the status of an individual policy. Loosely 
speaking, each model is appropriate for a given insurance policy, in the sense 
that the condition for a payment relating to the policy — for example a premium, 
an annuity payment or a sum insured — is either that the individual is in 
a specified state at that time or that the individual makes an instantaneous 
transfer between a specified pair of states at that time. 


8.2.2 Term insurance with increased benefit on accidental death 


Suppose we are interested in a term insurance policy under which the death 
benefit is $100 000 if death is due to an accident during the policy term and 
$50 000 if it is due to any other cause. The alive—dead model in Figure 8.1 is 
not sufficient for this policy since, when the individual dies — that is, transfers 
from State 0 to State 1 — we do not know whether death was due to an accident, 
and so we do not know the amount of the death benefit to be paid. 

An appropriate model for this policy is shown in Figure 8.2. This model has 
three states, and we can define a continuous time stochastic process, {Y (f) }>0, 
where each random variable Y(t) takes one of the values 0, 1 and 2. Hence, for 
example, the event ‘Y (t) = |’ indicates that the individual, who was aged x at 
time ¢ = 0, has died from an accident before age x + t. 

The model in Figure 8.2 is an extension of the model in Figure 8.1. In both 
cases an individual starts by being alive, that is, starts in State 0, and, at some 
future time, dies. The difference is that we now distinguish between deaths due 
to accident and deaths due to other causes. Notice that it is the benefits provided 


Dead — Accident 
1 


Alive 


Dead — Other Causes 
2 


Figure 8.2 The accidental death model. 
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Healthy Disabled 
|__| 
0 1 
Dead 
2 


Figure 8.3 The permanent disability model. 


by the insurance policy that determine the design of the model. Because the 
benefit is contingent on the cause of death, the model must specify the cause 
of death appropriately. 


8.2.3 The permanent disability model 


Figure 8.3 shows a model appropriate for a policy which provides some or all 
of the following payments: 


(i) an annuity while permanently disabled, 

(ii) a lump sum on becoming permanently disabled, 
(iii) a lump sum on death, and 
(iv) premiums payable while healthy. 


An important feature of this model is that disability is permanent — there is no 
arrow from State | back to State 0. 


8.2.4 The sickness—death model 


In Chapter 1 we described disability income insurance, which pays an income 
benefit during periods of sickness. Figure 8.4 shows the sickness—death model 
which can be used for a policy which provides an annuity during periods of 
sickness, with premiums payable while the person is healthy. It could also be 
used for valuing lump sum payments contingent on becoming sick or on dying. 
The model represented by Figure 8.4 differs from that in Figure 8.3 in only one 
respect: it is possible to transfer from State 1 to State 0, that is, to recover from 
an illness. 

This model illustrates an important general feature of multiple state models 
which was not present for the models in Figures 8.1, 8.2 and 8.3. This feature 
is the possibility of entering one or more states many times. In terms of our 
interpretation of the model, this means that several periods of sickness could 
occur before death, with healthy (premium paying) periods in between. 
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Healthy h Sick 
0 i 1 
Dead 
2 


Figure 8.4 The sickness—death model for disability income insurance. 


Tables of probabilities and actuarial functions for a parameterization of 
this model that we call the Standard Sickness—Death Model are given in 
Appendix D. 


8.3 Assumptions and notation 


The multiple state models introduced above are all extremely useful in an 
insurance context. We study several of these models in detail later in this 
chapter. Before doing so, we need to introduce some assumptions and some 
notation. 

In this section we consider a general multiple state model. We have a 
finite set of m + 1 states labelled 0,1,...,m, with instantaneous transitions 
being possible between selected pairs of states. These states represent different 
conditions for an individual. For each t > 0, the random variable Y(t) takes 
one of the values 0, 1,...,7, and we interpret the event Y(t) = i to mean that 
the individual is in State i at age x + t. The set of random variables {Y(t)};>0 is 
then a continuous time stochastic process. 

The multiple state model will be an appropriate model for an insurance 
policy if the payment of benefits or premiums is dependent on the life being 
in a given state or moving between a given pair of states, as illustrated in the 
examples in the previous section. Note that in these examples there is a natural 
starting state for the policy, which we always label State 0. This is the case for 
all insurance examples based on multiple state models. For example, a policy 
providing an annuity during periods of sickness in return for premiums payable 
while healthy, as described in Section 8.2.4 and illustrated in Figure 8.4, would 
be issued to a person who was healthy at the start of the policy. 


Assumption 8.1 We assume that for any states i and j and any times t and 
t+ s, where s > 0, the conditional probability Pr[Y(t+ s) = j| Y(t) = i] is 
well defined, in the sense that its value does not depend on any information 
about the process before time t. 
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Intuitively, this means that the probabilities of future events for the process 
are completely determined by knowing the current state of the process. In 
particular, these probabilities do not depend on how the process arrived at 
the current state or how long it has been in the current state. This property, 
that probabilities of future events depend on the present but not on the past, is 
known as the Markov property. Using the language of probability theory, we 
are assuming that {Y(t)};+0 is a Markov process. 

Assumption 8.1 was not made explicitly for the models represented by 
Figures 8.1 and 8.2 since it was unnecessary, given our interpretation of these 
models. In each of these two cases, if we know that the process is in State 0 
at time x (so that the individual is alive at age x) then we know the past of 
the process (the individual was alive at all ages before x). Assumption 8.1 is 
more interesting in relation to the models in Figures 8.3 and 8.4. Suppose, 
for example, in the sickness—death model (Figure 8.4) we know that Y(t) = 1, 
which means that the individual is sick at time t. Then Assumption 8.1 says that 
the probability of any future move after time t, either recovery or death, does 
not depend on any further information, such as how long the life has been sick 
up to time ¢, or how many different periods of sickness the life has experienced 
up to time ¢. In practice, we might believe that the probability of recovery in, 
say, the next week would depend on how long the current sickness has already 
lasted. If the current sickness has already lasted for, say, six months then it is 
likely to be a very serious illness and recovery within the next week is possible 
but not likely; if the current sickness has lasted only one day so far, then it 
may well be a trivial illness and recovery within a week could be very likely. 
It is important to understand the limitations of any model and also to bear in 
mind that no model is a perfect representation of reality. Assumption 8.1 can 
be relaxed to allow for some dependency on the process history, but these more 
general (non-Markov) models are beyond the scope of this book. 


Assumption 8.2 We assume that for any positive interval of time h, 
Pr[2 or more transitions within a time period of length h) = o(h). 


Recall that any function of h, say g(h), is said to be o(h) if 


Intuitively, a function is o(h) if, as h converges to 0, the function converges to 
zero faster than A. So, for example, hé is o(h) if and only if k > 1. 
Assumption 8.2 tells us that for a very small time interval ¢ to t + h, the 
probability of two or more transitions is vanishingly small. This assumption is 
unnecessary for the models in Figures 8.1 and 8.2 since in both cases only one 
transition can ever take place. However, it is an assumption we need to make 
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for technical reasons for the models in Figures 8.3 and 8.4. In these cases, 
given our interpretation of the models, it is not unreasonable. 

In Chapter 2 we introduced the standard actuarial notation for what we are 
now calling the alive—dead model, as shown in Figure 8.1; specifically, Px, t4x, 
and jx. For multiple state models with more than two states, or more than 
one possible transition, we need a more flexible notation. We introduce the 
following notation for a general multiple state model. 


Notation For states i and j in a multiple state model and for x, t > 0, we define 


pi =Pr¥at+o =j|Y@ = il, (8.1) 


ip = Pr[Y(x + s) = i for all s e [0,¢]| Ya) = i], (8.2) 


so that pË is the probability that a life currently aged x and currently in State i 
is in State j at age x + t, where j may be equal to i, while pË is the probability 
that a life currently aged x and currently in State i stays in State i continuously 
throughout the period from age x to age x + t. 
We define 
ij 


if ti, wa 
Hz = lim, h for i Æj. (8.3) 


Assumption 8.3 For all states i and j and all ages x > 0, we assume that pË 
is a differentiable function of t. 


Assumption 8.3 is a technical assumption needed to ensure that the mathe- 
matics proceeds smoothly. The first consequence of this assumption is that the 
limit in (8.3) always exists, which means that ul always exists (though it may 
be zero for impossible transitions). Also, the probability of a transition taking 
place in a time interval of length A converges to 0 as h converges to 0. We also 
assume that pË is a bounded and integrable function of x. These assumptions 
are not too restrictive in practice. However, there are some circumstances 
where we need to put aside Assumption 8.3, for example, when transitions 
between states occur at specific ages. This is discussed further in Chapter 9. 
To help interpret the multiple state model notation, we start by comparing it 
with standard actuarial notation, in terms of the alive-dead model (Figure 8.1) 
where we may use either notation. We make the following observations: 


e For the alive—dead model, p% is the same as ;px, and ipo is the same as ;qx. 

e pi° = 0 since backward transitions, ‘Dead’ to ‘Alive’, are not permitted in 
this model. 

° u?! is the same as 4y, the force of mortality at age x. 
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In the general case, with states 0, 1,2,...,m, we refer to wi as the force of 
transition or transition intensity between states i and j at age x. 

An absorbing state is a state from which no exit is possible. For example, 
in the sickness—death model, State 2 (dead) is an absorbing state, but the other 
two states are not. If State i is an absorbing state, then u3 = p? = 0 for 
all j Æi. 

Another way of expressing formula (8.3) is to write for h > 0 


pË =hpi toh) fori Fj. (8.4) 
From this formulation we can say that, for small positive values of h, 
wih!  fori#j. (8.5) 


This is equivalent to formula (2.8) in Chapter 2 for the alive—-dead model and 
will be very useful to us. 


Example 8.1 Explain why, for a general multiple state model, pË is not 
equivalent to ip! . Write down an inequality linking these two probabilities and 
explain why 


pi = pi +o). (8.6) 


Solution 8.1 From formulae (8.1) and (8.2) we can see that pË is the 
probability that the process/individual does not leave State i between ages x 
and x + t, whereas pË is the probability that the process/individual is in State 
i at age x + t, in both cases given that the process was in State i at age x. The 
important distinction is that pË includes the possibility that the process leaves 
State i between ages x and x + t, provided it is back in State i at age x + t. 
For any individual state which either (a) can never be left or (b) can never 
be re-entered once it has been left, these two probabilities are equivalent. This 
applies to all the states in the models illustrated in Figures 8.1, 8.2, 8.3, and 8.4 
except States 0 and 1 in Figure 8.4. 

The following inequality is always true since the left-hand side is the 
probability of an event which is included in the set of events whose probability 
is on the right-hand side 


ii ii 
tPx = tPx- 


The difference between these two probabilities is the probability of those paths 
where the process makes two or more transitions between ages x and x + t so 
that it is back in State i at age x + t. From Assumption 8.2 we know that this 
probability is o(7). This gives us formula (8.6). 
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Example 8.2 Show that, for a general multiple state model and for h > 0, 


m 
we =1—h >> uË + oh). (8.7) 
j=0jži 


Solution 8.2 First note that 1 — pË is the probability that the process does 
leave State i at some time between ages x and x+ h, possibly returning to State 
i before age x + h. If the process leaves State i between ages x and x + h then 
at age x + h it must be in some State j (# i) or be in State i having made at 
least two transitions in the time interval of length h. Using formula (8.4) and 
Assumption 8.2, the sum of these probabilities is 


m 
h > nË + o(h), 


J=0sAi 


which proves (8.7). 


Note that, combining (8.6) and (8.7) we have 
m 
me =1-h Yo uË + o(h). (8.8) 
j=0j+i 


Example 8.3 For the sickness—death model in Figure 8.4, you are given 


00 01l 11 10 
x 10Px 10Px 10Px 10Px 


40 0.93705 0.01953 0.70349 0.23942 
50 0.83930 0.06557 0.81211 0.06057 


(a) Calculate (i) 20p{, (ii) 2049, Gii) 20P{5- 


(b) Given that a healthy life aged 40 dies before age 60, what is the probability 
that she was healthy at age 50? 


Solution 8.3 


(a) (i) 20P 49 is the probability that (40) is healthy in 20 years, given that 
she is healthy now. We need to calculate this from the information on 
transition probabilities from age 40 to 50 and from age 50 to 60. Given 
that (40) is currently healthy, to be healthy at time 20, she must either 
be healthy at time 10, or sick at time 10, and then healthy again at time 
20. So the required probability is 


20P 49 = 10P 40 10P 30 F 10P 40 10P so = 0.78765. 


(ii) 20p Fy is the probability that (40) is healthy in 20 years, given that she 
is sick now. The two possibilities for (40), based on the state at time 
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t = 10 are that she was sick at time 10, and healthy at time 20, or 
she was healthy at time 10, and healthy at time 20. So the required 
probability is 


20P4) = 10P49 10Psy + 10P4p 10Ps9 = 0.24356. 


(iii) 20P 45 is the probability that a healthy life aged 40 dies within 20 years. 
There are three paths to consider. 


Path 1: (40) dies before time 10, given that she is healthy currently. 
The probability of this is 


10P 95 = 1 — 10p 9 — sop), = 0.04342. 


Path 2: (40) is healthy at time 10, but dies between time 10 and time 
20. The probability of this is 


1040 10P% = 10P 0 (1 = rop% — 10794) = 0.08914. 


Path 3: (40) is sick at time 10, and dies between time 10 and time 20. 
The probability of this is 


10P 40 10P 56 = 10P 40 (1 = OP so — 10P3)) = 0.00249. 
Hence 


20P 49 = 0.04341 + 0.08912 + 0.00248 = 0.13505. 


(b) We want to find Pr [ (40) is Healthy at age 50|Dead before age 60]. Using 
Bayes’ theorem for the conditional probability, 


Pr [(40) is Healthy at age 50|Dead before age 60] 


_ Pr [(40) is Healthy at age 50 and Dead before age 60] 
7 Pr [(40) is Dead before age 60] 


10P 49 10P $0 _ 0.08914 


= 0.66007. 


8.4 Formulae for probabilities 


In this section we show how to derive formulae for all probabilities in terms 
of the transition intensities, which we assume to be known. This is the same 
approach as we adopted in Chapter 2, where we assumed the force of mortality, 
Hx, was known and derived formula (2.20) for ;p, in terms of x+. 
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The fact that all probabilities can be expressed in terms of the transition 
intensities is important. It tells us that the transition intensities 


uÏ; x> 0; ij=0,1,... mi Ay 


are fundamental quantities which determine everything we need to know about 
a multiple state model. 

The first result generalizes formula (2.20) from Chapter 2, and is valid for 
any multiple state model. It gives a formula for pË in terms of all the transition 
intensities out of State i, 1. 

For any State i in a multiple state model with m + 1 states, satisfying 
Assumptions 8.1 to 8.3, 


t m 
pË = exp -f Xo Hle ds}. (8.9) 
o J=0,jA4i 


We can derive this as follows. For any h > 0, the probability anp is the 
probability that the life stays in State i throughout the time period [0, t + A], 
given that the life was in State i at age x. We can split this event into two 
sub-events: 


e the life stays in State i from age x until (at least) age x + t, given that it was 
in State į at age x, and then 

e the life stays in State i from age x + t until (at least) age x + t + h, given 
that it was in State i at age x + t (note the different conditioning). 


The probabilities of these two sub-events are pË and pp” 4p respectively, and, 
using the rules for conditional probabilities, we have 


t+hPx = Px bP ese: 
Using equation (8.7), this can be rewritten as 
a -> m ae 
H+hPy = Py | 1—h 2 Hey + O(h) 
j=0,jAi 


Rearranging this equation, we get 
h pË = pË T 2 ij o(h) 


h =— Px 
J=0,jAi 
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Dividing by pË, and letting h —> 0 we have 


1 (d z Z 
a (Swi) =- X iis 


pit i 
iPx j=0,jži 
d m 
=> slog pt=— Dy W 
j=0,j4i 


Integrating over (0, t) gives 
log pt — log op =- | D> uty, ds. 
Note that opt = 1, so we have 


log ip! = — f pees 
3 Oji 


=> pË = exp} — 2 (ges 


which proves (8.9). 
We comment on this result after the next example. 


Example 8.4 Consider the model for permanent disability illustrated in 
Figure 8.3. 
(a) Explain why, for x > 0 and t,h > 0, 


rnp? = pe ppt, + pe h ul}, + o(h). (8.10) 


(b) Hence show that 


t t 


d 
a ip’ exp [Beas = p uh exp Jia » (8.11) 
0 0 


and hence that for u > 0, 


u 


„p = / Fa ap tydi, (8.12) 
0 


(c) Give a direct intuitive derivation of formula (8.12). 
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Solution 8.4 (a) To derive (8.10), consider a life who is healthy at age x. The 


(b) 


left-hand side of (8.10) is the probability that this life is alive and disabled 
at age x + t + h. We can write down a formula for this probability by 
conditioning on which state the life was in at age x + t. Either: 


e the life was disabled at age x+ t (probability Py')a and remained disabled 
between ages x + ¢ and x + t + h (probability apy ae) or 

e the life was healthy at age x + t (probability 1p”) and is became 
disabled between ages x + t and x + t + h (probability h p’! 41+ 0(h)). 


Combining the probabilities of these events gives (8.10). Note that the 
probability of the life being healthy at age x + t, becoming disabled 
before age x + t + h and then dying before age x + t + h is o(h) since 
this involves two transitions in a time interval of length h. 

Using equation (8.7), we can rewrite equation (8.10) as 


np! = phd huh) + pP huh, +o. (8.13) 
Rearranging, dividing by h and letting h — 0 gives 


d 00 01 
dt — po F p”! uoc Px My+t 


t 
Multiplying all terms in this equation by exp | f ui, a , we have 
0 


t t 
d 01 12 00,01 12 
dt tPy exp [a ds = (Px Myst exp ice ds 
0 0 


Integrating both sides of this equation from t = 0 to t = u, and noting that 
op! = 0, we have 


u u t 


01 12 00,01 12 
uP, &Xp [Baas =| & Ux4t EXP fiksas dt. 
0 0 0 


u 
Finally, dividing both sides by exp f uiis a and noting that, using 
0 


formula (8.9), 


u 


T 
u—tPy44 = EXP - f was > 


t 


we have formula (8.12). 
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Time 0 t t+dt u 
Age x at+t x+t+dt ctu 
L JL & J 
ia 00 01 EEN 
Probability tPx [yy pat u—tPa+t 
Event In State 0 Move to In State 1 


State 1 


Figure 8.5 Time-line diagram for formula (8.12). 


(c) The intuitive derivation of (8.12) is as follows: for the life to move from 


State 0 to State 1 between ages x and x + u, the life must stay in State 0 
until some age x + t, transfer to State 1 between ages x + t and x + t + dt, 
where dt is small, and then stay in State 1 from age x + t + dt to age x + u. 
We illustrate this event sequence using the time-line in Figure 8.5. 

The infinitesimal probability of this path is 


00 01 TI 
tPx Myat u—tPx4 dt, 


where we have written ee instead of Pee since the two are 
equivalent for infinitesimal dt. Since the age at transfer, x + t, can be 
anywhere between x and x + u, the total probability, ue. is the sum (i.e. 
integral) of these probabilities from t = 0 tot = u. 


We make the following comments about formula (8.9) and Example 8.4. 


(1) As we have already noted, formula (8.9) is an extension of formula (2.20), 


which gives the relationship between the survival probability and the force 
of mortality as 


t 


tPx = exp = f usas 
0 


(2) Throughout Example 8.4 we could have replaced pË by pË for i = 0,1, 
since for the disability insurance model, neither State 0 nor State 1 can be 
re-entered once it has been left. 


(3) The intuition behind formula (8.12) can be applied to other models. 


Although the resulting formulae are often not directly used for calculating 
probabilities, they can have other uses as illustrated in Exercise 8.7. For 
example, consider oe for the sickness—death model. We can write 
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t 
Py = / tee (8.14) 
0 


This follows because the life must spend a continuous period in State 1 
immediately prior to time f if the life is in State 1 at time ft; we are 
integrating over all possible times of final transition to State 1 in equation 
(8.14). 

(4) Perhaps the most important point to note about formula (8.9) and 
Example 8.4 is how similar the derivations are in their basic approach. In 
both cases we wrote down an expression for the probability of being in the 
required state at age x + t + h by conditioning on the state occupied at age 
x + t. This led to a formula for the derivative of the required probability 
which we were then able to solve. An obvious question for us is, “Can this 
method be applied to a general multiple state model to derive formulae for 
probabilities?’ The answer is, ‘Yes’, as we demonstrate in the following 
section. 


8.4.1 Kolmogorov’s forward equations 


Let i and j be any two, not necessarily distinct, states in a multiple state model 
which has a total of m + 1 states, numbered 0,1,...,m. For x,t,h > 0, we 
derive the formula 


m 
ij ij ij, „jk ik ki 
rap! = pl-h $ (wid. - tut.) + o(h), (8.15) 
k=0, k£j 
and hence show the main result, that 
d m 
x k kj sik 
a Pt = > (i Ly wii) - (8.16) 
k=0, kj 


Formula (8.16) gives a set of equations for a Markov process known as 
Kolmogorov’s forward equations. 

To derive Kolmogorov’s forward equations, we proceed as we did in 
formula (8.9) and in Example 8.4. We consider the probability of being in 
the required state, j, at age x + t + h, and condition on the state at age x + t: 
either it is already in State j, in which case it needs to stay in j, or possibly 
leave and come back, between ages x + t and x + t + h, or it is in some other 
state, say k, and must transition to State j before age x + t + h. Thus, we have 


m 
ij if Wi ik kj 
t+hP} = 1p} AP yt F > Px hPx+t 
k=0, kj 
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Using formula (8.8), we have 


m 
j . 
Waic lh YY arto 
k=0,kŻj 


and using (8.4), we have 
kj kj 
aP ayt =h Hipi + o(h). 


So, substituting, and collecting all the o(/) terms together, we have 


m m 
ji ij jk ik, Ki 
+P} =p} | 1—h » Wer | + ‘3 pih Hx + o(h) 
k=0, k Aj k=0,kAj 
ij ij m m 
t+hPx — tP. ik kj ij ik o(h) 
= } mimm Pi DY Be tS 
k=0, kAj k=0,kAj 


and letting h — 0 gives 
d m 
M k kj -ok 
—pl= > (ir! Uia put) 
k=0, kéj 


as required. 
We can solve the Kolmogorov forward equations numerically, but we need 
boundary conditions. For any model, we use the facts that, for any state i, 


op =1 
and for any two states į and j where i Æ j, 
op! = 


8.5 Numerical evaluation of probabilities 


In this section we discuss methods for the numerical evaluation of probabilities 
for a multiple state model given that all the transition intensities are known. In 
some cases, the probabilities can be calculated directly from formulae in terms 
of integrals, as the following example shows. 


Example 8.5 Consider the permanent disability model illustrated in 
Figure 8.3. 


(a) Suppose the transition intensities for this model are all constants, as 
follows 


uo! = 0.0279, pw? = 0.0229, u? =p”. 


Calculate L0pen and 10P ¢0° 
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(b) Now suppose the transition intensities for this model are as follows 
po! =a; +brexp{cix}, uË = a + boexp{erx}, u? = u”, 
where 
aj =4x 10+, bı = 3.4674 x 107%, cı = 0.138155, 
ay =5x 10+, by = 7.5858 x 1075, cz = 0.087498. 
Calculate 10p% and 10peh.. 


Solution 8.5 For this model, neither State 0 nor State 1 can be re-entered once 
it has been left, so that pË = pË for i = 0, 1 and for any x, t > 0. 


(a) Using formula (8.9), we have 


t 
poo = p% = exp } — / (0.0279 + 0.0229) ds $ = exp{—0.05087}, 
0 


(8.17) 
giving 
10p 2, = exp{—0.508} = 0.60170. 
Similarly 
10-1Peo41 = exp{—0.0229(10 — 1)}, 
and we can calculate 10P 25 using formula (8.12), integrating over the time 
of transition from State 0 to State 1, as 


10 


Ol 0001 11 
10P60 = | P60 H60+r 10-tP60+r At 
0 
10 


= / exp{—0.05087} x 0.0279 x exp{—0.0229(10 — 1)} dt 


0 
10 


= 0.0279 exp(—0.229} Í exp{—0.02791 dt 
0 


= exp{—0.229}(1 — exp{—0.279}) 
= 0.19363. 
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(b) In this case 


t 


00 ol 02 
P69 = XP ) — fou. + Heo4r) dr 
0 


b b 
= exp {- (a +a)t+ ma (et — 1) + ma = »)| 
1 2 


and 
t 
b 
tpi, = exp į — I Meare Or ¢ = exp |- (t+ ae — »)| 
0 


Hence 10P eo = 0.58395. 
Substituting the expressions for Pep and 10-Pép + and the formula for 
uo + into formula (8.12) and integrating numerically, we obtain 


10Pe¢o = 0.20577. 


Probabilities of the form pit can be evaluated analytically provided the 
sum of the relevant intensities can be integrated analytically. In other cases 
numerical integration can be used. However, the approach used in Example 8.5 
part (b) to calculate a more complicated probability, L0P eo» — that is, deriving an 
integral formula for the probability which can then be integrated numerically — 
is not tractable except in the simplest cases. Broadly speaking, this approach 
works if the model has relatively few states and if none of these states can be 
re-entered once it has been left. These conditions are met by the permanent 
disability model, illustrated in Figure 8.3 and used in Example 8.5, but are 
not met, for example, by the sickness—death model illustrated in Figure 8.4 
since States 0 and 1 can both be re-entered. This means, for example, that on 
is the sum of the probabilities of exactly one transition (0 to 1), plus three 
transitions (0 to 1, then 1 to 0, then 0 to | again), plus five transitions, and so 
on. A probability involving k transitions involves multiple integration with k 
nested integrals. 

However, Euler’s method, introduced in Chapter 7, can be used to evaluate 
probabilities for all models in which we are interested. The key to using 
this method is formula (8.15) and we illustrate it by applying it in the 
following example. 


Example 8.6 Consider the sickness—death model illustrated in Figure 8.4. 
Suppose the transition intensities for this model are as follows 
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yo! = a, + bı exp{c x}, u” ii Fg 
u? = a + bz exp{cox}, pw? =p, 


where a1, b1, C1, a2, b2 and c2 are as in Example 8.5, part (b) (though this is 
a different model). 

Calculate 10P eo and 10P 2h, using formula (8.15) with a step size of h = 1/12 
years. 


Solution 8.6 For this particular model, formula (8.15) gives us the two 
formulae 


00 00 00 / 01 02 01 10 
t+hP60 = tP60 — 2 P60 (n3 1+ H60 :) + hipeo Hooy + OC) 
and 


01 01 ol (12 1 ol 
t+AP60 = Peo — P Peo (ui 1+ 60 ,) +h Poo Heos4 + Oh). 


As in Chapter 7, we choose a small step size h, ignore the o(h) terms and regard 
the resulting approximations as exact formulae. This procedure changes the 
above formulae into 


00 _ „00 00 / 01 02 01 10 
t+hP60 = P60 — h P60 (Car + Mhe) + h P69 M604 
and 
Ol _ 01 o1 (12 10 00 01 
t+1P60 = P60 — 2 P60 (ee + E) +h Poo Hoos: 
By choosing successively t= Q, h, 2h, ..., 10 — h, we can use these for- 
mulae, together with the initial values op% = l and oP eo = 0, to calculate 
Deg AD ey: 2nP eos 2nP eo» and so on until we have a value for LOP eo» as required. 
These calculations are very well suited to a spreadsheet. For a step size of 
h=1/12 years, selected values are shown in Table 8.1. Note that the calcula- 


tions have been carried out using more significant figures than are shown in 
this table. 


The implementation of Euler’s method in this example differs in two 
respects from the implementation in Chapter 7. 


(1) We work forward recursively from initial values for the probabilities rather 
than backwards from the final value of the policy value. This is determined 
by the boundary conditions for the differential equations. 

(2) We have two equations to solve simultaneously rather than a single 
equation. This is a typical feature of applying Euler’s method to 
the calculation of probabilities for multiple state models. In general, 
the number of equations increases with the number of states in the model. 
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Table 8.1 Calculation of op% and LOP eo using a Step size h = 1/12 years. 


~ 


01 02 10 12 00 01 
H60+t M60+t M60+t Heo+t P60 P60 

0.01420 0.01495 0.00142 0.01495 1.00000 0.00000 

0.01436 0.01506 0.00144 0.01506 0.99757 0.00118 


0.01453 0.01517 0.00145 0.01517 0.99512 0.00238 


Ble Se Se S 


0.01469 0.01527 0.00147 0.01527 0.99266 0.00358 


0.01625 0.01628 0.00162 0.01628 0.96977 0.01479 


9 u 0.05473 0.03492 0.00547 0.03492 0.59189 0.20061 
10 0.05535 0.03517 0.00554 0.03517 0.58756 0.20263 


8.6 State-dependent insurance and annuity functions 


So far we have demonstrated that multiple state models are a natural way 
of modelling cash flows that are state-dependent, and we have shown how 
to evaluate probabilities for such models given only the transition intensities 
between pairs of states. The next stage in our study of multiple state models 
is to calculate premiums and policy values for a policy represented by such a 
model and for these we develop actuarial functions analogous to the As and ax 
functions of Chapters 4 and 5. 

We implicitly use the indicator function approach from Section 4.6 — 
that is, we develop expected present values by summing the product of the 
probabilities, amounts and discount functions over all possible payment dates. 
This leads directly to intuitive formulae for the EPVs, but does not give higher 
moments, which are outside the scope of this book. 

There is no standard actuarial notation for insurance and annuity functions 
in the multiple state model framework; the notation used in this chapter 
generalizes International Actuarial Notation, and has become widespread in 
actuarial practice. 


State-dependent insurance benefits 
Insurance benefits are conditional on making a transition into a specified state. 
For example, a death benefit is payable on transition into the dead state; a 
permanent disability insurance policy might pay a sum insured on becoming 
disabled. 
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Suppose a payment of 1 is made immediately on each future transfer into 
State j within n years, given that the life is currently in State i (which may be 
equal to j). Then the EPV of the benefit is 


n m 


Ala) Do e"o Hage at (8.18) 
o k=0,kżj 
Note that this benefit does not require the transition to be directly from State i 
to State j, and if there is a possibility of multiple transitions into State j, then it 
values a benefit of 1 paid each time the life transitions into State j. If there is 
no definite term to the policy, then we have the whole life function, A} . 
To derive (8.18), we consider a possible payment in the infinitesimal interval 
(t,t + dt). 


If there is a payment, the amount is 1. 

The discount factor (for sufficiently small dr) is ge, 
The probability that the payment is made is the probability that the life 
transfers into State j in (t,t + dt), given that the life is in State i at time 0. 

In order to transfer into State j in (t,t + dt), the life must be in some 
State k that is not j immediately before (the probability of two transitions in 
infinitesimal time being negligible), with probability eo then transfer from 
State k to State j during the interval (t,t + dt), with probability (loosely) 
A dt. 


Summing (that is, integrating) over all the possible time intervals gives 
equation (8.18). : : 
If we need to calculate A” a from a set of tables of A!, we can do so provided 
that we know probabilities „pË. The relationship is 
m 
-j a e PEET 
A 5 AË e Y npt Aen (8.19) 
k=0 

We can show this by starting with an integral expression for Al , as follows. 
Letting n —> oo in (8.18) we have 


po m 
of E ph ha 
o k=O, kj 
n m Cc m 
=| ne uladi +f 2o PE uidi 
o k=O, kj 4 k=0, kA 


CO 

— Au —ô(n+r) ik kj 

= Ava +f e n+rPy HWx+n+r dr. 
4 . 
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Considering the possible states at time n we can write 


m 


ik iz zk 
n+rPx = ya rPx+n 
z=0 
giving 
00 m m 

fii _ ail —ôn —ôr iz „zk kj 
A= Ava +e / e nPx rPx+n Ux+n+r E 

o k=0,kżj z= 


m co m 
— All —ôn iz —ér zk kj 
= Am +e nPx i í rPx+n Mx+n+r dr 
A . 


= +e > pea, 
z=0 
A simple rearrangement and change in the variable of summation yield 
formula (8.19). 
In the case of the alive-dead model, formula (8.19) gives the familiar 
expression 
700 700 —ôn 00 400 
ALS = A, =e " Dx Axin 
which is formula (4.25) written in the notation of multiple state models. 
In the case of the sickness—death model, for the case i = 0 andj = 1, 
formula (8.19) gives 
re = Ao _ en, 700 g! e 8", p! AL (8.20) 


x X-+-n 


The final term on the left-hand side of (8.20) is there because even if (x) is in 
State | at time n, payments can still be made after time n if (x) moves to State 1 
from State 0 after time n and then moves back to State 0 from State 1. (Note 
that multiple such moves are possible.) 

We have assumed above that the benefit payable on transition from State i to 
State j is one. Suppose instead that the benefit on any transition to State j is BY 
in the next n years. Then the argument we used to construct the identity (8.18) 
still holds and the EPV of this new benefit would be 


n m 
ae 
f SB a oP at. (8.21) 
J k=0,kAj 


We make use of this expression in the next section when we discuss continuous 
sojourn annuities. 

If we need a different function, for example, one that only values a payment 
on the first transition into State j, or that only values a benefit if the transition 
is direct from State i to State j, we can derive new functions as we need them, 
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Healthy Disabled 
0 1 
Dead Dead 
2 3 


Figure 8.6 Four-state permanent disability model. 


but we can often solve the problem by re-designing the model. For example, 
consider the permanent disability model, but with a death benefit that is only 
paid if the life does not become disabled. Using the three state model of 
Figure 8.3, we cannot, with our notation, separate the value of a benefit on 
transition from State 0 to State 2 directly, from a benefit on transition through 
State 1 to State 2. However, if we reframe the model as a four-state model, 
as in Figure 8.6, then Av values the death benefit for a currently healthy life, 
conditional on the life not becoming disabled, as required. 


8.6.1 State-dependent annuities 


Suppose we have a life aged x currently in State i of a multiple state model. 
We wish to value an annuity of | per year payable continuously throughout 
(x)’s lifetime, but only while (x) is in some specified State j (which may be 
equal to 7). 

The EPV of the annuity, at force of interest ô per year, is denoted all, and is 
given by 


a= / e™ pË dt. (8.22) 


To derive this, we consider payment in the infinitesimal interval (t, t + dt). 


e If there is a payment, the amount paid in a small interval of length dt is dt, 
based on the payment rate of 1 per year. 

e The discount factor is e7™® (or equivalently v’). 

e The probability that the benefit is paid in this interval is the probability that 
(x) is in State j at time 7, given that (x) is in State 7 at time 0. This probability 
is 1D . 

Summing (that is, integrating) over all the possible time intervals gives 

equation (8.22). 
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State-dependent annuities are often payable for a fixed term. We use al! m 10 
denote the EPV, and a formula is derived similarly to (8.22), but with the upper 
limit of integration set at n years. 

For annuities paid at discrete times, we can use the same principles. For a 
life (x), currently in State 7, the EPV of an annuity of 1 per year, payable at the 
start of each year for a maximum of n years, conditional on the life being in 


State j at the payment date, is 


n—1 


af = op! + vip? + vpt +--+ v" ipl = Do v p. 


Note that if i 4 j then op! = 0. 
The EPVs of annuities payable + thly, denoted a, if payments are 


throughout life, and the EPVs of annuities paid at the end of each time interval, 
= 


„(m)ij 


denoted a. if payments are for at most n years, can be defined and valued 
similarly, sapie the notation of previous chapters. 

In situations where we have a set of tables giving the EPV of a lifetime 
state-dependent annuity, we can use these tables to obtain the EPV of a state- 
dependent n-year term annuity provided that we know probabilities „p¥. Using 
the same ideas that were used to derive formula (8.19) we can show that 

E m 
a ae y a a (8.23) 
k=0 

For example, in the case of the alive-dead model, formula (8.23) gives the 
familiar expression 


-00 -00 _ ôn 00 a% 
a... n| = a, nPy 4 x+n’ 


In the case of the sickness—death model, for the case i = j = 0 formula (8.23) 
gives 


-00 _ 700 _ 00 rue 01 g0 
qa m ay an De avin ~ m p? Ayn’ (8.24) 


Note that the final term on the left-hand side of (8.24) is there because even if 
(x) is in State 1 at time n, payments can still made after time n if (x) moves 
from State | to State 0 after time n. 


Woolhouse’s formula and state-dependent annuities 
The methods of the previous section have been used to produce the continuous 
annuity values given in Table D.8 in Appendix D. In this section we discuss 
how to adapt Woolhouse’s formula to estimate the EPVs of discretely paid 
state-dependent annuities from the EPVs of continuously paid state-dependent 
annuities, or vice versa. 
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Recall from Section 5.11.3 the Euler—Maclaurin numerical integration 
formula 


oo Ag j 
fso dt=h X g(kh) 5300 +7 s (0) 770 g” (0) +--+. (8.25) 
0 k=0 


In Chapter 5, we applied this formula to the function g(t) = px e~*’, so that 
the left-hand side of (8.25) is ay. In this chapter, we apply the formula to the 
function g(t) = pile =t so that the left-hand side of (8.25) is a al . For the right- 
hand side, we ignore terms after the first three (the third aie of g(t) will 
be very small in our applications), and consider the cases i Æ j and i = j. 

First, let h = 1, and consider the case when i Æ j. The first term on the 
right-hand side of the Euler—Maclaurin formula is 


Ya! pi eot= qi 


and (minus) the second term is 
1 F 
> opie % =0 asiXj. 


For the third term we need the derivative of we : 


d. E 
—ô —ô —ô 
dt (ple) =e gP =e 
—ô ik kj ij „—ô 
=e (D otiu- pË uh) -èle i 
kj kj 


using the Kolmogorov forward equation for 4 pi. Setting t = 0, and noting 


that for i Æ jop} = 0, we see that there is only one non-zero term in the 
derivative, that is 


ij = i 
(ip ) My: 
d i t=0 i 
So, for i Æ j 
uË 
all = x all C2. 
t 12 


Now let i = j, and h = 1. The first term on the left-hand side of (8.25) is af, 
as before, and (minus) the second term is 


1 -08 _ 
> opie 
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For the third term, we need the derivative of pe et: 


,d P 
—ô —ô 
z (pre?) =e PT Spk e” 
ae rl. =P > uža) - 5 pee. 


kAi ki 


Setting t = 0 makes the first sum equal to 0 as př = 0 for i Æ k, and hence 


-( Sout +3), 


t=0 kżi 


ge’) 


giving 


Gags sa Lal s). 


kAi 


For discrete annuities payable 1/mthly, the same method, but with h = 1 


gives 


nË 


aï x any ae Ux for i Æj, 


12m2 
gï x qin —_ 
7 - 2m 12m? does 
Let uÈ = > pe denote the total transition intensity out of State i at 
k#i 


age x. Then, rearranging the formulae above gives the following Woolhouse 
approximations for the discrete annuity EPVs, in terms of the continuous 
annuity EPVs. 


Two-term Woolhouse approximations 


amy wal itj, (8.26) 
+ wea d 

ami x GP g —, (8.27) 
2m 


Three-term Woolhouse approximations 


amü m gü — H i£j, (8.28) 
mMm 


ane x Gil 


(ui? +6). (8.29) 


2m 12m2 
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Table 8.2 Standard Sickness—Death Model, EPVs of annual, quarterly and 
monthly annuities using Woolhouse’s two-term and three-term formulae. 


m=1 m=4 m= 12 


Exact 2-term 3-term Exact 2-term 3-term Exact 2-term 3-term 


ao 12.2496 12.2446 12.2495 11.8700 11.8696 11.8699 11.7863 11.7863 11.7863 


oo 1.9619 1.9622 1.9619 1.9622 1.9622 1.9622 1.9622 1.9622 1.9622 


akmil 12.8978 12.8918 12.8977 12.5172 12.5168 12.5172 12.4335 12.4335 12.4335 


agmi 06657 0.6668 0.6657 0.6668 0.6668 0.6667 0.6668 0.6668 0.6668 


The formulae for approximating 1/mthly annuity EPVs from annual annuity 
EPVs are 


auga Tl fori#j 
ay Say + 12m2 My ori F j, 
2 
(mii ~~ ii M L -m=i i 
a’ Xa, ô). 
* * 2m 12m2 (ux i ) 


In Table 8.2 we show annuity EPVs for the Standard Sickness—Death Model 
when i = 0.05, where the approximations are derived from the continuously 
paid annuity EPVs given in the tables in Appendix D. For the ‘exact’ columns 
we have used a more advanced technique than Euler’s method to calculate 
probabilities Dey used to calculate ayo ’ We note that the three-term formula 
is very accurate, but the two-term version is sufficient for most purposes. 


Continuous sojourn annuites 
A continuous sojourn annuity is an aunty payable for the duration of a 
single stay in a given state. We define a” vm t be the EPV of a continuous 
payment of | per year paid to a life currently aged x and currently in State i, 
where the payment continues as long as the life remains in State 7, or until the 
expiry of the n year term if earlier. The annuity ceases if the life leaves State i, 
even if the life subsequently returns to it. We have 


n 


i= fa pie "dt. (8.30) 
0 


The continuous sojourn annuity can be used for an alternative cape a of 
the EPV of the state-dependent annuity, @. Consider, for example, al L for 
the sickness—death model. Instead of integrating over all the possible payment 
times, we can integrate over each possible transition time into State 1 (which 
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in this model can only occur from State 0). Suppose the life transitions into 
State 1 in the infinitesimal interval (t,t + dt), for which the probability is 
(loosely) p% u, dt. Then the EPV at time f of a payment of 1 m year, 
payable continuously until the life transitions out of State 1 is all 4n this is 
discounted back to time 0 with the discount factor e~*'. Integrating over all 


the infinitesimal intervals, we have 
CO 
-01 00,01 
ay aje iPx Hx+t aladi: (8.31) 
0 


An alternative way of thinking about formula (8.31) is by considering for- 
mula (8.21) which gives the EPV of a benefit of BY : , payable at time ¢ on any 
transition to State j for a life in State i at time 0. In the context of our sickness— 
death model, and with an infinite term, formula (8.21) would give the EPV of 
a benefit of B® payable on any transition to State 1 for a life in State O at 
time 0 as 


[0,6] 
/ Bee p% pe! dt. (8.32) 
0 


In (8.32), the benefit on transition to State 1 is a lump sum, but if we replace 
the lump sum benefit ys a continuous sojourn annuity at rate | per year, then 
that annuity has EPV a all +o and replacing BC ) by this in (8.32) yields (8.31). 
So, although (8.31) gives a state-dependent annuity EPV, we can also think of 
it as giving the EPV of state-dependent insurance benefits, where the benefits 
are in the form of continuous sojourn annuities. This is an important idea which 
we meet again in Chapter 10 under reversionary annuities. 

When i Æ j, the general form for &¥ using continuous sojourn annuity 
EPVs is 


[0,6] 


m 
2 / SO pit ul, ai, eat (8.33) 
o kA, k=0 


y 
x 


a! 
For the case i = j, we have 
m 
qi -ii + -ii e ot dt 
= a, pie ae aryr E à 


9 k#i,k=0 


As we show in Section 8.9.1, this formulation can prove useful in practice. 
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8.7 Premiums 


We assume that premiums are calculated using the equivalence principle and 
that lives are in State O at the policy inception date. Then premiums are 
calculated by solving the equation of value, using the appropriate annuity and 
insurance functions. 


Example 8.7 An insurer issues a 10-year disability income insurance policy 
to a healthy life aged 60. Calculate the annual premium for the following two 
policy designs. 


(a) Premiums are payable continuously while in the healthy state. A benefit 
of $20000 per year is payable continuously while in the disabled state. 
A death benefit of $50 000 is payable immediately on death. 

(b) Premiums are payable monthly in advance, conditional on the life being 
in the healthy state at the premium date. The sickness benefit of $20 000 
per year is payable monthly in arrear, if the life is in the sick state at the 
payment date. A death benefit of $50 000 is payable immediately on death. 


Basis: Use the Standard Sickness—Death Model in Appendix D.3, and Wool- 
house’s two-term formula. Assume interest is at 5% per year, and that there are 
no expenses. 


Solution 8.7 (a) Letting P denote the total premium per year, the premium 
equation of value is 


+50000A° 


-00 01 
P 20 000 a 60:10) 


60:10] ~ 60:10] 


We can find a from equation (8.24) as 


0:10] 


-00 -00 10, 00 =00 10, O01 -10 
60:10] = 469 — V 10P60 470 — V 10P 60 470 = 9.5885. 


Similarly, using equation (8.23) we have 


-01 _ -01__ 10.00 -01 Ol =11 
460.10) 7 460 TY 10P60 470 — vop% al} = 0.6476. 


Finally, we value the term death benefit using equation (8.19) as 


Ay = = Ag = 10 op% AN = v” opg) A Al = = 0.16382. 


Substituting into the premium equation of value gives P = $3 209 per year. 
(b) As premiums and sickness benefits are payable monthly, the premium 
equation of value is 


-(12)00 (12)01 
Pa @ cag = = 20 000 a a0) + 50000407 oot 
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where P is the total premium in the year. We find La from 
C20 _ aga v, -(12)00 10 -(12)10 
“60:01 ~ 10P 69 ëz — V"? 10P6 449” 


and using the two-term Woolhouse formula, we have 
g0 ~ (z0, 1 10 „00 (-00 , 1 10. 01 -10 
460.701 ~ (ag + i) =V 10P60 (a9 + 2) =V 10P60 470 
-00 1 10 00 
= 460.70) + 75 (1 =y 107%) 
~ 6.5885 + 34 (1 — 0.36286) 
= 6.6150. 
To find oe. we first find a” then make an adjustment to obtain 
60:10] ’ 60:10] 


a020 
60:10] ` 


Proceeding as above, we have 


gao gaol 10. 00 »(12)01 10 -(12)11 
aoo = = v iopo 459 — V" 10P60 449 


~ -01 10 00-01. 10. 01 f-11, 1 
~X ago ~Y  10P60470 7Y  10P60 (a T zi) 
_ -01 1.10 01 

= 40-10] 24” = 10P60 


= 0.6476 — 34 (0. 12027) 


= 0.6426. 
Then, as opl} = = 0, 
(12)01 _ (12)01 
46040) = “60-10 +5 0 op% = = 0.6426 + DO. 12027) = 0.6526. 


As the EPV of the death benefit is unchanged from part (a), we find that 
P = $3211. 


8.8 Policy values 


The definition of the time ¢ policy value for a policy modelled using a multiple 
state model is exactly as in Chapter 7 — it is the expected value at time t 
of the future loss random variable — with one additional requirement; for a 
policy described by a multiple state model, the future loss random variable 
may depend on which state the policyholder is in at that time. For example, in 
disability income insurance, if a policy is still in force, the policyholder may be 
in State 0 (Healthy) or State 1 (Sick), and the policy value for a policyholder in 
State 0 is different from that for a policyholder in State 1. We therefore define 
state-contingent policy values as follows. 
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The State j policy value at time t, denoted ;V®, is the expected value at 
time ¢ of the future loss random variable for a policy which is in State j at 
time f. 


In other words, 


iV = EPV at t of future benefits + expenses — EPV at ¢ of future 
premiums, given that the insured is in State j at time t. 


State-contingent policy values were not necessary in Chapter 7 since all the 
policies discussed in that chapter are based on the alive—dead model, for which 
the in-force policies are all in State 0. 

As in Chapter 7, a policy value depends numerically on the basis used in its 
calculation, that is 


(a) the model of transitions between states, which may be in terms of transition 
intensities or probabilities, 

(b) the force of interest, 

(c) the assumed expenses. 


To establish some ideas we start by considering a particular example using the 
sickness—death model illustrated in Figure 8.4. 


Example 8.8 Consider a 20-year disability income insurance policy issued to 
a healthy life aged 50. Benefits of $60 000 per year are payable continuously 
while the life is sick; a death benefit of $30000 is payable immediately on 
death. Premiums of $5 000 per year are payable continuously while the life is 
healthy. 

Calculate 19 VO and j9V"), using the Standard Sickness-Death Table 
(Appendix D), with interest at 5% per year. Ignore expenses. 


Solution 8.8 At time 10 the policyholder is aged 60 and the remaining term 
of the policy is 10 years. For a policyholder in State 0 at time 10, the EPV of 
future benefits minus the EPV of future premiums is 


10V = 60000 a org + 30 000A" — 50004% 


60:10] 60:10] 
= 60 000(0.6476) + 30 000(0.16382) — 5000(6.5885) = 10 829. 
For a policyholder in State 1 at time 10, we have 
Oh ae 11 12 
10V = 6000045, 5 + 30 000A 65:70 — 50004675 
= 60 000(6.9476) + 30000(0.21143) — 5000(0.0670) = 422 862. 
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Note that we must allow for the EPV of future premiums in i0oV), as there 
is a possibility that the policyholder will move back into State 0 and resume 
paying premiums. 


The above example illustrates why the policy value at duration ¢ depends on 
the state the policyholder is in at that time. If, in this example, the policyholder 
is in State 0 at time 10, then only a relatively modest policy value is required, 
as the life is not expected to spend much time in the Sick state over the next 
10 years. On the other hand, if the policyholder is in State 1, it is very likely 
that benefits at the rate of $60 000 per year will be paid for most of the next 
10 years and no future premiums will be received. In this case, a substantial 
policy value is required. 

In the traditional insurance policy values in Chapter 7, we showed that if 
experience exactly matches assumptions, and if the premium is calculated 
using the equivalence principle, then the expected value at time t of the 
premiums received, minus the cost of insurance in the first t years, is equal to 
the policy value at time t. In the example above, it is clear that this cannot be the 
case for the policy value in State 1, as it is much greater than the accumulated 
premiums, which are only $5 000 per year. However, the premiums are rather 
more than sufficient to pay for the policy value in State 0. In fact, it can be 
shown that the EPV at time 0 of the premiums in the first 10 years, minus the 
EPV of the benefits in the first 10 years, is equal to the EPV at time 0 of the 
policy value at time 10, taking into consideration the probability of the policy 
being in State 0 or State 1 (or neither). See Exercise 8.19. 


8.8.1 Recursions for state-dependent policy values 


We start by recalling the policy value recursion for a traditional, two-state 
model, from Chapter 7. Consider a whole life policy issued to (x), with sum 
insured S payable at the end of the hth year of death, and with premium P per 
year paid in instalments of hP every h years. Ignoring expenses, we have policy 
values at times t = 0, h, 2h, . . . related recursively as follows: 


GV + AP) A +D" = ngs+t S + apete Gn V). 


The intuitive explanation of the recursion is that the left-hand side represents 
the available funds at the end of the period, if the policy value at the start 
of the period is held as a reserve, and if interest is earned at the assumed rate 
i per year. 

The right-hand side represents the expected costs at the end of the period; 
if the policyholder dies, with probability ;,q,+4;, then the funds must support 
the payment of the sum insured, S; on the other hand, if the policyholder 
survives, with probability ;p,++, then the new policy value (or reserve) must 
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be carried forward to the next period. The policy value is determined such that 
the expected income and outgo in each period are balanced. 

In this section, we use the sickness—death model from Figure 8.4 to illustrate 
the policy value recursion in a multiple state model setting. We construct the 
recursion using the principle of equating expected income and outgo each 
period, as we did in the previous section, noting that the policy value at the start 
of each period represents the funds available from the previous period, and is 
treated as income, while the policy value at the end of each period represents 
the cost of continuing the policy, and is treated as outgo. 

Suppose an insurer issues a disability income insurance policy to (x), with 
term n years, and with level premiums of AP payable every h years, at the 
start of each interval ¢ to t + h, provided the policyholder is in State O at the 
payment date. A benefit of AB is payable at the end of every h years provided 
the policyholder is in State | at the payment date. There are no other benefits, 
and we assume that n is an integer multiple of h. 

The equation of value for the premium is 


(})00 4, (401 
Paya z Bam 
For cash flow dates, that is, for t = 0, h, 2h,..., n — h, let VO denote the 


policy value given that the policyholder is in State 0 at time f, and let ,V“ 
denote the policy value given that the policyholder is in State | at time t. The 
policy value at cash flow dates, considered as a prospective value of future 
outgo minus income, includes the premium payable at time f, but does not 
include the benefit payable at time ¢, if any. So we have 


1)01 .. (z )00 

VO = BaP pe (8.34) 
ATERSI x+t:n—-t 
111 ..(7,)10 

VO = Ba” —— Pa” — (8.35) 
xX+t:n—-t x+t:n—-t 


We now construct the recursions for ,V and ;V® from first principles. For 
simplicity, we assume net premium policy values (so no expense allowance in 
premium or policy value), but it is straightforward to incorporate expenses in 
a gross premium approach. 

Suppose the policyholder is in State 0 at time t. In this case, she pays her 
premium of hP at time t. This is added to the policy value brought forward, and 
accumulated to time t+ h, giving the left-hand side of our recursion formula as 


(Vv +aP) a +D”. 


If the policyholder is in State 1 at time ¢, then there is no premium payable, 
and the left-hand side of our recursion formula is 


(Vv) ata". 
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At time t + h, if the policyholder is in State 0 the insurer will need a policy 
value of n V® to carry forward to the next time period; if she is in State 1, 
the insurer will need to pay the benefit, AB, and will also need a policy value 
of »4nV° to carry forward. If the policyholder has moved to State 2, there 
is no payment, and no policy value is required. Applying the appropriate 
probabilities to the two relevant cases for the end of period states, we have 
the recursions 


(V + AP) A +i" = Ww, (raV O) + apy (AB + ea V®) 830 
and 
(vO) a +D" = wis (VO) + apts (AB + iV). 837) 
We can prove the recursion formulae (8.36) and (8.37) more formally, 
starting from equations (8.34) and (8.35). 
First, we note that for the sickness—death model, for any k > h, 
ioe = De ee + ipx oe (8.38) 
Next, we decompose the state-dependent annuity EPVs as follows. First, 


„. (J00 7 
aO = h (1+ vp + vap +--+ ap) 


h 00 h 00 2h 00 -2h 00 
=h+vipy h (1 + VP eth + VY mbPe py boot haoa) 


h Ol h 10 2h 10 n—2h 10 
+ VAP h (v hPx+h Fy 2hP x+h a i 1 2nP 14) : 
That is, 
..(4)00 h 00 ..($)00 h Ol ..($)10 
a =h+v a Vhp. a : 
xn] TV APs x+h:n—h +V APs x+h:n—h 
Similarly, 
(G01 h 01 aol Gul h „00 (G01 
a Shy v a" v a” ; 
xn hPx FV hPx x+hin—h TV APs x+hin—h 
(7) 10 h 10, 10 (700 h 1110 
at =hv v a” — +v T 
xn hPx + hPx x+h:n—h T hPx x+h:n—h 
Gu how, A 1 Gt h 10 G01 
at =hv VAP, a” — +v ai 
x:n hPx +V hPx x+h:n—h TV EPs x+h:n—h 
So we have 
1 1 
(0) __ (;,)01 2 .. (7, )00 
V = BO Pa ino 


Gul n 00 (01 
= B hy’ 01 y’ 0l a h y’ a h 
( hPx+t + hPx+t x+t+h:n—t—h + Patt x+t+h:n—t—h 


1 1 
h 00. ==(7,)00 h 01 -(q)10 
—P\h+v a y a i 
( AP xtA phn cn, | PPH a ee h 
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Multiply both sides by (1 + i)”, and collect together terms on the right-hand 
side in ae and Poe to give the required result: 


1 1 
(0) \h 01 (ll _ (g) 10 
(iv T hP) ad T i) = APy+t (ie T DA tTn t—h La iein t—h 


1 1 
00 (;)01 «(7,00 
+ pp Ba — Pa 
h B x+t+h:n—t—h x+t+h:n—t—h 


= is (nB IE av) F aP, (nV) . 


The recursion formula (8.37) can be derived similarly. 


8.8.2 General recursion for h-yearly cash flows 


Note that, in the recursions in the previous section, the cash flows depend 
only on the state at the payment dates. Discrete recursions for multiple state- 
dependent cash flows will not work if the payments at the end of the time 
period depend on intermediate transitions. For example, consider a model with 
a death benefit, payable at the end of the month of death, where the amount of 
benefit depends on whether the life became sick and then died, or died directly 
from the healthy state. In this model the cash flow at time t + h depends on 
the intermediate states between times f and t + h, not solely on the starting and 
end states. The discrete recursion approach will not give accurate answers, as 
intermediate states are not accommodated. The inaccuracy will tend to zero as 
h — 0, as the probability of intermediate transfers will also tend to zero. 

For our general recursion, we assume that payments depend at most on 
the state at the start and end of the period between cash flows. (A stronger 
assumption, that is consistent with the recursions, but is stronger than we 
require, is that at most one transition may occur between cash flow dates.) 
We also assume, as in the previous section, that cash flows are h-yearly. 

For the general recursion, we use the following notation: 


np! ) denotes the amount of premium payable at the start of the interval 
_ (t,t + h), conditional on the policyholder being in State j at time t. 
BY, denotes the amount of benefit payable at the end of the interval 
(t,t + h), conditional on the policyholder being in State j at time t + A. 
s} 9 denotes a lump sum benefit payable at the end of the interval (t, t + h), 
conditional on the policyholder being in State j at time ¢ and in State k 
at time t + h. 


Then the general net premium policy value recursion for a policy issued to (x), 
with h-yearly cash flows, and where the policy is in State j at time f, is 


m 
(V9 +PP) +i" = neers (ABD, + SE, + enV). (8.39) 
k=0 
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Figure 8.7 Life and chronic illness insurance model 


Note that the application of this formula requires policy values at time ¢ for 
different states, as illustrated in the next example. 


Example 8.9 A whole life insurance policy with a chronic illness rider is 
sold to a healthy life aged 50. If the policyholder contracts a chronic illness, 
the policy pays a lump sum of $10 000 at the end of the month of diagnosis (if 
the policyholder is still alive), plus an additional $1000 at the end of each 
subsequent month while the policyholder survives. A benefit of $40 000 is 
payable at the end of the month of death if the policyholder dies after a chronic 
illness diagnosis. The policy also pays $50 000 at the end of the month of death 
if the policyholder dies without a chronic illness. 

Net monthly premiums of $79.15 are payable while the policyholder 
is healthy. 

The company uses the model in Figure 8.7 to evaluate premiums and policy 
values, with an interest rate of 5% per year effective. 

You are given the following actuarial functions, at 5% per year interest. 


‘ a20 a20 DN 


70 11.01946 0.60398 6.14524 


alent alee ave acs 


70 0.246405 0.218444 0.215597 0.696724 


(a) Calculate the net premium policy values 99V and 29V“") for this policy. 
(b) You are given the following probabilities for a policyholder aged 70: 


4 p% = 0.998866, i p$% = 0.000552, 4 p% = 0.000582, à p% =0, 
1 Pio = 0.995489, 1 py = 0.004511. 


Use equation (8.39) to calculate the policy values at time t = 205. 
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Solution 8.9 (a) Before writing down the policy values, note that the benefits 
on transition from State 0 to State 1 are $10 000 at the end of the month of 
transition provided the life is still in State 1 at the end of that month, plus 
$1 000 at the end of each subsequent month (as long as the life remains in 
State 1). We can alternatively view these at $9 000 at the end of the month 
of transition, plus $1 000 at the end of each month (including the month of 
transition), so that the EPV of these benefits is 9 000A%, "+12 000a 4°", 
The policy values for States 0 and 1 at time 20 are 


20V = 1200004! + 9 000A, + 40 0005, + 50 000440? 
..(12)00 
— 12 x 79.15 a7, 
= 18545, 
and 99V = 1200044"! + 40 0004S? = 101 612. 
(b) With h = 5 and P = $79.15, equation (8.39) gives 
(2v® + P) a+)” = Daa (2041 vO ) + iPro (10 000 + 20+h viv) 
+ np% (50000), (8.40) 


(20V) a +D" = ww} (1000 + 2040V) + ap! (40000). 


We solve for 55 1 V first as 
12 


(101 612)(1.0572) — 1 p!3(40000) — 1 p14 (1 000) 
2V” = 2 7 = 101307 
= 4P70 
12 


and then we use this in equation (8.40) for 5, i V, giving 


(18 545 +79.15)(1.0512) — 1,P79(10.000 + 101 307) — 1 p55(50 000) 


00 
1 
P70 


= 18631. 


8.8.3 Thiele’s differential equation 


If benefits and premiums are payable continuously, Thiele’s differential 
equation provides a flexible and powerful tool for calculating policy values. 
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We first demonstrate how Thiele’s differential equations can be developed for 
multiple state models using an example case, and then we present the more 
general formula. 


Example 8.10 Consider a life insurance policy with a chronic illness rider, as 
in Example 8.9. Let P denote the total amount of premium per year, payable 
h-yearly in advance (where h < 1) as long as the life is healthy, let B denote 
the total amount of benefit per year payable h-yearly in arrear while the life 
is suffering a chronic illness, and let S denote the death benefit, payable at the 
end of the Ath year in which death occurs. 


(a) Write down expressions for ,V in terms of ,4,V© and ,4,V, and for 
1V° in terms of h V®. 
(b) By considering the limit as h — 0 of the expressions in part (a), show that 


d 
FV = 5, +P— pl (VO — vO) — u (S-O) 
and 


d 
ae = 8v —B- u! (S = VV), 


Solution 8.10 (a) We can write down an expression for ,V for t = 0, 
h, 2h, ... from first principles, as 


GVO + AP)” = pp, (ra VO) 
+ np, (nB + av) + OPa + mPa DS: 
Similarly, noting that ieee = 0, we have 
VO) e = ports (nB + 4nV? ) Hapa S- 


(b) Consider first ,V and write ap, = 1 apl, ap% i ip p giving 


GVO HAP) = 14 nV(1 — ahe — nos — ww) 
+ Pets (AB + a VO) + (ph, + upet,)S 
= nv” + np?4, (hB + tth yoo — t+h yo) 


+ (nD es + wea) (S — a VO). 
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Now we replace eô” with 1 + 6h + o(h), so that the left-hand side 
becomes 


VO + AP + 5hpVO 4 o(h). 


Note that ae can be included in the o(h) term. On the right-hand side, 
we replace ap with hu, + o(h) for i = 1,2, and we replace ios with 
o(h) as multiple transitions are required for a move from State 0 to State 3. 
Thus 


VO + bP + 5h VO = nV + hul! (AB + nV — nV) 
+ ules (S — n VO) + off). 
Rearranging, we obtain 


t+h vO = vo 


; = 6,VO + P — wh (AB + a V® — nV) 


ait) 


= Be (S— nV) F Rt 


and finally letting h — 0 gives 
d 
PT ô; yo) oy 2 le. ia yD _ VO) — u% (S _ VO) 


as required. 
For ,V“), we write ae =1— Dig and proceeding as above, we have 


VO + dh VO = (1 — pp (hB + k + writs S + olh) 
= AB + nV + nprge (S — AB — 14nV) + o(h) 


= hB + nV + h pt3 (S — hB — nV) + olh). 
Rearranging, we obtain 


a V® E Vv") 
h 


and letting h — 0 gives 


o ” 


= 6,V — B — u13 (S — hB — naV) + — 


tvo- 5,VO — B- p’ S- Vv). 


The differential equations obtained in Example 8.10 are Thiele’s differential 
equations for that particular insurance product. We next consider a general 
form of Thiele’s differential equation. 
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Thiele’s differential equation in the general multiple state case 
Consider an insurance policy issued at age x and with term n years described 
by a multiple state model with m + 1 states, labelled 0, 1,2,...,m. Let 


ull denote the transition intensity between states i and j at age y, i Æ j; 
6, denote the force of interest per year at time t; 
BY denote the rate of payment of benefit at time t while the policyholder is in 
State i; and 
sË ) denote the lump sum benefit payable instantaneously at time f on 
transition from State i to State j, where i Æ j. 


We assume that 4;, B® and sË are continuous functions of f. Note that 
premiums are included within this model as negative benefits and expenses 
can be included as additions to the benefits. 
For this very general model, Thiele’s differential equation is as follows. 
For i = 0,1,...,m and0 < t <n, 


d , , ; m , . 
qv =V? -BP — ye (sf? + VO — VO). (8.41) 


j=0, jži 


Formula (8.41) can be interpreted in exactly the same way as formula (7.11). 
At time f the policy value for a policy in State i, ,V, is changing as a result of 


© interest being earned at rate 4; VO, 
o benefits being paid at rate B® 3 
o ajump from State 7 to another state, say j, which occurs with intensity pË 44) 
causing the following additional changes to the policy value: 
o a decrease of sË ) as the insurer has to pay any lump sum benefit 
contingent on jumping from State i to State j, 
o a decrease of ,V as the insurer has to set up the appropriate policy value 
in State j, and 
o an increase of ,V as this amount is no longer needed. 


We can use formula (8.41) to calculate policy values using Euler’s method, 
similarly to the examples in Chapter 7. Note that, for state-dependent policy 
values, it is often most convenient to use Euler’s backward method, rather 
than the forward method we have used so far. To see why, consider Thiele’s 
differential equations for an n-year disability income insurance policy, using 
the sickness—death model, with premium P per year payable continuously 
as long as the policyholder is in State 0, and benefit B per year payable 
continuously as long as the policyholder is in State 1, and with a benefit of 
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S payable immediately on death. Assume that the force of interest is ô per year 
and that there are no expenses. Thiele’s differential equations are 


“vo = § VO 4 PH pL (VO — Vv) — p2 (5 — Vv) 
and 
Ž y0 = 8 ,V® — B- p (V® —,V®) — p2 (S-v®) 
with boundary conditions 
lim ;V® = lim ,v =0. 


t>n- t>n- 


We set ,V® = ,V“ = 0, and work backwards with step size h, say. 
Using Euler’s forward method, we need 1V to calculate ,V, and we need 
:V© to calculate ,V“, and so we need to solve the equations simultaneously. 
However, if we use the backward method, then we have 


VO = nV — a(o ta VO +P = popela VO — a VO) 


-a(s -mav0)) 
and 


Vv = avd = i(a a V® =B = ae (nV = nV) 


= ul, (S-nav)). 


Now, starting from n V© and „V®, we can directly calculate n—-hV and 
n-hV“), and then „—2,V©® and p—2,V°) and so on, much more efficiently than 
with the forward method. 


8.9 Applications of multiple state models in long-term health 
and disability insurance 
In this section we consider more explicitly how we can use multiple state 


models to perform calculations for some of the individual long-term health- 
related insurance contracts described in Chapter 1. 


8.9.1 Disability income insurance 
We can use the sickness—death model, illustrated in Figure 8.4, to calculate 
premiums, benefits and reserves under disability income insurance. As we have 
seen in earlier examples, an n-year disability income insurance policy written 
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on a healthy life aged x, with premiums of P per year payable continuously 
while healthy, and with a benefit of B per year payable continuously while 
disabled, has equation of value at issue 


n n 


P | poe" dt = sf pee dt, (8.42) 
0 0 


that is, Pay? = Baye. 

Unfortunately, this neat formulation does not include an allowance for the 
waiting period between the onset of disability and the payment of benefits, 
nor does it include an allowance for a maximum term for each period 
of disability income, both of which are common features, as described in 
Section 1.7.1. However, using the continuous sojourn annuity does make it 
quite straightforward to adjust the benefit value both for the waiting period 
and for the maximum period of benefits. 


Recall equation (8.31), 
CO 
-01 —ôt 00 01 
ay = fe “iPx My414 a Dae 
0 


This shows that we can calculate a°! for the sickness—death model by 
integrating over each possible transition time into State 1, using the continuous 
sojourn annuity to value each period of benefit at the time of transition. 

Now suppose that we are valuing a disability benefit with a waiting period 
of w years. That is, once the life becomes sick, she must wait for w years 
before receiving any benefit from that period of sickness. We can allow for 
this by subtracting the first w years of annuity from each period of sickness in 
equation (8.31). 

That is, the EPV of a benefit of 1 payable continuously while disabled to a 
life currently aged x and healthy, with a waiting period of w years, and a policy 
term of n > w years is 


n—w 


00 01l I =I 


Dy Hx+t (a Gent alt im) dt (8.43) 
0 

n 
_ —d5t 00 ol -11 _ si 
= fe De ithe (Bema Ëp) A vo) 


0 


Note that the term in parentheses in both formulae is the EPV at time ¢ of 
the w-year deferred, continuous sojourn sickness annuity starting at time t. The 
upper limit of integration in (8.43) is n — w as we do not need to consider any 
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sickness periods that start within w years of the end of the term of the contract, 
because the policy will expire before the waiting period ends. In the second 
expression, we allow for this in the term of the waiting period annuity. Note 
here that, for t > n — w, min(w,n — t) = n — t and so the terms in parentheses 
in (8.44) are identical, making their difference 0. 

This approach can be adapted for discrete time payments. For example, 
suppose that the benefit payments are 1 per year, payable monthly, and that 
the waiting period, w years, is an integer number of months. (So, for example, 
in formula (8.45) below, if the waiting period is 3 months, then w = K years.) 
We sum over each month of possible transition from healthy to sick, recalling 
that the final benefit payment date is time n, as the benefit is payable at the end 
of each month. The EPV of the benefit payment is then 


12(n—w— 5) _ S 
ad 00 Ol (12) 11 „ag 11 

dv ap apie (4 ak) 845 
nk b 


Note that the term of the first annuity function in (8.45) is n— 4 as the function 
is valuing payments made at times kel A 


monthly in advance for n — * years from time kl . Also, note that, if the life 


is in State O at time 5 and in State 1 at time er then no sickness benefit is 
payable at time Ath as this time falls within the waiting period. 

The rather messy form of (8.45) compared with the continuous version 
in (8.43) is one reason why we often work in continuous time and then adjust 
for discrete time payments. 

We can adjust equation (8.43) to find the EPV of a unit of sickness benefit 
under a disability income insurance policy with a maximum payment term 
for each period of disability of, say, m years after the waiting period. We 
replace the term of the first continuous sojourn annuity in the equation with an 
(m + w)-year term annuity, unless the transition happens within m + w years 
of the end of the contract, giving an EPV of 


,n, that is an annuity payable 


n—(m+w) 
0001 NR ail 
è p? Hx+t (a a yimrwl OXE m) at dt 
0 
n—w 
00 u! TI =11 
F fe è p% u x+t (a ayena aoi 
n—(m+w) 


The sums and integrals in this section can easily be evaluated numerically. 


Example 8.11 A 10-year disability income insurance policy with a dis- 
ability income benefit of $40 000 per year payable continuously while the 
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policyholder is disabled, is issued to a healthy life aged 50. Premiums are 
payable continuously at rate P per year while the policyholder is healthy. Using 
the Standard Sickness—Death Model, with interest at 5% per year, calculate 


(a) the total premium per year if there is no waiting period, and 
(b) the total premium per year if the waiting period is (i) one month, (ii) three 
months, (iii) six months, and (iv) one year. 


Note that these calculations require nested numerical integration, for which 
standard Excel approaches are not very efficient. We have used more advanced 
programming in our solution. 


Solution 8.11 (a) The premium equation of value is 


=00 
Pa ayo] = = 400004 ai. a0? 


2 ae > -01 
which gives P = $1059.80 as aT = = 7.4170 and a ET = 0.1965. 


(b) We use equation (8.43) to value the disability income benefit as 


wm 


10—w 


—ôt 01 -I1 -11 
40 000 fe P30 Mso+t (ali 41:10—1] am) dt, 
0 


with w = D> ip 5 and 1. Numerical integration is required to obtain the 
terms in parentheses, but note that for the Standard Sickness—Death Model 
an explicit expression for ipl can be found from 
t 
TI 10 12 
tPx = exp -f T + ie) ds 
0 


The table below gives values for the EPV at issue of a disability benefit of 
1 per year, payable continuously, along with the resulting premiums. 


Waiting period EPV of benefit 

(months) of 1 per year Premium, P 
1 0.1921 $1035.76 
3 0.1834 $988.80 
6 0.1708 $921.24 

12 0.1477 $796.63 


As expected, the numbers in the above exercise show that the premium 
reduces as the waiting period increases. In general, the amount of the decrease 
will depend on the benefit level and the age of the policyholder at issue. 
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Figure 8.8 Example of an LTC insurance model. 


8.9.2 Long-term care 


In Section 1.7.2 we described how long-term care (LTC) insurance works in 
different countries. In this section we illustrate how multiple state models can 
be used for different types of LTC contracts. We would generally adapt the 
model depending on whether the policy reimburses the cost of care, or pays a 
predetermined annuity, possibly with inflation protection. 

For a reimbursement policy, the severity of the disability will impact the 
level of benefit, so there is value in using different states to model different 
levels of disability. For example, we could use the model illustrated in 
Figure 8.8, where the number of Activities of Daily Living (ADLs) which a 
policyholder is able to manage acts as a marker for the expected amount of 
reimbursement, and we separately model the cognitive impairment state. The 
model is more complicated than previous models in this chapter, and could be 
more complicated still, for example, if we allow for recovery from cognitive 
impairment, or allow for simultaneous loss of more than one ADL. However, 
the principles presented in this chapter can be used to set out and evaluate all 
the required probabilities and actuarial functions. 


Example 8.12 Write down the Kolmogorov forward equations for all the 
probabilities for a life aged x, currently in State 2, for the model in Figure 8.8, 
and give boundary conditions. 


Solution 8.12 The equations are 


d 
a Py 


21 .,10 20 01 03 04 
a = PY Myx4t T Px (us F Uyt t a > 


d 21 20 ,,01 22 ,,21 21 10 12 13 14 
dt Py = Px bys T tPx Hx+t — tPx (ut tt + by tt + Hyt + by | :) d 


d 22 21.12 22 21 23 24 
dt Px = tPx byte — tPx (ee + Myst + an) > 
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d 23: — 20 ,,03 


21. -13 22. 23 23 34 
dt tPx = tPx Mxtt + tPx Myst + tPx Mxyt — Py Mytp 
d 24 20 04 21 14 22 ,,24 23 34 
dt Px = tPx Myst + Px Mx+t + tPx Myx+t + Px Mx+r 


For boundary conditions, we have op? = | and op?! = 0 forj £2. 
As a check, verify that the sum of all the terms on the right-hand sides of 
these equations is 0. 


Example 8.13 Write down Thiele’s differential equation for a3 for the 
model in Figure 8.8, assuming a constant force of interest. 

Solution 8.13 Thiele’s differential equation applies to policy values, but we 
can use it here because we can view ay as the policy value for a single 
premium annuity contract with benefit of 1 per year payable continuously in 
State 3, given that the life is currently in State 0. So, in terms of the general 
version of Thiele’s differential equation, (8.41), we have 


0) _ 703 1) — 313 3) S385 
7 rV‘ t= Wp 1V‘ = ap 1V' = ap 
e ô = ô, as the force of interest is constant; 
° B®) = | and BY = 0 otherwise; 
° sË = 0 for all i and j. 


The policy expires when the life moves into State 4, so we have ,V“ = 0; also, 

note that there are no direct transitions between State 0 and State 2. Using this 

information gives the Thiele differential equation 

d 

“vo = 8,VO — po, (v® = Vv) ag (Vv =v) aM, (-v). 
Now ,V© = Qe as and similarly ,V“) = a and ;V@ = a2 We do not 

include State 2, since it is impossible to move directly into State 2 from State 0. 

Then 


d 
=03 -03 01 =13 -03 03 =33 =03 04 -03 
Taxy = ah, ndy (a, — ah) -a (a, a.) R a) 


_ 703 Ol 03 04 01 -13 03 -33 
= F, (8 + wh + we, + eet) = we ah, — eh ae. 


Using simultaneous differential equations for the different state-dependent 
annuities, we can solve numerically to determine values for all relevant a7 44 


Example 8.14 Consider an LTC policy issued to (x). Premiums of P per year 
are payable continuously while in State 0; benefits payable continuously in 
States 1, 2 and 3 are assumed to increase geometrically at rate g, convertible 
continuously, with starting values at inception of B in State j = 1,2, 3. 

Write down, and simplify as far as possible, the premium equation of value 
for the policy. 
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Solution 8.14 The equation of value is 


CO CO 0O 
Pa% = foe ipo! e’! a+ [BO p ehdit [BOE gr eet dt 
0 0 0 


=> PA? = BY glg + BO a? + BO a | 5, 


where the annuity EPVs on the right-hand side are evaluated at a force of 
interest 5* = ô — g 


8.9.3 Critical illness insurance 


Critical illness insurance (CII) was discussed in Section 1.7.3. In Figure 8.9 we 
show some possible models for CII, where the most suitable version depends 
on the nature of the benefits. If the CII is a stand-alone policy, that is, with a 
benefit on CII diagnosis, but with no death benefit, then we could use the model 
illustrated in Figure 8.9(a). We can use the same model if the CII accelerates 
the death benefit in full. In both cases the policy expires on the earlier of the 
CII diagnosis or death. If there is an additional death benefit that is payable 
in the same amount, whether or not there is a CII diagnosis preceding, then 
we could use the model illustrated in Figure 8.9(b), because in this case the 
policy expires on the policyholder’s death, but it does not make a difference to 
the death benefit whether the life dies from State 0 or from State 1. Finally, if 
the CII partially accelerates the death benefit, then we could use the model in 
Figure 8.9(c), which separates the case when death occurs without a preceding 
CII diagnosis and the case when death occurs after a CII diagnosis. 

As Figure 8.9(c) is the most general form of the model, it could be used for 
any of the different CII forms described. The simpler models (a) and (b) in 
Figure 8.9 cannot be used for the partially accelerated benefit case. 


Example 8.15 (a) Using Model 3 in Figure 8.9, write down the equations 
of value for the premiums for pe following CII policies, in terms of the 
actuarial functions A! ol and a a! a Assume i in each case that the policy is 
issued to a healthy life aged 50. that premiums are payable continuously 
while in State 0, and that all contracts are fully continuous, expiring on the 
policyholder’s 70th birthday. 

(i) A stand-alone CII policy with benefit $20000 payable immediately 
on CII diagnosis. 
(ii) A combined CII and life insurance policy that pays $20000 on CII 
diagnosis and $10 000 on death. 
(iii) An accelerated death benefit CII policy that pays $20000 immedi- 
ately on the earlier of CII diagnosis and death. 
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(a) 


Healthy Critically Ill 
0 1 
Dead 
2 


Healthy ——| Critically Ill 
0 1 


Dead 


(c) 
Healthy m~~ Critically I 
0 1 
Dead Dead 
2 3 


Figure 8.9 CII models: (a) Model 1, (b) Model 2 and (c) Model 3. 


(iv) A partly accelerated death benefit policy, which pays $20 000 on CII 
diagnosis, and pays $30 000 if the policyholder dies without a CH 
claim, or $10 000 if the policyholder dies after a CII claim. 

(b) Use the functions given in the tables below to calculate the annual rate of 
premium for each of the policies described in part (a). The effective rate of 
interest is 5% per year. 

(c) Use the functions in the tables below to calculate the policy value at time 
10 for each of the policies described in part (a), assuming that (1) the life is 
in State 0 at time 10, and (ii) the life is in State 1 at time 10. 
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x a Ml 2 BB 


50 13.31267 0.22409 0.12667 0.14176 0.34988 
60 10.17289 0.34249 0.16140 0.22937 0.47904 
70 6.56904 0.49594 0.18317 0.36019 0.62237 


00 0l 02 03 11 
E 20—tP504t  20—tP504t 20—tP50+r 20—tP50+t  20—tP50+t 


0 0.68222 0.15034 0.13788 0.02956 0.66485 
10 0.75055 0.13135 0.09943 0.01867 0.75283 


Solution 8.15 (a) In each case, let P be the total premium per year. Then the 
equations of value are given below. 
(i) Pa® — = 2000049! _ 
50:20 50:20 


00 401 02 
(ii) Pa% — = 2000001 — + 10000 Ci 4 Ao 


50:20] 


20] 50:2 2] 


00 401 
Gii) Pa = 20000 (a gti% z 


(iv) Pad) — = 2000049, — + 30000497 om + 10 000A” 
(b) We need to calculate 20- Sear actuarial Finen, as illas: 


50:20] 


a — = a8 — aop% v2 a9 = 11.6236 
A9! am = Aso — 20299 v? A9} = 0.09657, 
A030 a ASO — 20P50 ov A= = 0.07957, 
AOS — = AS) — 20796 v? AN) — 20p% v? Ajj = 0.01388. 


Using the equations and functions above, we have premiums for each case 
as follows. Since we need the premiums for part (c) below, we use the 
superscripts to connect the premiums to the different contracts. 
(i) P = $166.17. 
(ii) P = $246.57. 
Gii) P“ = $303.08. 
(iv) P®) = $383.48. 
(c) We need the following actuarial functions: 


a0? 700 00.10 -00 
460-401 ~ 260 10P60¥ 470 = 7.14606, 
Aol _ — 40! 00.10 301 
A oTo = A50 — 10P60 Y Ax = 0.11397, 


A? -y = 460 — 10P60 V° ASG = 0.07700, 
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AO 10] = Ag ~ 10P60 v A — 10Peo vP AR = = 0.01322, 


413 413 103 13 
Aaa = Ag — 10PE0 v Az = 0.19140. 
Using these, the policy values are 
i (0) _ 401 _ — pl 7,00 
G) wV = 20 000 460.70) P a 60:10 7 = 1092.01, 
ioV® =0 (or undefined, as the policy has expired); 


. (0) 01 02 (ii) = a% 
Gi) 10V = 20 000A T + 10000 (a2 Tol HAD, m) - P 60:101 
= 1419.67, 
iV) = 10000450 = = 1914.00; 
R O 1 _ piiii) =00 
Gii) pV = 20000 (ao oten r a 


= 1653.64, 
ioV® =0 (or undefined, as the policy has expired); 


: (0) _ 701 02 03  _ p®) 500 
Gv) 10V = 200004775, +30 000 Ago o + 100004 T P a 76) 


= 1981.30, 


iV = 100004} — = 1914.00. 


60:10] 


8.9.4 Continuing care retirement communities 


Continuing care retirement communities (CCRCs) are described in Section 
1.9.1. The key features are that residents move between different parts of 
the facility, with each section providing different levels of care. The lowest 
level of care is provided in the Independent Living Units (ILUs); other levels 
typically include Assisted Living Units (ALUs), Specialized Nursing Facilities 
(SNFs) and, in some cases, a Memory Care Unit (MCU) that cares for residents 
with significant cognitive impairment. The model for a CCRC without a MCU 
would look something like the examples in Figure 8.10. In Figure 8.10(a), the 
model allows for a simple forward transition from the ILU through the ALU 
to the SNF. In Figure 8.10(b) the model allows explicitly for short-term stays 
in the skilled nursing facility (denoted STNF) while in the ILU. This would 
cover periods of temporary ill-health of residents who may recover sufficiently 
to return to independent living. Of course, the model could be made more 
complex by allowing periods of temporary disability from the ALU state, or 
by allowing for direct transitions from STNF to ALU or to SNF. 
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(a) 
ILU ALU SNF 
0 1 2 
Dead 
3 
(b) 
ILU ALU SNF 
0 1 2 
STNF Dead 
4 3 


Figure 8.10 CCRC models. (a) The simplified CCRC model; ILU is Indepen- 
dent Living Unit; ALU is Assisted Living Unit; SNF is Specialized Nursing 
Facility. (b) The extended CCRC model, adding a Short-Term Nursing 
Facility (STNF) state. 


Another possible complication is a joint life version of the model, which 
would allow for each partner of a couple moving separately through the stages. 
Multiple state models for joint life benefits are described in Chapter 10. 

Some widely used CCRC contract types are described in Chapter 1. For the 
full life care (also called Type A) and modified life care (also called Type B) 
contracts, the price is expressed as a combination of entry fee and monthly 
fees; for Type A contracts the fees do not change when the resident moves 
between different residence categories. For Type B contracts, the fees increase 
as residents move through the different categories, but the increases are less 
than the actual differences in cost, so there is some pre-funding of the costs of 
the more expensive ALU and SNF facilities. Pay-as-you-go, also called Type C 
contracts, do not involve pre-funding, and therefore do not need actuarial 
modelling for costing purposes. Fees for each contract type will be adjusted 
periodically for inflation. 

The allocation of costs between the entry fee and the monthly charge is 
mainly determined by market forces. Often, residents fund the entry fee by 
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selling their home, and so the CCRC may set the entry fee to be close to the 
average home price in the area, and then allocate the remaining costs to the 
monthly fee. 


Example 8.16 A CCRC wishes to charge an entry fee of $200000 under a 
full life care (Type A) contract, for lives entering the independent living unit. 
Subsequently, residents will pay a level monthly fee regardless of the level of 
care provided. Fees are payable at the start of each month. 

The actual monthly costs incurred by the CCRC, including medical care, 
provision of services, maintenance of buildings and all other expenses and 
loadings, are as follows: 


Independent Living Unit: $3 500 
Assisted Living Unit: $6 000 
Specialized Nursing Facility: $12 000 


(a) The actuarial functions given in Table 8.3 have been calculated using the 
model in Figure 8.10(a), and an interest rate of 5%. Use these functions to 
calculate the level monthly fee for entrants age 65, 70, 80 and 90, assuming 
a $200 000 entry fee, which is not refunded. 

(b) Calculate the revised monthly fees from part (a), assuming 70% of the 
entry fee is refunded at the end of the month of death. 

(c) The CCRC wants to charge a level monthly fee for all residents using the 
full life care contract, regardless of age at entry. Assume that all residents 
enter at one of the four ages in part (a), and the proportions of entrants at 
each age are as in the following table: 


Entry age Proportion 
65 5% 
70 30% 
80 55% 
90 10% 


Table 8.3 CCRC actuarial functions at 5% per year interest 


x ge Pes ge Ages 
65 11.6416 0.75373 0.24118 0.38472 
70 10.0554 0.74720 0.30944 0.45894 
80 6.3846 0.69917 0.52113 0.62971 


90 2.8414 0.44205 0.82295 0.80005 
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Calculate a suitable monthly fee which is not age-dependent, assuming (i) 
no refund of entry fee, and (ii) a 70% refund of entry fee on death. 


(d) What are the advantages and disadvantages of offering the refund, com- 


pared with the no-refund contract? 


Solution 8.16 (a) The EPV at entry of the future costs, for an entrant aged x, is 


(b 


wm 


EPV, = 12 (350081? + 6000441201 + 12000812) , 


which gives the following values: 


Entry age, x EPV, 

65 $577 946 
70 $520 685 
80 $393 536 
90 $269 671 


To find the annual fee rate Fy, say, for an entrant aged x, we subtract the 
entry fee, and divide by the EPV of an annuity of 1 per year, payable 
monthly, while the life is in State 0, State 1 or State 2. To get the monthly 
fee, we divide this by 12, giving the fee equation 


fin EPV, — 200000 
x — > 
12 (Ce pagal gm) 


resulting in the following monthly fees: 


Entry age, x Fy 

65 $2 492.42 
70 $2 404.93 
80 $2 120.74 
90 $1413.87 


We need to add an extra term to the EPV in part (a) to allow for the refund. 
The revised EPV for entry age x is 


EPV’ = 12 (3 50040200 + 600040201 + 12 00049202) 
+ 14000041208, 


To get the revised monthly fee, we proceed as in part (a), replacing EPV x 
by EPV? in the expression for Fy, giving 
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Entry age, x Fy 

65 $2 847.61 
70 $2 886.78 
80 $3 086.78 
90 $3 686.89 


(c) Let w, denote the proportion of entrants aged x, and let F denote the level 


(d 


wa 


monthly fee, which is now not age-dependent. Then the EPV of the fee 
income, per individual entrant, is 


FY. w,12 C 4+ 4201 4 agma) 
x 


and the EPV of the costs, net of the entry fee, is 


X wyEPV, — 200000. 


x 
Equating these gives 
yy WyEPV, — 200000 
D w12 (m + 30201 4 a) 


which results in a flat, non-age-dependent monthly fee of F = $2224.95 
with no refund, and F = $3020.01 with the 70% entry fee refund. 
Adding the refund feature would be popular with residents who are 
concerned about losing much of their capital if the resident dies soon 
after entering the facility. It ensures a bequest is available for the resident’s 
family. 

A disadvantage of introducing the refund is that the monthly fees 
are higher, which might discourage potential residents who are more 
constrained by their ability to meet the monthly payments than they are 
concerned about their bequest. Those who have spare income could replace 
some or all of their bequest using separate life insurance. 


8.9.5 Structured settlements 


In Chapter 1 we described how Structured Settlements are used to settle legal 
liability cases between an injured party (IP) and a responsible person, or party 
(RP), where the settlement involves an annuity payable to the IP. In some 
cases, particularly for settlements under workers’ compensation insurance, 
the payments may be reviewable. A reviewable structured settlement might 
cease when the IP recovers sufficiently to return to work, or it might revert 
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Disabled; 
. : Recovered 
uncertain prognosis +} 1 
0 
Permanently Disabled Dead 
2 3 


Figure 8.11 Model for workers’ compensation benefits. 


to a fixed structured settlement once the long-term prognosis for the IP is 
more certain, the time of ‘maximum medical improvement’. This situation 
could be modelled using the multiple state model illustrated in Figure 8.11. 
An individual in State 0 has had an injury, but it is not yet known whether 
the disability will be permanent or temporary. If the individual recovers, they 
move to State 1. This may be associated with a lump sum back-to-work 
benefit. If the injury causes permanent impairment affecting income, then the 
individual moves to State 2, at which time the structured settlement would be 
implemented. 


Example 8.17 A life aged 50 (the IP) has recently suffered a workplace injury 
which is covered by a workers’ compensation insurance policy. The insurer 
uses the model illustrated in Figure 8.11 to value the benefits. You are given 
the following information. 


The IP is currently in State 0 
i= 0.04 
e The insurer calculates the following probabilities and annuity EPVs (at 4%): 


i 700 701 702 ail 322 
x a ay ay ay ay 


00 01 02 
1Px 1Px 1Px 


50 0.5585 5.2245 7.0033 18.8441 10.4798 0.17356 0.23578 0.54813 
51 0.5585 5.1550 6.9646 18.6011 10.4250 0.17354 0.23575 0.54806 


(a) The insurer considers a reviewable annuity of $150 000 per year, payable 
continuously, which would cease when the IP dies or recovers. Alterna- 
tively, the insurer may pay a non-reviewable whole life annuity of $100 000 
per year, payable continuously. 

Calculate the EPV of each of these two annuity options. 
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(b) (i) Assume the settlement uses the reviewable annuity option. Calculate 
the expected value at time 0 of the total policy value at time 1. 
(ii) Assume the settlement uses the non-reviewable annuity option. Cal- 
culate the expected value at time 0 of the total policy value at time 1. 
Solution 8.17 (a) The EPV of the non-reviewable annuity is 
100.000 (2% + ag + a) = 100000 (0.5585 + 5.2245 + 7.0033) 
= 1 278630, 
and the EPV of the reviewable annuity is 
150 000 (a9) + 483) = 150000.(0.5585 + 7.0033) 
= 1 134270. 
(b) (i) First, we determine the state-dependent policy values as 
1V = 150000 (a? + 48?) = 1 128465, 
iv =0, 
iV = 150000 a2 = 1563750. 
Then the EPV of the time-1 policy value at time 0 is 
v(i% VO +p% iv) = 1012495. 
(ii) The policy values are now 
1V = 100000 (a9? + a3} + a9) = 1267810, 
iV = 10000043} = 1860110, 
iV = 100000 a3; = 1042 500. 


Then the EPV of the time-1 policy value at time 0 is 


v( wo VO +p 1V + ips iv) = 1182734. 
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8.10 Markov multiple state models in discrete time 


In this section, we derive some methods for working with Markov multiple 
state models in discrete time. Markov models in discrete time are called 
Markov chains. To be more precise, given a set of states labelled (say) 
{0,1,...,n}, a discrete time stochastic process {Y(f), t = 0,1,2,...} is a 
Markov chain if for any non-negative integers t and k, and for any State s, 


Pr[Y(t+k) =s|¥(0), Y(),..., YO] = Pr [Y0 + K = SIYO]. 


This means that (as in the continuous time case), the probability that the 
process is in any given state at some future date depends only on the current 
state, not on the history of the process before the current date. 


Example 8.18 An insurer uses the Standard Sickness—Death Model for valu- 
ing sickness related benefits. One-year probabilities for this model are given in 
Table 8.4. 


(a) Calculate the probability that a healthy life aged 60 is healthy at age 62. 
(b) Calculate the probability that a healthy life aged 60 is sick at age 62. 
(c) Calculate the probability that a healthy life aged 60 is healthy at age 63. 


Solution 8.18 (a) The probability is ap%. We calculate this by considering 


the two possible states at age 61, that could lead to the event that (60) is 
healthy at age 62, given that she is healthy at age 60; the states at ages 60, 
61 and 62 are either {0, 0, 0} or {0, 1,0}. So 


2P60 = Peo Pot + Poo P61 = 0.93814. 


It is worth noting here that we have no information from the one-year pe 
probabilities about whether the life transitioned out and back into State 0 
between integer ages. The table tells us only probabilities associated with 
end-year states, and should not be interpreted as offering any information 
about paths between states within each year. 

Similarly to part (a), given that the life is healthy at age 60, to be sick at 
age 62 the life must, either be healthy at age 61, and transition to sick by 


(b 


we 


Table 8.4 One-year probabilities for the Standard Sickness—Death Model. 


x p% p°! pp pi 
60 0.97025 0.01467 0.00313 0.97590 
61 0.96686 0.01674 0.00272 0.97449 


62 0.96305 0.01911 0.00236 0.97286 
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age 62, or must be sick at age 61, and sick also at age 62. The probabilities 
combine for the two-year transition probability 


>p?! = p% p?! + pl pt! = 0.03054. 


(c) The probability required is 3p%. We can follow the argument from part (a), 
and work out all the possible states for the life at ages 61 and 62, but it is 
more convenient to work backwards from age 63; if she is to be healthy at 
age 63, then at age 62 she could be either healthy or sick. So, we can break 
down the three-year probability as 


00 00 „00 01 „10 
3P60 = 2P60 P62 + 2P60 P62 
and since we calculated the two-year probabilities in parts (a) and (b), we 
have 


3p% = 0.93814 x 0.96305 + 0.03054 x 0.00236 = 0.90354. 


Generalizing the approach in part (c), we see that the values for pe, Pen 
and Pens can be calculated recursively as 


00 _ 00 00 01 10 
t+1P60 = tP60 P60+ T tP60 Poo+t 

01 __ 00 01 ol 11 
t+1P60 = tP60 Poo+t + P60 Po0-+0 


02 _ 00 02 Ol 12 02 
+1P60 = tP60 Poo+t + P60 Poo+t + tP60 


~ 


00 0l 
= l — 1P60 — ++1P60: 


Note that these recursions are specific to this model, as they depend on 
which transitions are possible. 


8.10.1 The Chapman—Kolmogorov equations 


In this section we generalize the recursions from the previous example for 
application to any Markov chain. The results are known as the Chapman- 
Kolmogorov equations for the Markov chain. 
Consider a general Markov chain with m + 1 states, that is, with state space 
S = {0,1,...,m}. For any non-negative integers ¢ and r, and for any states 
i, j € S (where i and j could be the same state), we have 
m i 
Pl = owe Pier (8.46) 
k=0 
The intuition for these equations is exactly as explained in part (c) of 
Example 8.18. Any transition probability over t + r years (and we use the 
term transition probability even when the starting and end state are the same) 
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can be broken down into the probability for the first t years, followed by the 
remaining r years. That is, if Y(t) denotes the state that (x) is in at time t, then 
the event 


Yt+r)=j| YO) =i 


can be broken down into the m + 1 mutually exclusive and exhaustive sub- 
events 


YO = 0Y 0) = i NYE + r =j|/YO = 0] 
YO = 1Y0) = jN [Y(t + r) = jY = 1] 


[YO = m| Y (0) = il A [Yt + r) =jYO = m], 
which means that the event probability 
rerpË = Pr[ YG + r) = jIY(0) = i 


can be similarly broken down as 


ij i0 „Oj il ly i mj 
tHrPA = Px Ppt + Pe Pape H: H Px Pape 
In most examples of Markov chains in life contingent applications, many of 
the transitions will not be possible, so that the transition probabilities will be 
zero. Examples would include ely in Example 8.18. 


8.10.2 Transition matrices 


It is often convenient to express the transition probabilities pi , for integer 
t > | and for a given age x, in matrix form. Consider a multiple state model 
with m + 1 states. The one-year transition matrix, Py, say, is an (m + 1) x 
(m + 1) matrix 


00 01 0; 

Px Pye Px" 
P=| : 

p R oe pR” 


This is a stochastic matrix, meaning that all entries are non-negative, and the 
sum of entries in each row is 1. 

In the three-state model of Example 8.18, the transition matrix of one-year 
probabilities for (x) (noting, again, that there are no transitions out of State 2) is 


D pE p 
Pr=|Py m Py 
0 0 1 
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The reason why this is a useful representation comes from the fact that mul- 
tiplying matrices generates Chapman—Kolmogorov equations for the system. 
For example, consider the three-state model from Example 8.18. We have 


P, x Py+1 
00 „00 01 10 00 „01 Ol 11 00 „02 O1.,.12 02 
Px P41 Px Px+1 Px Ps1 TP Px4+1 Px Px 4 +Px P41 +P 
= 10 „00 11 „10 10 „01 Ti ee 10 ,,02 11,12 12 
5 | Px Pegi Px Prop Px PraitPx Prot Px PytitPx Pyg Px 
0 0 1 


Comparing the individual terms with the Chapman—Kolmogorov equations, 
with t = r = 1, we see that each element in the matrix product is a two-year 
transition probability. That is, the product of one-year transition matrices at 
successive ages is a two-year transition matrix: 

py aps) apr 

P; x P41 =2Px = | 2p? 2p,’ 2p? 

ap? ap? ap? 
Continuing the matrix multiplication through subsequent ages, we can deter- 
mine the t-year transition matrix for any integer t, and this can be used for 
projecting expected numbers of claims or for valuing state contingent benefits. 

A special case of the transition matrices and Chapman—Kolmogorov equa- 
tions arises when probabilities for each successive time period are the same. 
In most examples for life insurance this will not be the case, as probabilities 
depend on age, which changes each time unit. There are cases however where 
the overall time scale is sufficiently short that it may be possible to simplify the 
process such that probabilities do not depend on age. In this case, the transition 
matrix does not change over successive time units, and the process is said to 
be time-homogeneous. Otherwise, the process is time-inhomogeneous. 


Example 8.19 Employees in Company OHB transition at the end of every six 
months between the three states 


State 0 — junior management 
State 1 — senior management 
State 2 — terminated 


The probability of moving from junior to senior management is 0.1; the 
probability of being terminated from junior management is 0.04. 

No senior managers are demoted to junior management. The probability of 
termination for senior managers is 0.08 every six months. 

At time f = 0 Olivia is a senior manager and Harriet is a junior manager. 
Calculate the probability that both are terminated within two years. Assume 
transitions are independent, and ignore mortality or any other modes of exit. 
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Solution 8.19 We work in time units of six months, which means that there 
are four time periods. 
The transition matrix for each time unit is 
0.86 0.10 0.04 
P= | 0.00 0.92 0.08 
0.00 0.00 1.00 


As this process is time-homogeneous, the four-period transition matrix is 


0.5470 0.2823 0.1707 
P* = | 0.0000 0.7164 0.2836 
0.0000 0.0000 1.0000 


The probability that Olivia is terminated within two years is 4p!? = 0.2836. 
The probability that Harriet is terminated within two years is 4p% = 0.1707. 
So, the probability that both are terminated (given independence) is 
0.2836 x 0.1707 = 0.0484. 


8.11 Notes and further reading 


The general, continuous time multiple state models of this chapter are known 
to probabilists as Markov processes with discrete states in continuous time. 
The processes of interest to actuaries are usually time-inhomogeneous since 
the transition intensities are functions of time/age. Good references for such 
processes are Cox and Miller (1977) and Ross et al. (1996). Rolski et al. (2009) 
provide a brief treatment of such models within an insurance context. 

Andrei Andreyevich Markov (1865-1922) was a Russian mathematician 
best known for his work in probability theory. Andrei Nikolaevich Kolmogorov 
(1903-1987) was also a Russian mathematician, who made many fundamental 
contributions to probability theory and is generally credited with putting 
probability theory on a sound mathematical basis. 

The application of multiple state models to problems in actuarial science 
goes back at least to Sverdrup (1965). Hoem (1988) provides a very compre- 
hensive treatment of the mathematics of such models. Multiple state models 
are not only a natural framework for modelling conventional life and health 
insurance policies, they are also a valuable research tool in actuarial science. 
See, for example, Macdonald et al. (2003) and Ji et al. (2012) 

Norberg (1995) shows how to calculate the Ath moment, k = 1,2,3,..., for 
the present value of future cash flows from a very general multiple state model. 

In Section 8.4 we remarked that the transition intensities are fundamental 
quantities which determine everything we need to know about a multiple state 
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model. They are also often the natural quantities to estimate from data. We will 
discuss this further in Chapter 18. For more details, see, for example, Sverdrup 
(1965) or Waters (1984). 

We can extend multiple state models in various ways. One way is to allow 
the transition intensities out of a state to depend not only on the individual’s 
current age but also on how long they have been in the current state. This breaks 
the Markov assumption and the new process is known as a semi-Markov 
process. This could be appropriate for the disability income insurance process 
(Figure 8.4) where the intensities of recovery and death from the sick state 
could be assumed to depend on how long the individual had been sick, as well 
as on current age. Precisely this model has been applied to UK insured lives 
data. See CMI (1991). 

As noted at the end of Chapter 7, there are more sophisticated ways of 
solving systems of differential equations than Euler’s method. Waters and 
Wilkie (1987) present a method specifically designed for use with multiple 
state models. For a discussion on how to use mathematical software to tackle 
the problems discussed in this chapter, see Dickson (2006). 


8.12 Exercises 


Shorter exercises 
Exercise 8.1 You are given the following transition intensities for the perma- 
nent disability model (Figure 8.3), for O < t < 5: 


ul, =0.02, 2, =0.03, 2, = 0.04. 


(a) Calculate the probability that a healthy life aged x is still healthy at age 
x5. 

(b) Calculate the probability that a healthy life aged x is still healthy at age 
x + 5, given that (x) survives to age x + 5. 


Exercise 8.2 Use the permanent disability model (Figure 8.3) with 
uli, =0.02, u% =0.03, uio =0.11, 0<z<15. 


An insurance policy will pay a benefit only if the life, currently aged 50 and 
healthy, has been disabled for one full year, before age 65. 
Calculate the probability that the benefit is paid. 


Exercise 8.3 Use the sickness—death model of Figure 8.4 with 
ip =0.08, u%,=0.04, aU wey =0.05, 026215. 


(a) Calculate the probability that a life aged x who is currently in State 1 
remains in State | for the next 15 years. 
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(b) Calculate the probability that a life aged x who is currently in State 1 makes 
exactly one transition to State 0, and then remains in State 0, over the next 
15 years. 


Exercise 8.4 Consider the permanent disability model in Figure 8.3, and 
suppose that u? = u!? for all x. 


(a) Show that 
t n 
2 nave = exp }— f uol.sas p exp} — f nas 
0 0 
(b) Hence show that 


Exercise 8.5 For a multiple state model with m + 1 states, labelled 0, 1, ..., 
m, show that for any non-absorbing State i, 
m 
ex I 
j=0 
Exercise 8.6 Calculate Aa using the Standard Sickness—Death Model tables 
in Appendix D, with an interest rate of 5% per year. 


Exercise 8.7 For the sickness—death model, use formula (8.14) for ipo and 
formula (8.22) for a! to obtain formula (8.31); i.e. show that 


[0,0] 
-01 —ôt 00 01 -IT 
a = / e Px Hx+tax+t dt. 
0 
Exercise 8.8 An insurer calculates premiums for permanent disability insur- 
ance using the model in Figure 8.3. A life aged 60 purchases a policy with a 


five-year term which provides a benefit of $100000 on exit from the healthy 
state. 


(a) Write down an expression in terms of transition intensities, probabilities 
and ô for the EPV of this benefit at force of interest ô per year. 

(b) Calculate the EPV of the benefit when u?! = 0.01 and u% = 0.015 for 
60 < x < 65 and ô = 0.05. 


Exercise 8.9 Consider the permanent disability model illustrated in Figure 
8.3. An insurer uses this model to price an insurance policy with term two 
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years issued to a life aged 58. The policy provides a benefit of $100 000 
if death occurs from the healthy state, $75 000 if the policyholder becomes 
permanently disabled, and $25 000 if death occurs after permanent disability. 
Benefits are payable at the end of the year in which a transition takes place, 
and premiums are payable at the start of each policy year. 

Annual transition probabilities are as follows: 


x Pye py Py px! Py 
58 0.995 0.002 0.003 0.992 0.008 
59 0.993 0.003 0.004 0.990 0.010 


Calculate the annual premium assuming an effective rate of interest of 5% per 
year. 


Exercise 8.10 An insurer issues a 10-year disability income insurance policy 
to a healthy life aged 50. Premiums of $2 400 per year are payable monthly in 
advance if the life is healthy. Benefits of $36 000 per year are payable at the 
end of each month if the life is sick at that time. A death benefit of $150 000 is 
payable at the end of the month of death. 

The policy value basis is the Standard Sickness—Death Model at 5% per year 
interest. You are given the following values: 


00 01 02 10 11 12 
x 1 1 1 1 1 1 7 
br~ b’ LPs 4 Px b’ bx 


5919 0.99765 0.00115 0.00120 0.00029 0.99803 0.00168 
5944 0.99763 0.00116 0.00121 0.00029 0.99803 0.00168 


Calculate VO and v® for t = 91 and for t = 919, 


Exercise 8.11 In a homogeneous Markov model with three states, you are 
given the following matrix of annual transition probabilities for all x: 


p% p p? 0.5 04 0.1 
a” p!!! p? lS 102 06-02 
p? p?! p? 0.0 0.0 1.0 


At time 0 there are eight independent lives in State 0 and four independent 
lives in State 1. 


(a) Calculate the three-year transition matrix, 3P,. 

(b) Calculate the expected number of lives in State 2 at the end of three years. 

(c) Calculate the probability that exactly two lives, out of the original 12, are 
in State 2 at the end of three years. 
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Longer exercises 
Exercise 8.12 A CCRC offers three levels of care. The lower two levels are 
provided to individuals in Independent Living Units (ILUs), and the highest 
level is provided in a Specialized Nursing Facility (SNF). Transitions are 
modelled as a Markov multiple state model with transitions and states as shown 
in Figure 8.12. 


(a) Write down the Kolmogorov differential equations for pe forj = 0,1, 2,3, 
for this model, and give the boundary conditions. 
(b) Show that 


(c) Explain the result in part (b). 


Exercise 8.13 Use the same CCRC model as in Exercise 8.12. 
You are given that, for this model, 


my! = 0.01y, iT = Be”, p}? = 0.05, 
i = 0.015, i = oy u = 8)’, 


y $ 
where B = 1075 and c = 0.1. You are also given the following information. 


e The care costs are $12 000 per year in Level 0, and $25 000 per year in Level 
1. Costs in Level 2 are $40 000 per year up to age 85, and $45 000 per year 
after age 85. 

e Additional costs of $10000 are incurred on transfer between Level 1 and 
Level 2, and $15 000 on the death of the resident. 


ILU: c ILU: SNF: 
Level 0 Care Level 1 Care MM Level 2 Care 
State 0 N State 1 State 2 
Dead 
State 3 


Figure 8.12 CCRC model for Exercises 8.12 and 8.13. 
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e Fees are set using the equivalence principle, assuming interest at 5% per 
year. Expenses and costs other than those listed are ignored. 

e Service fees are payable continuously by residents under Full Life Care 
(Type A) contracts, and are $F per year for all levels. 

e Fees payable by residents under Modified Life Care (Type B) contracts are 
$X per year in Level 0, $2X per year in Level 1, and $3X per year in Level 2. 


The following actuarial functions have been calculated for the model, using an 
effective rate of interest of 5% per year: 


x a a?! a qil ql0 a a22 


80 1.3691 4.9471 0.1406 5.7249 0.2982 0.1741 2.7899 
85 1.2156 3.7976 0.0775 4.4893 0.2188 0.0981 1.9196 


x AM MB aR aB gB 


80 0.07421 0.68497 0.08587 0.69764 0.86388 
85 0.05696 0.75162 0.06734 0.76551 0.90634 


00 O1 2 
x 5Px 5Px 5p? 


80 0.04994 0.62570 0.02273 


(a) Calculate F for a new entrant aged 80, who is entering Level 0 care under 
a Type A contract. 
(b) Calculate X for a new entrant aged 80 who is entering Level 0 care under 
a Type B contract. 
(c) Assume now that (80) entered the facility under a Type A contract with a 
fee rate of $24 350 per year. 
(i) Write down Thiele’s differential equations for VO , for j = 0, 1, 
and 2. 
(ii) Calculate 5V, 5V")), and 5V. 
(iii) Calculate a iV” for t = 5, and for j = 0,1,2. Are the reserves 
increasing or decreasing? Can you explain the results? 


Exercise 8.14 An insurer prices disability income insurance using the 
sickness—death model in Figure 8.4. A 20-year policy issued to (55) provides 
an income of $30 000 payable continuously while sick, and a death benefit of 
$100 000 immediately on death (from either live state). Premiums are payable 
continuously at a level rate while the policyholder is healthy. The insurer uses 
the Standard Sickness—Death Model, with interest at 5% per year. 
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(a) Calculate the annual net premium. 

(b) Calculate the state-dependent net premium policy values at time 10. 

(c) The insurer decides to add a return of premium feature to the policy. At 
the end of the policy term, if the policyholder has made no claims, they 
receive a ‘refund’ of one half of the total premium paid. 

For valuing the policy with the return of premium feature, the insurer 
uses a 4-state model to separate healthy lives who have never claimed 
disability from healthy lives who have made at least one disability claim. 
It is assumed that the new benefit does not change any of the transition 
intensities. 

You are given that, for the Standard Sickness—Death Model, 


pe =A,+Bie"'* and ie = Ao + Be” 
where 
A, =4x 1074, Bı =3.47x 107°, cy = 0.138, 
and 
Ay =5x 1074, By =7.58 x 107°, c2 = 0.087. 


(i) Sketch the new model and identify the transition intensities, in terms 
of the original three-state model transitions. 
(11) Calculate the probability that the return of premium benefit is paid for 
the 20-year policy issued to (55). 
(iii) Calculate the revised premium for the policy. 
(iv) Calculate the state-dependent net premium policy values at time 10. 
(d) Is it reasonable to assume that the return of premium benefit will not affect 
the transition intensities? 


Exercise 8.15 Recall that an absorbing state is a state from which no exit is 
possible. Suppose that State k is an absorbing state in a model with m+ | states, 


labelled i = 0, 1,..., m. Prove that for any non-absorbing State i where i Æ k, 
m 
Až =1-8 X al. 
j=0j+k 


Hint: Use Exercise 8.5 and equation (8.33). 


Exercise 8.16 An insurer prices disability income insurance using the 
sickness—death model in Figure 8.4. The following probabilities apply for 
a healthy life aged 50: 


2 1 _ 

£6 0.015t 4 = 40.011 
3 3 
70.011, 


00 
P59 = 


02 
P59 = 1 — 
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Policyholders pay premiums continuously throughout the policy term while 
they are healthy, and receive benefits while they are disabled. Policyholders 
are assumed to be healthy at the issue date. 

Using a force of interest of 5% per year, calculate the annual premium rate 
for a policy with term two years for a life aged 50 that provides a disability 
income benefit at the rate of $60 000 per year. 


Exercise 8.17 A disability income insurance policy pays B per year, continu- 
ously, while the policyholder is sick, and pays a lump sum death benefit of S. 
The policyholder pays a premium of P per year, continuously, when in the 
healthy state. The policy is issued to a healthy life aged 40, and ceases at 
age 60. The insurer prices policies using the model in Figure 8.4. 


(a) Write down the Kolmogorov forward equations for pe, ps and or. 

(b) Explain, in words, the meaning of a and A; and write down the 
integral formulae to calculate them. _ 2 

(c) Write down a formula in terms of ay and Alay functions for the net 
premium policy value for this disability income insurance policy at 
duration t < 20, given that the life is sick at that time. 


(d) You are given the following transition intensities for this model. 


Ol 02 10 12 
t M404 M4041 M4o4t Mgo4t 

0 0.01074 0.00328 0.09012 0.00712 
0.1 0.01094 0.00330 0.09003 0.00719 
0.2 0.01116 0.00333 0.08994 0.00726 
19.8 0.54261 0.01700 0.07663 0.05813 
19.9 0.55356 0.01714 0.07658 0.05876 
20.0 0.56474 0.01730 0.07653 0.05941 


(i) Using a time step of = 0.1, estimate 0.2P%0 and 0.2P40- 
(ii) Write down Thiele’s differential equations for VO and VO, 
0 < t < 20 for this policy. 
(iii) You are given that B = 20000, S = 100000, P = 6000 and ô = 0.05. 
Use the table above to estimate 199V‘) and j99V. 


Exercise 8.18 Use the Long-Term Care (LTC) multiple state model illustrated 
in Figure 8.13 for this question. 

An insurance policy pays a benefit of $3000 per year, payable continuously, 
while the policyholder is in State 2. Policyholders may opt to have benefits start 
immediately on transition into State 2, or, for a lower premium, may select a 
six-month waiting period before benefits begin. Benefits are valued at a force 
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Mildly 
Active . Severely 
~ Impaired Impaired 
0 2 
1 
Dead Cognitive 
4 pae Impairment 


Figure 8.13 LTC insurance model for Exercise 8.18. 


of interest of ô = 0.05, and transition intensities for all ages x > 90 are 
u}? =0.10, uł =0.04, ulf = 0.10, 
u? =0.04, p% =0.30, pus = 0.20. 


(a) Derive the Kolmogorov forward differential equation for Ppr. 

(b) Show that ,p§ = e074? — e7034, 

(c) Calculate the EPV of the LTC benefit in State 2 for a life currently aged 
90 and in State 1, assuming benefits begin immediately on transition (i.e. 
there is no waiting period). 

(d) Show that as = 0.45 to the nearest 0.01, for any y > 90. 

(e) Calculate the EPV of the LTC benefit in State 2 for a life currently aged 90 
and in State 1, assuming a waiting period of six months between transition 
to State 2 and the start of benefit payments. 

(f) Suggest two reasons why the insurer uses waiting periods in long-term 
health insurance products. 


Exercise 8.19 Consider an n-year disability income insurance policy issued to 
(x), with a benefit of B per year payable continuously while the policyholder is 
sick, and premiums of P per year payable continuously while the policyholder 
is healthy. 

Show that, for 0 < t < n, the EPV at issue of the net premium policy value 
at time ¢ is equal to the EPV at issue of the income minus the cost of insurance 
in the period (0, t). 


Exercise 8.20 In Section 8.8.3 Thiele’s differential equation for a general 
multiple state model was stated as 


d . . . m " P , i 
Vo — 5:1 V _ BË z 3 uf, (si + Vo SE Vv) i 


j=0, jżi 
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t 
(a) Let v(t) = exp{— f ôs ds}. Explain why 
0 


v(t+s) i 
VO = ` j T (si Te mva) sPrtt Hits ds 
J=0,jF#i 0 


vt +s) o 
+f vO BÊ př ds. 


(b) Using the techniques introduced in Section 7.5.1, differentiate the above 
expression to obtain Thiele’s differential equation. 


Excel-based exercises 
Exercise 8.21 Consider the accidental death model illustrated in Figure 8.2. 
For x > 0, let 


u =107 and u? =A+Ber 
where A = 5 x 1074, B = 7.6 x 1075 and c = 1.09. 


(a) Calculate 
@) 1050 
Gi) 10p9}, and 
Gii) 10p$5. 

(b) An insurance company uses the model to calculate premiums for a special 
10-year term life insurance policy. The basic sum insured is $100 000, but 
the death benefit doubles to $200 000 if death occurs as a result of an 
accident. The death benefit is payable immediately on death. Premiums 
are payable continuously throughout the term. For a policy issued to a life 
aged 30, using an effective rate of interest of 5% per year and ignoring 
expenses, calculate 
(i) the annual premium for this policy, and 
(ii) the policy value at time 5. 


Exercise 8.22 An insurer prices critical illness insurance policies using Model 
1 from Figure 8.9. For all x > 0, 


01 02 01 
> =AtBc* and uy = 0.054% , 


where A = 0.0001,8 = 0.00035 and c = 1.075. On the basis of interest at 
4% per year effective, calculate the monthly premium, payable for at most 20 
years, for a life aged exactly 30 at the issue date of a policy which provides 
$50 000 immediately on death, provided that the critical illness benefit has not 
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already been paid, and $75 000 immediately on becoming critically ill, should 
either event occur within 20 years of the policy’s issue date. Ignore expenses. 


Exercise 8.23 Consider the following model for an insurance policy combin- 
ing disability income insurance benefits and critical illness benefits. 


a 
Healthy Sick 
aeo 
0 1 
Dead mk—— Critically ill 
2 3 


The transition intensities are as follows: 
u?! = ay + bi exp{cix}, u? = a + bz exp{erx}, 
u =u <p Sle. 
u}? = Cine", a” = 0.05u!, ub = p” 
where 


aj =4x 10+, bi =3.5 x 1076, cı = 0.14, 
a =5 x 107+, ba = 7.6 x 1075, cp = 0.09. 


(a) Using Euler’s method with a step size of b calculate values of P30 for 
t=0, 4. p35. 

(b) An insurance company issues a policy with term 35 years to a life aged 30 
which provides a death benefit, a disability income benefit, and a critical 
illness benefit as follows: 

e a lump sum payment of $100000 is payable immediately on the life 
becoming critically ill, 

e a lump sum payment of $100000 is payable immediately on death, 
provided that the life has not already been paid a critical illness benefit, 

e a disability income annuity of $75 000 per year payable whilst the life is 
disabled payable continuously. 

Premiums are payable monthly in advance provided that the policyholder 


is healthy. 
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(i) Calculate the monthly premium for this policy on the following basis: 
Transition intensities: as in (a) 
Interest: 5% per year effective 
Expenses: Nil 
Use the repeated Simpson’s rule with h = b- 

(ii) Suppose that the premium is payable continuously rather than 
monthly. Use Thiele’s differential equation to solve for the total 
premium per year, using Euler’s method with a step size of h = b- 

Gii) Using your answer to part (ii), find the policy value at time 10 for a 
healthy life. 


Exercise 8.24 Parameter values and tables for the Standard Sickness—Death 
Model are given in Appendix D. Calculate values for &¥ and A¥ for ages x 
and values of i and j shown in the tables. Use Euler’s method with a step size 
of h = 0.01 to solve appropriate versions of Thiele’s differential equation; 
appropriate values of premiums and benefits are typically 0 and 1. (You should 
not expect to reproduce the values in Appendix D, but your answers should be 
close, and in some cases they will be identical.) 


Answers to selected exercises 
8.1 (a) 0.77880 (b) 0.90699 
8.2 0.18039 
8.3 (a) 0.10540 (b) 0.19967 
8.6 0.0749 
8.8 (b) $10 423.69 
8.9 $509.90 
8.10 gu VO=— 15.77, gu V%=3232.92, g1 VO = — 29.26, 
gig V® = 6446.37 
0.253 0.396 0.351 
8.11 (a) | 0.198 0.352 0.450 (b) 4.608 (c) 0.07594 
0.000 0.000 1.000 


8.13 (a) 24342.38 (b) 13450.79 
(9G sV® = 900.05, 5V = 14397.68, 5V™ = 53 234.84. 


OGD 4£,V]|_, = 227.68, 4 VO; = 64.42, 
d 2 — 
4 VV] -= —3 019.43 

8.14 (a) $6583.73 (b) 1qV = 19110, joV = 227092 
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(c)(ii) 0.288199 (iii) $7410 (iv) 32046, 14320, 227068 
8.16 $195.99 
8.17 (d)(i) 0.99719, 0.00216 (iii) —$427, $2594 
8.18 (c) 2652.52 (e) 2182.59 


8.21 (a)(i) 0.979122 (ii) 0.020779 (iii) 0.000099 
(b)G) $206.28 (ii) $167.15 


8.22 $28.01 


8.23 (a) 35p9) = 0.581884 
(b)(i) $206.56 (ii) $2498.07 (iii) $16. 925.88 
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Multiple decrement models 


9.1 Summary 


Multiple decrement models are a special class of multiple state models which 
occur frequently in actuarial applications. Their key feature is that at most one 
transition can take place from the initial state. Actuaries have a long history 
of utilizing multiple decrement models, and have developed some specific 
assumptions, techniques and notation, which are covered in this chapter. In 
Section 9.2 we give some examples of multiple decrement models, and in 
Section 9.3 we use results from the previous chapter to obtain probabilities 
and actuarial functions for such models. In Sections 9.4 and 9.5 we consider 
multiple decrement tables and their construction. We briefly discuss notation 
in Section 9.6, then in Section 9.7 we discuss techniques to allow multiple 
state methods and models to be used when there are exact age transitions, 
contravening Assumption 8.3 from the previous chapter. 


9.2 Examples of multiple decrement models 


A multiple decrement model with m + | states is characterized by having a 
single initial state, and m exit states. We generically refer to the initial state 
as the active state or State 0. The process makes at most one transition, into 
one of the exit states. There are no further transitions, so all the exit states are 
absorbing states, and all the probabilities in the model are of the form pl for 
j =0,1,...,m. Typically, we refer to modes of exit as decrements. 

Figure 9.1 illustrates a general multiple decrement model. We have seen 
other examples in Chapter 8; the alive—dead model is sometimes called a single 
decrement model; the accidental death model in Figure 8.2 is an example of 
a double decrement model, that is, with two modes of exit. In the models 
proposed for critical illness insurance in Figure 8.9, the first version is a double 
decrement model, but the other two are not multiple decrement models, as both 
allow for more than one transition. 
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Active 
0 
Decrement Decrement Decrement 
1 2 m 


Figure 9.1 A general multiple decrement model. 


As the multiple decrement model is a special case of the multiple state 
model, we have already developed the necessary techniques for developing 
probabilities and actuarial functions. In the following sections we apply the 
multiple state results to the multiple decrement framework. 


9.3 Actuarial functions for multiple decrement models 


We can write down expressions for probabilities in a multiple decrement model 
using results from the previous chapter. First we note that as no transition into 
State 0 is possible, spe? = ipo, and as formula (8.9) applies to any multiple 
state model, 


m 


t 
00 00 Oi 
Py = tPx = exp -f > bas ds 
0 i=l 


For the probability pu „j = 1,2,...,m, the Kolmogorov forward equa- 
tions (8.16) have the simple form 

d Oj 00 0 

GPx = Pe Herr 
Integrating this gives the intuitively appealing formula 


t 


Oj 00 „0j 
P = J sPx Mx+s d$. 
0 


Assuming we know the transition intensities as functions of age, we can 
calculate po and pe using numerical or, in some cases, analytic integration. 

Since the only possible transitions are from State 0 to one of the exit 
states, the only annuity EPVs used are for annuities payable in State 0, (for 
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example, a an ), and the only insurance functions used are those which value a 
unit benefit payable on transition from State 0 into one of the exit states (for 
example, A? = 

The following example illustrates a feature which commonly occurs when 
a multiple decrement model is used. We discuss the general point after 


completing the example. 


Example 9.1 A 10-year term insurance policy is issued to a life aged 50. 
The sum insured, payable immediately on death, is $200000 and premiums 
are payable continuously at a constant rate throughout the term. No benefit is 
payable if the policyholder lapses. 

Calculate the annual premium rate using the following two sets of 
assumptions. 


(a) The force of interest is 2.5% per year. 
The force of mortality is given by uy = 0.002 + 0.0005(x — 50). 
No allowance is made for lapses. 
No allowance is made for expenses. 

(b) The force of interest is 2.5% per year. 
The force of mortality is given by uy = 0.002 + 0.0005(x — 50). 
The transition intensity for lapses is a constant equal to 0.05. 
No allowance is made for expenses. 


Solution 9.1 (a) Since lapses are being ignored, an appropriate model for this 
policy is the alive—dead model shown in Figure 8.1. 
The annual premium rate, P, calculated using the equivalence principle, is 
given by 


= 200000 A”! 


00 
Pa 50:10] 


50:10] 
where 


10 10 
701 -00 —ôt 00 
A, ol I en oe dt and 475] = I Psq dt. 


Further, Pan = exp{—0.002r — 0.0002577}. So we can use numerical 
integration to calculate the integrals, and we find 


P = 200000 x 0.03807/8.6961 = $875.49. 


(b) To allow for lapses, the model should be as in Figure 9.2. Note that this has 
the same structure as the accidental death model in Figure 8.2 — a single 
starting state and two exit states — but with different labels for the states. 
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Active 
0 
Dead Lapsed 
1 2 


Figure 9.2 The insurance-with-lapses model. 


Using this model, the formula for the premium, P, is, again, 
40 
50:10 
qo __ 
50:10 


but now ,p2) = exp{—0.052r — 0.000257}, which gives 


P = 200000 


P = 200000 x 0.02890/6.9269 = $834.54. 


We make the following observations about Example 9.1. 


(1) The premium allowing for lapses is lower than the premium which does 
not allow for lapses. This was to be expected. The insurer will make a 
profit from any lapses in this example because, without allowing for lapses, 
the policy value at any duration is positive and a lapse (with no benefit 
payable) releases this amount as profit to the insurer. If the insurer allows 
for lapses, these profits can be used to reduce the premium. 

In practice, the insurer may prefer not to allow for lapses when pricing 
policies if, as in this example, this leads to a higher premium. The decision 
to lapse is totally at the discretion of the policyholder and depends on 
many factors, both personal and economic, beyond the control of the 
insurer. Where lapses are used to reduce the premium, the business is 
called lapse supported. Because lapses are unpredictable, lapse supported 
pricing is considered somewhat risky and has proved in some cases to be 
a controversial technique. 

Note that two different models were used in the example to calculate a 
premium for the policy. The choice of model depends on the terms of the 
policy and on the assumptions made by the insurer. 

The two models used in this example are clearly different, but they are 
connected. The difference is that the model in Figure 9.2 has more exit 
states; the connections between the models are that the single exit state in 
Figure 8.1, ‘Dead’, is one of the exit states in Figure 9.2 and the transition 
intensity into this state, ie is the same in the two models. 


(2 


wm 


(3 


wm 


(4 


Sa 
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(5) The probability that the policyholder, starting at age 50, ‘dies’, that is 
enters State 1, before age 50 + ¢ is different for the two models. For the 
model in Figure 8.1 this is 


t 
f exp{—0.002r — 0.00025r7} (0.002 + 0.0005r)dr, 
0 


which, over the full 10-year term is 10P So = 0.044, whereas for the model 
in Figure 9.2 it is 
t 
i exp{—0.052r — 0.0002577} (0.002 + 0.0005r)dr, 
0 


which over the full 10-year term is 10P i, = 0.033. 

The explanation for this is that in the second case we are eliminating the 
policyholders who die after lapsing their policies — that is, we interpret the 
‘Dead’ state here as having died whilst in the active state. If we increase 
the intensity of the lapse decrement, the probability of dying (from active) 
decreases, as more lives lapse before they die. 


Points (4) and (5) illustrate common features in the application of multiple 
decrement models. When working with a multiple decrement model we are 
often interested in a hypothetical simpler model with only one of the exit states 
and with the same transition intensity into this state. For exit state j, the reduced 
model, represented in Figure 9.3 is called the independent single decrement 
model for decrement j. 
For the multiple decrement model in Figure 9.1, starting in State 0 at age x, 
the probability of being in State j 4 0 at age x+t is 
t 
Oj 00 O 
Py = J sPx Hys 4s 
0 


where (from equation (8.9)) 


t m 
00 Oi 
tP = exp - [E hudu 
0 i=1 


; Oj ; 
Active Hy Exit 
0 J 


Figure 9.3 Independent single decrement model, decrement j. 
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For the independent single decrement model in nie 9.3, we consider only 
two states (0 and j), but with transition intensity pe ++ taken from the full 
multiple decrement model. We can then use the methods and results of 
Chapter 2 to derive survival and transition probabilities, denoted by pr a nd 
iq” , respectively, for j = 1,2,...,m, giving 


t t 


. m 
px? = exp 4 — / Heyy dup and gt? = Hi pr py’, ds. 
0 0 


The probabilities sp and pe are called the dependent probabilities or 
rates of survival or exit by decrement j, because the values depend on the 
values of the other transition intensities, fiat for - <s < : 5 k # j. The 
probabilities from the reduced, two state model, pet ) and a” , are called the 
independent probabilities or rates of surviving and exiting for decrement j, 
because the values are independent of the effect of other transitions. The 
independent probabilities are the hypothetical probabilities applying if the only 
way to leave the ‘Active’ state is by the single decrement j. 

In the remainder of this chapter we use terminology that has been used 
for many years by oe We refer to one-year probabilities as rates, so 
that, for example, př is the dependent rate of decrement by decrement j at 
age x. This is consistent with the terminology mortality rate which describes 
a probability rather than a rate. In the previous chapter we noted that the term 
transition intensity was interchangeable with force of transition, and the latter 
terminology is more D used for multiple decrement models. So, for 
example, we refer to u% as the force of transition at age x. 

In many cases, the independent rates are not real quantities — for example, 
modelling insurance lapses assuming that there are no deaths does not appear 
to make much sense. However, identifying the hypothetical independent rates 
can be useful when changing assumptions for other decrements, an issue that 
we explore further in Section 9.5. 


9.4 Multiple decrement tables 


It is often convenient to express a multiple decrement model in tabular form, 
similar to the use of the life table functions /, and dx for the alive—dead model. 
The multiple decrement table can be used to calculate survival probabilities 
and exit probabilities, by mode of exit, for integer ages and durations. With a 
fractional age assumption for decrements between integer ages, the multiple 
decrement table can be used to estimate all survival and exit probabilities 
for ages within the range of the table. We expand the life table notation of 
Section 3.2 as follows. 
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Let /,, be the radix of the table (an arbitrary positive number) at the initial 
age x. Define 


Lett = ly, Pe 
and for j = 1,2,...,m,andx > %, 
6 
dY = 1, pë. 
Given integer age values for J, and for d? , all integer age and duration 
probabilities can be calculated. 

We can interpret ly, x>x,, as the expected number of active lives (i.e. in 
State 0) at age x out of lą, active lives at age x,, although as lą, is an arbitrary 
starting value, it does not need to be an integer. 

Similarly, dv may be interpreted as the expected number of lives exiting by 


mode of decrement j in the year of age x to x + 1, out of /,, lives in the starting 
state at age x%. 


Example 9.2 An excerpt from a multiple decrement table for an insurance 
policy offering benefits on death or diagnosis of critical illness is given in 
Table 9.1. The insurance expires on the earliest event of death GG = 1), 
surrender (j = 2) and critical illness diagnosis (j = 3). 


(a) Calculate (i) 3p{8, (ii) p3}, and (iii) sp4?. 


(b) Calculate the probability that a policy issued to a life aged 45 generates a 
claim for death or critical illness before age 47. 

(c) Calculate the probability that a policy issued to a life aged 40 is surren- 
dered between ages 45 and 47. 


Table 9.1 Excerpt from a critical illness multiple 
decrement table. 


x A a a ae 
40 100000 51 4 784 44 
41 95121 52 4526 47 
42 90496 53 4 268 50 
43 86125 54 4010 53 
44 82008 55 3 753 56 
45 78144 56 3 496 59 
46 74533 57 3 239 62 
47 71175 57 2 983 65 
48 68070 58 2 729 67 
49 65216 58 2 476 69 


50 62613 58 2 226 70 
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Solution 9.2 
(a) (i) 3pys = lag/las = 0.87108. 

Gi) p94 = a") /l4o = 0.00051. 

Gii) sph = (dÈ + dQ) +--+ d@)/la1 = 0.00279. 
(b) 2p9! + p% = al? + di? + d + diP)/las = 0.00299. 
© spp% = (dj + dig )/lo = 0.06735. 


9.4.1 Fractional age assumptions for decrements 


Often, the only information that we have about a multiple decrement model 
are the integer age values of lą and d?. To calculate non-integer age or 
duration probabilities, we need to make an assumption about the decrement 
probabilities or forces between integer ages. 


UDD in the multiple decrement table 
Here UDD stands for uniform distribution of decrements. For 0 < t < 1, and 
integer x, and for each exit mode j, assume that for j 4 0, 


ee try: (9.1) 


The assumption of UDD in the multiple decrement model can be interpreted 
as assuming that, for each decrement, the exits from the starting state are 
uniformly spread over each year. 


Constant transition forces 
For 0 < t < 1, and integer x, assume that for each exit mode j, is isa 
constant for each age x, equal to uY (x), say. Let 


w(x) =Y eK) 


so that u°? (x) represents the total force of transition out of State 0 at age x + t 
0oy A . p 

for 0 < t < 1, and pV = = e~*! Tt is convenient also to denote the total exit 

probability from State 0 for the year of age x to x + 1 as pe. That is 


00 Ok =p 
— p= 7p = 1 — er who, 
k=1 


Then for integer x and for 0 < t < 1, we have 


oj ; 
y Pe fi ») 
ie = oe (: (px ). (9.2) 
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We prove this as follows: 
t 
; o; 
Py = / Py Myr AP (9.3) 
0 
t 


0e . 
= / eH" y%(x) dr by the constant force assumption 
0 


7 pl (x) (1 E et) 


Ba) 
Oj 
pe! (x) ( 00\! 
= i (v ) . (9.4) 
[199 (x) i 
Now let tf > 1, and rearrange, giving 
wx) py 


pa) pee es 
where the left-hand side is the ratio of the mode j force of exit to the total force 
of exit, and the right-hand side is the ratio of the mode j probability of exit to 
the total probability of exit. Substitute from equation (9.5) back into (9.4) to 
complete the proof. 

The intuition here is that the term 1 — (p2) represents the total probability 
of exit under the constant transition force assumption, and the term př [P 
divides this exit probability into the different decrements in proportion to the 
full one-year exit probabilities. 


Example 9.3 Calculate o2p2) for j = 1,2,3 using the model summarized in 
Table 9.1, and assuming (a) UDD in all the decrements between integer ages, 
and (b) constant transition forces in all decrements between integer ages. 


Solution 9.3 (a) Under UDD we have 027%) = 0.2 ph, which gives 
0.2P%9 = 0.000185,  o.2p9 = 0.007110,  o.2p% = 0.000224. 


(b) Under constant transition forces, 
p% 
oj _ F50 000.2 
0.2P50 = Oe (1 = (P50) ) ; 
P50 


which gives 


0.2P%5 = 0.000188,  o.2p9 = 0.007220,  o.2p% = 0.000227. 
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9.5 Constructing a multiple decrement table 


Suppose an insurer is using a double decrement table for deaths and lapses 
to model the liabilities for a lapse-supported product. When a new mortality 
table is issued, the insurer may want to adjust the dependent rates to allow 
for the more up-to-date mortality probabilities. However, the mortality table is 
an independent table — the probabilities are the pure mortality probabilities. 
In the double decrement table, what we are interested in is the dependent 
probability that death occurs from the ‘Active’ state — so deaths after lapsation 
do not count. 

The relationship between dependent and independent rates depends on exit 
patterns between integer ages, for each decrement in the table. For example, 
suppose we have dependent rates of mortality and withdrawal for some age x 
in a double decrement table, of p% = 0.01 and po = 0.10 respectively. This 
means that, given 100 active lives aged x, we expect one life to die from the 
active state, and 10 lives to withdraw, before age x + 1. What does this tell 
us about the independent rates of lapse or death? Consider the following two 
extreme cases. 


Suppose we know that withdrawals all happen right at the end of the year. 
Then the one expected death during the year is not affected by the lapses; 
if the lapses doubled, we would still have 1 expected death from 100 active 
lives aged x, so the independent mortality rate is gh = 1/100. 

Now the 10 expected withdrawals are all coming from the 99 lives that are 
expected to survive the year, so the independent withdrawal rate would be 
ge = 10/99. 

Suppose instead that all the withdrawals occur right at the beginning of the 
year. Then the independent rate of withdrawal is gO = 10/100, as there is 
not time for the mortality rate to affect the withdrawals. 


Following the initial withdrawals, we have 90 expected active lives at age 
x, of whom one is expected to die before age x + 1, so the independent 
mortality rate is gh) = 1/90. 


If we do not have specific information on the timing of exits we use the 
fractional age assumptions of the previous section to derive the relationships 
between the dependent and independent probabilities. Note that this methodol- 
ogy relates specifically to the situation where we have a table with probabilities 
at integer ages only, and so we need to use a fractional age assumption. 


9.5.1 Deriving independent rates from dependent rates 


UDD in the multiple decrement table 
Assume that each decrement is uniformly distributed in the multiple decrement 
model. Then we know that for integer x, and for 0 < t < 1, 
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le Oj j 
Pe =tPys Pe =1—tpy and pp, =py, 06) 
where the last equation is derived exactly analogously to equation (3.9), where 
we showed that UDD in the alive—dead model implies that ;Px x41 = gx for 
integer x and for 0 <t < 1. The key observation is that the right-hand side of 
the equation does not depend on t. Then from (9.6) above 


j pi 
We a x 
Myat = 1 — t po (9.7) 


and integrating both sides gives 
oj pi! 0 py. 00 005p% yp% 

/ uldi = 7 (— 10g — py) = 2 (—logp%”) = — log (09 t) 

Px Px 
0 
Note that the decrement j independent survival probability is 

1 
+) fat l= exf 00) p/p% 
Px = exp My+t tr = exp ; 10g (Px ) 
0 


aye ee 
Spa) T (9.8) 


So, given the table of dependent rates of exit, př , we can use equation (9.8) 
to calculate the associated independent rates, under the assumption of UDD in 
the multiple decrement table. 


Example 9.4 Calculate the independent one-year exit probabilities for each 
decrement for ages 45 to 50, using Table 9.1 above, assuming a uniform 
distribution of decrements in the multiple decrement model. 


Solution 9.4 The results are given in Table 9.2. 


Table 9.2 Independent rates of exit for the multiple decrement 
model, Table 9.1, assuming UDD in the multiple decrement table. 


2 gid gO go 

45 0.000733 0.044771 0.000773 
46 0.000782 0.043493 0.000851 
47 0.000819 0.041947 0.000933 
48 0.000870 0.040128 0.001005 
49 0.000907 0.038004 0.001079 


50 0.000944 0.035589 0.001139 
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You might notice in Table 9.2 that the independent rates are greater than the 
dependent rates. This is always true, as the effect of exposure to multiple forces 
of decrement must reduce the probability of exit by each individual mode, 
compared with the probability when only a single force of exit is present. 


Constant forces of transition in the multiple decrement table 
Interestingly, the relationship between dependent and independent rates under 
the constant force fractional age assumption is exactly that in equation (9.8). 
From Equation (9.5), we have 


px 
pr’ 


KIS = u” a) 
So 
Oj Oe Oj Oe 
: WPA 007) \ Px /Px Px /Px 
Ò = eH" = (~ a) _ (09°) 


However, the approximations are not the same for non-integer durations, as 
we demonstrate in the next example. 


Example 9.5 Derive expressions for pr’ for a double decrement table, for 
0 < t < 1, assuming (a) UDD in the multiple decrement table, and (b) constant 
forces of transition. 


Solution 9.5 (a) We have, under the UDD assumption for pe i 
t t 


, pi pl 
[la f Para Fe (toga - 10%) 
X 
0 


1— rp 
È 


O, 0e 
= —log(1 — rps (Pr 


Then 
*() 0j oe \ P/P" 00 \ 22 (Pe 
tPx` = exp - f wf,ar = (1 — tp; ) = (e? ) ; 
0 


(b) Now we have 


t Oj 


} j p00 r 
; Px /Py Oj | 030 
. ‘i “ial agen oe eee 
pe? = exp - fu, drp =e lt = G yi) = (w? ) 


0 
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In both cases, the final expression is the same, but in calculating ip” under 
the UDD assumption, we use p% =l=t p“ and under the constant force 


x t 
assumption, we use ;p®° = (p%°}'. 


Next, we consider how to construct the table of dependent rates given the 
independent rates. 


9.5.2 Deriving dependent rates from independent rates 


UDD in the multiple decrement table or constant forces of transition 
We can rearrange equation (9.8), which applies to both fractional age assump- 
tions, to give 


0) 
, _ logpy 
Y= pe. 9.9 
Px log p% Px ( ) 


In order to apply this, we use the fact that the product of the independent 
survival probabilities gives the dependent survival probability, that is 


m m t m 


I] ri = I] exp -f ui, „dr = exp -| > py, dr = p% : 
j=l j=l 0 o J=! 
So, given the independent survival probabilities, we calculate 


m 


y= [|e and p =1-pt, 
j=l 


and use (9.9), with the appropriate pi? to determine the dependent rate, př : 


UDD in the independent models 

If we assume a uniform distribution of decrements in each of the independent 
models, the result is slightly different from the assumption of UDD in the 
multiple decrement table. That is, if we assume UDD in the independent 
models, then the transitions in the multiple decrement model are not uniformly 
distributed. 

The UDD assumption in the independent models means that for each 
decrement j, and for integer x, 0 < t < 1, 


ge? = 1g > pO phe. 


Then 
1 


00, Of 1 2 
Px My dt = / ee nw” ae 
0 


J) 
=e 
II 
ex 
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Extract pr? u”, = g’ to give 


aa? f I prod 


0 K=1kŻj 


gh j IT ( 3 at) a 


9 kaLkAi 


The integrand here is just a polynomial in t, so for example, if there are two 


decrements, we have 
1 
= gil) fo- gt) a 
0 


1 
= gt) (1- me 
and similarly for p% 


It is simple to show that, with three decrements, under the assumption of 
UDD in each of the single decrement models, we have 


1 1 
pr = KO (1 = (era) toe g”) , 


and similarly for pr and pr: The proof is left as an exercise. 

Generally it makes little difference whether the assumption used is UDD in 
the multiple decrement model or UDD in the single decrement models. The 
differences may be noticeable though when the transition forces are changing 
rapidly between integer ages. 


Example 9.6 The insurer using Table 9.1 wishes to revise the underly- 
ing assumptions. The independent annual surrender probabilities are to be 
decreased by 10% and the independent annual critical illness diagnosis prob- 
abilities are to be increased by 30%. The independent mortality probabilities 
are unchanged. 

Construct the revised multiple decrement table for ages 45 to 50 assuming 
UDD in the multiple decrement model and comment on the impact of the 
changes on the dependent mortality probabilities. 


Solution 9.6 This is a straightforward application of equation (9.9), and the 
results are given in Table 9.3. We note the increase in the mortality (j = 1) 
probabilities, even though the underlying (independent) mortality rates were 
not changed. This arises because fewer lives are withdrawing, so more lives 
are expected to die before withdrawal. 
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Table 9.3 Revised multiple decrement table for Example 9.6. 


x L dP dq? dq?) 

45 80 021.90 57.47 3 221.64 78.73 
46 76 664.06 58.75 2 998.07 83.09 
47 73 524.15 59.00 2772.92 87.48 
48 70 604.74 60.28 2547.17 90.53 
49 67 906.76 60.50 2319.97 93.58 
50 65 432.71 60.71 2 093.26 95.27 


Table 9.4 Summary of multiple decrement model notation. 


USA and UK and 
AMLCR Canada Australia 


Dependent survival probability sp pe t(ap)x 
Dependent transition probability ipa gy aqy 
Dependent total transition probability pee q t(aq)x 
Independent transition probability Ge 0) A di: 
Independent survival probability pr po pe 
Forces of transition wo ul? (t) ua 
Total force of transition u KPO (a) x+t 
Multiple Decrement Table: 

Active lives lx i (al) x 

Decrements dv a? (ad i 


9.6 Comments on multiple decrement notation 


Multiple decrement models have been used by actuaries for many years, 
but the associated notation is not in the standardized international actuarial 
notation. We have retained the more general multiple state notation for multiple 
decrement (dependent) probabilities, although it is unnecessarily unwieldy in 
this context, since every probability is in the form pi ; 

The introduction of the reduced single decrement, or independent, models 
associated with the multiple decrement model is not easily incorporated into 
our multiple state model notation, which is why we have fallen back on the p 
and q notation from the alive—dead model. 

In Table 9.4 we have summarized the multiple decrement notation that has 
evolved in North America and in the UK and Australia. In the first column 
we show the equivalent probabilities in the multiple state notation, which is 
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mainly what we use in this text. We also use the North American notation 
where it is more convenient (in particular, in double decrement death and 
surrender models). 

For convenience, we list some of the key results from this chapter in both 
the alternative notation sets: 


USA and Canada UK and Australia 
t t 
Pi” = exp { — fu O() dr (ap)x = exp 4 — J (am) x4r dr 
0 0 
t t 
iq = fa O uP (dr aq} = / r(ap)x Wey dr 
0 
dP (ad), 
(T) = xX PEN fa 
a = e= ay 
G), (T1) 
; qx [4x ; j l 
pw = (æ) p = ((ap)x) (aq)x/(aq)x (9.10) 


Note that (9.10) is the relationship between dependent and independent rates 
assuming constant transition forces, or UDD in the dependent rates. 


9.7 Transitions at exact ages 


A feature of all the multiple state models considered so far in this chapter, 
and in Chapter 8, is that transitions take place in continuous time, and the 
probability of a transition taking place in a time interval of length h converges 
to 0 as h converges to 0. This follows from Assumption 8.3. In practice, there 
are situations where this assumption is not realistic. One common example 
arises in pension plans, when there is a minimum retirement age, leading 
to a mass of retirements at that age. For example, if employees can retire 
with an immediate pension at age 60 or above, there may be a significant 
probability that an individual retires at exact age 60, breaching Assumption 8.3, 
which requires (loosely) that the probability of exit at any specified instant 
must be infinitesimal. The situation also arises in relation to surrenders in life 
insurance, where policyholders might surrender immediately before a premium 
payment date. 

Exact age or duration transitions can be managed by separating the analysis 
into periods of continuous transition, where Assumption 8.3 applies, and 
periods of discrete transition, where there are bulk exits from the starting state. 

In this section, we demonstrate this with three examples. 
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Example 9.7 For a group of life insurance policies issued to lives currently 
aged x, the mortality rate is gy = 0.02, and the insurer expects 5% of survivors 
at the year end to surrender their policies. Assume mortality is decrement 1 
and surrender is decrement 2. Identify 


(a) the independent and dependent mortality rates, 
(b) the independent and dependent surrender rates, and 
©) p%. 


Solution 9.7 (a) During the course of the year, the only decrement applying 
to the group is mortality, so the independent rate of mortality is the same 
as the dependent rate, i.e. 0.02. 

(b) At the year end, 5% of survivors surrender their policies, regardless of the 
mortality rate, so the independent rate of surrender is 0.05. 
The dependent rate of surrender is the probability that a life aged x 
surrenders their policy before age x + 1. For this to happen, the life must 
survive the year, and then surrender, with probability 


p? = 0.98 x 0.05 = 0.049. 


(c 


< 


The probability that a life aged x has neither died nor surrendered by age 
x + 1 can be derived from the independent models, by multiplying the 
independent survival probabilities, 


p% = 0.98 x 0.95 = 0.931, 


or from the dependent model, by subtracting the dependent exit probabili- 
ties from 1: 


p% = 1 — 0.02 — 0.049 = 0.931. 


Example 9.8 You are given the following excerpt from a multiple decrement 
table with two modes of decrement. 


x ko à dP a® 


60 10000 400 3000 
6l 6600 300 2000 


Assume that decrement 1 is uniformly distributed over the age-year; for 
decrement 2 assume that one third of the exits occur three months into the 
year, and the rest occur at the end of the year. 

Calculate the independent rates of decrement at age 60. 


376 Multiple decrement models 


Solution 9.8 UDD in the multiple decrement table for decrement 1 implies 
that, out of ly active lives age x, we expect tds” to exit by decrement | in any 
interval of ż years within the period from age x to x + 1. 

Following the general principle for dealing with exact age exits, we split the 
year up into 


(A) the first 0.25 years, up to just before the first tranche of exits by decrement 
2; we indicate this age as 60.257, 

(B) the exits (by decrement 2) that are assumed to occur at exact age 60.25, 

(C) exits by decrement 1 from age 60.25*, i.e. just after the decrement 2 exits, 
to age 61-, just before the second tranche of decrement 2 exits, and 

(D) exact age exits (by decrement 2) at the end of the year. 


We deal with each portion of the year as follows. 


(A) Out of 10000 active lives aged 60, 0.25 x 400 = 100 are expected to 
leave by decrement | between age 60 and age 60.25~. That means that 
l60.25- = 9900. 

(B) At age 60.25 we expect 3000/3 = 1000 lives to exit by decrement 2, 
leaving l60.25+ = 8900. 

(C) Between age 60.25 and 61~ we expect exits by decrement 1 to be 0.75 x 
400 = 300. So, just before the second tranche of decrement 2 exits, we 
have /6;- = 8600. 

(D) At exact age 61, the remainder of the decrement 2 exits occur; we expect 
2000 exits at this time, leaving /61 = 6600 as required. 


Over the first 0.25 years, the only decrement applying is decrement 1, so 
the independent survival probability for decrement 1, up to the first tranche of 
decrement 2 exits, is 


(1) 9900 
== 0.99. 
0.25P60 10000 
Similarly, once the decrement 2 exits at time 0.25 have left, only decrement 1 
applies until just before the end of the year, so that 
(1) 8600 


0.75P 60.25 = 3000 ~ 0.96629. 


So the independent rate of decrement 1 for the full year is 
1 — paspen” x 0.75 sy95 = 1 — Peg = 1 — 0.95663 = 0.04337. 


The independent survival probability for decrement 2 over the first 0.25 years 
is the survival probability if there were no exits from decrement | in this time, 
which is 

(2) _ 8900 


0.25P60 = 9900 ~ 0.89899 
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and similarly, the independent survival probability for decrement 2 over the 
last 0.75 years is 


6600 
0.75Pe.95 = 3600 7 0767% 


So the independent rate of decrement 2 is 
1 = 025P x ospe}; = 1 — pe? = 1 — 0.68992 = 0.31008. 


As a check, the product of the independent survival probabilities must give the 
dependent survival probability: 


Dea” pew” = 0.95663 x 0.68992 = 0.66 


as required. 


Example 9.9 Exits from employment are modelled using a three decrement 
model, as shown in Figure 9.4. You are given the following information on 
exits between integer ages: 


di 0.05 x< 60, 
x — | 0.00 x>60, 


2 0.00 x < 60, 
* 0.10 60 <x < 62, 


0.003 59 < x < 60, 
u® =% 0.004 60<x <6l, 
0.005 61 <x < 62. 


In addition to the continuous time exits modelled using the transition 
intensities above, there are retirements at exact age 60, when 20% of all 
employees still working retire immediately, and at exact age 62, when all 
remaining employees retire immediately. 


Employed 
0 
Withdrawn Retired Dead 
1 2 3 


Figure 9.4 Multiple decrement model for Example 9.9. 
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(a) Construct the multiple decrement table for this model, for integer ages 
from 59 to 62, using a radix of l5 = 100000. 
(b) Calculate the probability that an employee aged 59 will retire before 
age 62. 
(c) Calculate the EPV of a death in service benefit of $100000, payable 
immediately on death, for an employee aged 59. Assume an interest rate of 
4% per year, and use (i) exact calculation and (ii) the multiple decrement 
table from part (a), with claims acceleration — that is, assume all payments 
between integer durations occur exactly half-way through the year. 
Calculate the EPV of a lump sum benefit of $100 000, payable immediately 
on retirement, for an employee aged 59. Assume an interest rate of 4% per 
year, and use claims acceleration as in part (c). 


(d 


wm 


Solution 9.9 (a) We first calculate the transition probabilities, then build up 
the multiple decrement table, starting from age 59. The probability of 
survival to age 59 + t, for0 < t < 1, is 


t 
P59 = exp - f 0.053 dt! = e7005", 
0 


So the probabilities of exit for the year are 


p 


o 00 01 
P59 = I tP59 H594 dt 


0 
: 0.05(1 —0.053) 
—0.053t : =e 
= .05 dt = —————— = 0.04870, 
fe 0.05 0.053 0.04870 
0 
02 __ 0 


1 
P59 = J e™0-0531 0,003 dt = 0.00292, 
0 


which gives the first row of the multiple decrement table as: 


Age A aP d? d?) 


59 100 000 4869.8 0 292.2 


So, from /59 = 100000 employees aged 59, we expect 4869.8 + 292.2 to 
exit before age 60, leaving 94 838 in employment at exact age 60. Of these, 
20% are expected to retire immediately, leaving the remainder to continue 
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working beyond age 60. We identify the exact age exits with a special row 
in the multiple decrement table. Exits between ages 60 and 61, after the 
exact age transitions, will be denoted as applying to age 607. The table 
becomes: 


Age lx dy) dy dy” 
59 100000.0 4869.8 0.0 292.2 
60 exact 94 838.0 0.0 18 967.6 0.0 
60+ 75 870.4 


Once the exact age transitions are accounted for, transitions between ages 

60* and 61 follow using the standard multiple state model formulae. We 
00 —0.104 01 

have ;Peo+ = € t fr0<t< 1, Poor = 0 


1 
Pe J e 91% 0.1 dt = 0.09498, 
0 


1 
po, = J e70 104 0.004 dt = 0.00380, 
0 


and multiplying these by /¢9+ gives the a values required: 


Age A dP d? d?) 
59 100 000.0 4869.8 0.0 292.2 
60 exact 94 838.0 0.0 18 967.6 0.0 
607 75 870.4 0.0 7205.8 288.2 
61 68 376.3 


We then repeat the process for age 61: 
Poi = 0, 
1 
p% = f e™®103t 0.1 dt = 0.09493, 


0 
1 


pe = 1 e~ 91954 0.005 dt = 0.00475, 
0 


which give the full table up to exact age 62, when all remaining employees 
are assumed to retire immediately: 
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Age ly di) dP d?) 

59 100 000.0 4869.8 0.0 292.2 
60 exact 94 838.0 0.0 18 967.6 0.0 
60+ 75 870.4 0.0 7205.8 288.2 
61 68 376.3 0.0 6490.9 324.5 
62 exact 61 560.9 0.0 61 560.9 0.0 


(b) To distinguish between probabilities before exact age exits and after exact 
age exits, we use superscripts f and t+ , for the age or term, as appropriate. 
So, using the table, the probability that an employee aged 59 retires before 
age 62- is 
o2 _ 18 967.6 + 7205.8 + 6490.9 
nae 100000 

(c) (i) The death in service benefit may be valued in three parts, correspond- 
ing to the three possible years of service. We then have the EPV as 

100 00043 z where ô = log 1.04 and 


1 1 
Asa = | © 0.003 edt + repso eo i e~ 9.10% 9.004 eat 
0 0 
1 
+ p%} e” f e0101 0.005 edt 
0 


= 0.0085281 


= 0.32664. 


so the EPV for the death in service benefit as $852.81. 

(ii) With the claims acceleration approach (which is very commonly 
used in pension calculations), we can use the table to determine the 
probability of death in service over each year, and assume that the 
benefits are paid, on average, midway through the year of age, giving 


the EPV as 
292.2y9 + 288.2y!5 + 324.529 
100 000 PARAOS AV eee gap Si 
100000 


We notice that the claims acceleration approach is simpler to calculate 


and quite accurate, compared with the exact calculation, in this case. 
(d) The continuous time retirement benefits are discounted from the mid-year 
of payment, and the exact age retirements at ages 60 and 62 are discounted 
from the exact dates, giving the EPV of the retirement lump sum as 


18 967.6 v +7 205.8 v!> +6 490.9 v2 +61 560.9 v? 
100 000 


100 000 ( ) = $85 644.28. 
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9.8 Exercises 


Shorter exercises 
Exercise 9.1 You are given the following excerpt from a double decrement 
table. In the table, x indicates a missing value. Calculate ope. 


x b oF 7 
50x 80 140 
51 980 e200 
52 710 


Exercise 9.2 The following table is an extract from a multiple decrement table 
modelling withdrawals from life insurance contracts. Decrement 1 represents 
withdrawal, and decrement 2 represents death. 


x ly a dP 


40 15490 2400 51 
41 13 039 2102 58 
42 10879 1507 60 


(a) Calculate g assuming UDD in both single decrement tables. 

(b) Repeat the calculation in part (a), but assuming that all withdrawals 
occurred at the start of the year. 

Exercise 9.3 In a double decrement model, the independent rates of decre- 

ment at age x are gh) = 0.05 and Gg = 0.2. 

You are given that decrement | is uniformly distributed in the single 
decrement model, and decrement 2 occurs at exact age x + 0.75 for integer 
age x. 

Calculate the dependent rate of exit by decrement 1. 


Exercise 9.4 You are given the following excerpt from a three-decrement 
table: 


x L di) d? d?) 
60 8000 400 800 640 


You are also given that decrement | occurs exactly one-third of the way 
through the year, that decrement 2 is uniformly distributed in the multiple 
decrement model, and that decrement 3 is uniformly distributed in the multiple 
decrement model over the first half of the year, with no exits during the second 
half of the year. 
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(a) Calculate osp. 

(b) Calculate o.4p%9. 

(c) Calculate the probability that a life exits by decrement 3 given that the life 
exits during the first 0.4 years. 


Longer exercises 
Exercise 9.5 Consider the insurance-with-lapses model illustrated in Fig- 
ure 9.2. Suppose that this model is adjusted to include death after withdrawal, 
i.e. the transition intensity 42! is introduced into the model. 


(a) Show that if withdrawal does not affect the transition intensity to State 
1 (i.e. that u?! = ji"), then the probability that an individual aged x is 
dead by age x + t is the same as that under the alive—dead model with the 
transition intensity u®!. 

(b) Why is this intuitively obvious? 


Exercise 9.6 Assuming UDD in the single decrement models, derive an 
expression for ‘p?! for 0 < ż < I, and for integer x, in a double decrement 
model. 

Hence, show that UDD in the single decrement model implies that the 
decrement in the multiple decrement model is not uniformly distributed. 


Exercise 9.7 Employees of a certain company enter service at exact age 20, 
and, after a period in Canada, may be transferred to an overseas office. While 
in Canada, the only causes of decrement, apart from transfer to the overseas 
office, are death and resignation from the company. 


(a) Using a radix of 100 000 at exact age 39, construct a multiple decrement 
table covering service in Canada for ages 39, 40 and 41 last birthday, given 
the following information about independent probabilities: 

Mortality (j = 1): Standard Ultimate Survival Model. 

Transfer (j = 2): 434? = 0.09, qi.” = 0.10, gg = 0.11. 

Resignation (j = 3): 20% of those reaching age 40 resign on their 40th 
birthday. No other resignations take place. 


Assume a uniform distribution of deaths and transfers between integer ages 
in the single decrement models. 

(b) Calculate the probability that an employee in service in Canada at exact 
age 39 will still be in service in Canada at exact age 42. 

(c) Calculate the probability that an employee in service in Canada at exact 
age 39 will transfer to the overseas office between exact ages 41 and 42. 

(d) The company has decided to set up a scheme to give each employee 
transferring to the overseas office between exact ages 39 and 42 a grant 
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of $10 000 at the date of transfer. To pay for these grants the company will 
deposit a fixed sum in a special account on the 39th, 40th and 41st birthday 
of each employee still working in Canada (excluding resignations on the 
40th birthday). The special account is invested to produce interest of 8% 
per year. 

Calculate the annual deposit required. 


Exercise 9.8 You are given the following excerpt from a double-decrement 
table: 


x ly a a 
60 10000 1000 600 


You are also given that both decrements are uniformly distributed in the 
single decrement tables. 


(a) Calculate the independent rates of decrement 1 and 2 for age 60. 

(b) Calculate o.8p%9. 

(c) Write down, and simplify as far as possible, the Kolmogorov forward 
differential equation for po. 

(d) Using part (c), or otherwise, calculate (165 ¢- 


Exercise 9.9 The employees of a large corporation can leave the corporation 
in three ways: they can withdraw from the corporation, they can retire or they 
can die while they are still employees. Figure 9.5 illustrates this model. 

You are given: 


e The force of mortality depends on the individual’s age but not on whether the 
individual is an employee, has withdrawn or is retired, so that for all ages x 


03 13: 5 2 
My = u} = u? = dy, say. 


Retired 

er 

1 
Employee Dead 
>| 
0 3 
Withdrawn 

e y 

2 


Figure 9.5 A withdrawal/retirement model. 
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e Withdrawal can take place at any age up to age 60 and the intensity of 
withdrawal is a constant denoted u??. Hence 


02 u? for x < 60, 
aa eee 60. 


e Retirement can take place only on an employee’s 60th, 61st, 62nd, 63rd, 64th 
or 65th birthday. It is assumed that 40% of employees reaching exact age 60, 
61, 62, 63 and 64 retire at that age and 100% of employees who reach age 
65 retire immediately. 


The corporation offers the following benefits to the employees: 


e For those employees who die while still employed, a lump sum of $200 000 
is payable immediately on death. 

e For those employees who retire, a lump sum of $150000 is payable 
immediately on death after retirement. 


Show that the EPVs of these benefits to an employee currently aged 40 can 
be written as follows, where A6s and 25E49 are standard single life functions 
based on the force of mortality ux, and assuming a constant force of interest 6 
per year. 


Death in service benefit 


5 
zT —20u? k A! 
200 000 (an + 2940 € (» 0.6" k-1 ) ` 


Death after retirement benefit 


4 
150 000 29 E4g e72” (04 Y 0.6" Aen + 0.6" 5 Feo) . 
k=0 


Excel-based exercises 
Exercise 9.10 A university offers a four-year degree course. Semesters are 
half a year in length. The probability that a student progresses from one 
semester of study to the next is 0.85 in the first year of study, 0.9 in the second 
year, 0.95 in the third, and 0.98 in the fourth, conditional in each case on the 
student surviving to the end of the semester. 
You are given the following information. 


e Students pay tuition fees at the start of each semester. 

e For the first semester the tuition fee is $10 000. 

e Fees increase by 2% each semester. 

e Students who fail in any semester may not continue in the degree. 
e Interest is 5% per year. 
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Calculate the EPV of fee income to the university for a new student aged 19. 
Assume that the student is subject to a constant force of mortality between 
integer ages x and x + 1 of 5x x 1075 for x = 19, 20, 21 and 22, and that there 
are no means of leaving the course other than by death or failure. 


Exercise 9.11 In a certain country, members of its regular armed forces can 
leave active service (State 0) by transfer (State 1), by resignation (State 2) or 
by death (State 3). The transition intensities are 


po! = 0.001x, 
uo? = 0.01, 
u? = A+ Be", 


where A = 0.001, B = 0.0004 and c = 1.07. New recruits join only at exact 
age 25. 


(a) Calculate the probability that a new recruit 
(i) is transferred before age 27, 

Gi) dies aged 27 last birthday, and 

(iii) is in active service at age 28. 
(b) New recruits who are transferred within three years of joining receive 
a lump sum payment of $10000 immediately on transfer. This sum is 
provided by a levy on all recruits in active service on the first and second 
anniversary of joining. On the basis of interest at 6% per year effective, 
calculate the levy payable by a new recruit. 
Those who are transferred enter an elite force. Members of this elite 
force are subject to a force of mortality at age x equal to 1.54, but 
are subject to no other decrements. Calculate the probability that a new 
recruit into the regular armed forces dies before age 28 as a member of the 
elite force. 


(c 


wa 


Exercise 9.12 An insurance company sells 10-year term insurance policies 
with sum insured $100 000 payable immediately on death to lives aged 50. 
Calculate the monthly premium for this policy on the following basis. 


Survival: Makeham’s law, with A = 0.0001, B = 0.0004 and c = 1.075 

Lapses: 2% of policyholders lapse their policy on each of the first two 
policy anniversaries 

Interest: 5% per year effective 

Initial expenses: $200 

Renewal expenses: 2.5% of each premium (including the first) 


Value the death benefit using the UDD assumption. 
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Exercise 9.13 You are given the following three-decrement service table for 
modelling employment. 


x Is dy” dy” dy 
60 10 000 350 150 25 
61 9 475 360 125 45 
62 8 945 380 110 70 


(a) Calculate Spon 
(b) Calculate oper. 


(c) Calculate the EPV of a benefit of $10 000 payable at the end of the year of 
exit, if a life aged 60 leaves by decrement 3 before age 63. Use an effective 
rate of interest of 5% per year. 

(d) Calculate the EPV of an annuity of $1000 per year payable at the start of 
each of the next 3 years if a life currently aged 60 remains in service. Use 
an effective rate of interest of 5% per year. 

(e) Show that ao” = 0.04292, assuming a constant force of decrement for 
each decrement. 

(f) Calculate the revised service table for age 62 if a is increased to 
0.1, with the other independent rates remaining unchanged. Use (i) the 
constant force assumption, and (ii) UDD in the single decrement models 
assumption. 


Exercise 9.14 Consider the model in Exercise 9.9, and suppose that 
fy =A+Bc* and pw” = 0.02, 


where A = 0.0001, B = 0.0004 and c = 1.07. 

A corporation contributes $10 000 to a pension fund when an employee joins 
the corporation and on each anniversary of that person joining the corporation, 
provided the person is still an employee. On the basis of interest at 5% per year 
effective, calculate the EPV of contributions to the pension fund in respect of 
a new employee aged 30. 


Answers to selected exercises 


9.1 0.125 

9.2 (a) 0.00357 (b) 0.00390 

9.3 0.0475 

9.4 (a) 0.790 (b) 0.846 (c) 0.4156 

9.7 (b) 0.58220 (c) 0.07198 (d) $943.11 
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9.8 (a) 0.103267, 0.063267 (b) 0.870955 (d) 0.06664 
9.10 $53 285.18 
9.11 (a)(i) 0.050002 (ii) 0.003234 (iii) 0.887168 
(b) $397.24 (c) 0.000586 
9.12 $181.27 
9.13 (a)0.109 (b) 0.8850 (c) $125.09 (d) $2713.72 
(G) 885.4, 106.7, 67.9 (ii) 885.3, 106.8, 68.0 
9.14 $125 489.33 
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Joint life and last survivor benefits 


10.1 Summary 


Insurance benefits which are dependent on the joint mortality of two lives, typ- 
ically a married couple, form an important part of many insurance portfolios. 
In this chapter we develop the concepts and models from previous chapters 
to examine joint life insurance policies. There are also important applications 
in pension design and valuation, as spousal benefits are a common part of a 
pension benefit package. 

In Section 10.2 we describe the typical benefits offered and introduce stan- 
dard notation for actuarial functions dependent on two lives. In Section 10.4 
we develop an approach for pricing and valuing these policies, based on the 
future lifetime random variables, and making the strong assumption that the 
two lives are independent with respect to mortality. 

In Section 10.5 we show how joint life mortality can be analysed using 
multiple state models. This creates a flexible framework to introduce depen- 
dence between lives, and we can apply the methods of Chapter 8 to calculate 
probabilities and value benefits. 


10.2 Joint life and last survivor benefits 


All the development in previous chapters relates to life insurance or annuity 
benefits based on a single insured life. In practice, policies based on two lives 
are common. The two lives are typically a couple who are jointly organizing 
their financial security, but other situations are also feasible, for example, 
annuities dependent on the lives of a parent and their child, or insurance on 
the lives of business partners. 

In this chapter we consider policies based on two lives, whom we label, for 
convenience, (x) and (y). Throughout, we assume that at some inception time 
t = 0, (x) and (y) are alive, are then aged x and y, respectively, and are partners 
in some joint life contingent benefit context. 
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The most common types of benefit which are contingent on two lives are 
described briefly below. 

A joint life annuity is an annuity payable until the first death of (x) and (y). 

A last survivor annuity is an annuity payable until the second death of (x) 
and (y). 

A common benefit design is an annuity payable at a higher rate while both 
partners are alive and at a lower rate following the first death. The annuity 
ceases on the second death. This could be viewed as a last survivor annuity for 
the lower amount, plus a joint life annuity for the difference. 

A reversionary annuity is a life annuity that starts payment on the death of 
a specified life, say (x), provided that (y) is alive at that time, and continues 
through the lifetime of (y). A pension plan may offer a reversionary annuity 
benefit as part of the pension package, where (x) would be the pension plan 
member, and (y) would be a partner eligible for spousal benefits. 

A joint life insurance pays a death benefit on the first death of (x) and (y). 

A last survivor insurance pays a death benefit on the second death of (x) 
and (y). 

A contingent insurance pays a death benefit contingent on multiple events. 
The most common is a benefit paid on the death of (x), say, but only if (y) is 
still living at that time. 


10.3 Joint life notation 


Following the same approach as in Chapters 4 and 5, we express the present 
values of the joint life benefits in terms of random variables, so that we can 
value them using the expected value of the present value. 

Throughout this chapter, we assume that at the inception of a contract, the 
lives (x) and (y) are alive. From Chapter 2, we recall that the future lifetimes of 
(x) and (y) are represented by Tx and Ty. At this stage we make no assumption 
about the independence, or otherwise, of these two random variables. 

Given Ty and Ty, we define two more random variables, representing the 
times until the first and second to die of (x) and (y). 


Time to first death: 7, = min(Ty, Ty). 
Time to last death: T = max(Ty, Ty). 


We refer to the subscript, xy or xy, as a status; xy (also written as {xy}) is 
the joint life status and xy is the last survivor status. Hence, Tyy and Ty 
are random variables representing the time until the failure of the joint life 
status and the last survivor status, respectively. It is implicit throughout that 
the definitions of joint life and last survivor random variables for the couple 
(x) and (y) are conditional on both lives being alive, and a couple (at least, in 
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the sense of being connected for the purpose of the insurance contract) at some 
starting point. 
It is very useful to observe that with only two lives involved, either 


1. (x) dies first so that the realized values of Ty and T,y are the same, and 
consequently the realized values of T, and Ty; are the same, or 

2. (y) dies first so that the realized values of Ty and Tyy are the same, and 
consequently the realized values of Ty and Ty; are the same. 


Thus, regardless of the order of deaths, the realized value of Ty matches one of 
Ty and Ty, and the realised value of T, matches the other. 

Important consequences of these observations include the following rela- 
tionships: 


Ty + Ty = Try ot: Tx; (10.1) 
vis vD = yhy + phy, (10.2) 
Gg + a = Oy + är} (10.3) 


International actuarial notation for probabilities, annuity and insurance 
functions on multiple lives extends the notation for single lives introduced in 
Chapters 2, 4 and 5. The list below shows the notation for probabilities based 
on two lives, in each case followed by the definition in words, and in terms of 
the 7, or Ty random variables. 

tPxy = Pr[(x) and (y) are both alive in ¢ years] = Pr[T\y > t]. 
19xy = Pr[(x) and (y) are not both alive in ¢ years] = Pr[Tyy < t]. 


[ 
[ 
ult4xy = Pr[(x) and (y) are both alive in u years, but not in u + t years] 
= Pr[u < Ty < u+ t]. 
(Ixy = Pr[(x) dies before (y) and within ¢ years] = Pr[Tx < t and Ty < Ty]. 
(Ixy = Pr[(x) dies after (y) and within ¢ years] = Pr[Ty < Ty < t]. 
:Pxy = Pr[at least one of (x) and (y) is alive in ¢ years] = Pr[7} > t]. 
tqz = Pr[(x) and (y) are both dead in ż years] = Pr[Ty < tl. 
ultGxy = Pr[at least one of (x) and (y) is alive in u years, but both have died 
within u + t years] 
= Prlu< Tø < u+ tl. 
The ‘1’ over x in „qx indicates that we are interested in the probability of (x) 


dying first. We have already used this notation, in A’,_, where the benefit is 
xn) 


paid only if x dies first, before the term, n years, expires. 
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In cases where it makes the notation clearer, we put a colon between the 
ages in the right subscript. For example, we write ;p3p.gq rather than +P 357 - 

For each of the common joint life benefits, we list here the notation for the 
EPV, and indicate the appropriate function of the joint life random variables 
Txy or Ty. We assume a constant force of interest ô per year. 


Gxy Joint life annuity: a continuous payment at unit rate per year while 


ary 


dyļy 


Al 
as 


both (x) and (y) are still alive; 


åy =E [aa]. 
If there is a maximum period, n years, for the annuity, then we refer to 


a ‘temporary’ or ‘term’ joint life annuity. The notation for the EPV is 
yy.) and the formula for this is 


ayy: =E learn | 
Joint life insurance: a unit payment immediately on the death of the 
first to die of (x) and (y); 


Ay =E[v™]. 


Last survivor annuity: a continuous payment at unit rate per year 
while at least one of (x) and (y) is still alive; 


ary = E [az]. 


xy Last survivor insurance: a unit payment immediately on the death of 


the second to die of (x) and (y); 
åy =E p5] : 


Reversionary annuity: a continuous payment at unit rate per year, 
starting on the death of (x) if (y) is still alive then, and continuing until 
the death of (y); 


Bip =E [> im) UT, < T,)] 


Contingent insurance: a unit payment immediately on the death of (x) 
provided (x) dies before (y); 


Ai, = E [v™ I(T; < Ty)}, 


xy 

where J is the indicator function. 

If there is a time limit on this payment, say n years, then it is called a 
‘temporary’ or ‘term’ contingent insurance. The notation for the EPV 


is A! __ and the formula is 
xiy:n| 


A! 


tym=E [Prue < T) I(T, < n)]. 
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Although we have defined these functions in terms of continuous benefits, 
the annuity and insurance functions can easily be adapted for payments made 
at discrete points in time. For example, the EPV of a monthly joint life annuity- 
due would be denoted ae and would represent the EPV of an annuity of 5 
payable at the start of each month, contingent on both (x) and (y) surviving to 
the payment date. 

We can write down the following important relationships: 


tPxy = tPx + tPy — tPxy» (10.4) 
āy = Ay + dy — Gry, (10.5) 
Ayy = Ax + Ay — Any, (10.6) 

Gah = Oy = üy. (10.7) 


Formula (10.4) follows by noting that Ty; > t if Ty > t or Ty > t, giving 
Pr[Txy > t] = Pr[Ty > t] + Pr[T; > t] — Pr[Try > tl, 


i.e. Psy = tPx + Py — 1Pxy- 


Formula (10.5) follows by taking expectations in formula (10.3), and for- 
mula (10.6) follows by taking expectations in formula (10.2). 

Formula (10.7) for a reversionary annuity to (y) following the death of (x) 
is most easily derived by noting that ayy is the EPV of an annuity of | per 
year payable continuously to (y) while (x) is alive, and ajy is the EPV of an 
annuity of 1 per year payable to (y) after (x) has died. The total is the EPV of 
an annuity payable to (y) whether (x) is alive or dead, so 


ay = Gy + Gy. 


The notation for the EPV of the reversionary annuity uses the status x|y; the 
vertical line indicates deferral in standard actuarial notation. In this case, the 
status is deferred until the death of (x), and then continues as long as (y) is 
alive. 

Equations (10.5), (10.6) and (10.7) can be derived, alternatively, by con- 
sidering the cash flows involved. This is a useful trick for verifying joint 
life EPV formulae more generally. For example, in formula (10.7) for the 
reversionary annuity, the right-hand side values an annuity of 1 per year 
payable continuously while (y) is alive, minus an annuity of | per year payable 
continuously while both (x) and (y) are alive. What remains is an annuity of 
1 per year payable continuously after the death of (x) while (y) is alive. 

Similarly, in formula (10.6) for the last survivor insurance, the right-hand 
side values a payment of 1 when (x) dies, plus 1 when (y) dies, minus | on 
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the first death; what remains is | paid on the second death, which is the last 
survivor insurance benefit. 

Recall formula (5.14), linking whole life annuity and insurance functions 
for a single life: 


-  1-A; 
= 
The following corresponding relationships are derived in exactly the same way: 
_ 1— Åy _ 1 — åy 
ayy = — and ay = —.—. 


ô 

All the expressions and relationships in this section are true for any model 
of dependence between Ty and Ty. Our objective now is to specify appropriate 
joint models for the future lifetimes of (x) and (y) and derive expressions for 
EPVs of future payments. We can then calculate premium rates and policy val- 
ues for benefits and premiums which are dependent on two lives, analogously 
to the premiums and policy values derived for single lives in Chapters 6 and 7. 
In the remainder of this chapter we introduce and discuss different ways of 
modelling the future lifetimes of two possibly dependent lives. 


10.4 Independent future lifetimes 


Our first approach to modelling the survival of two lives assumes that the 
future lifetime for each individual is not affected in any way by the other 
life. This is a very strong assumption, and in later sections we relax it 
somewhat. However, it is a simple assumption which gives practical formulae 
that are easily implemented. It is still commonly used in practice, though 
models incorporating dependence are also becoming popular, especially if the 
dependence could have a material impact on the valuation. We often use the 
phrase independent lives as a short way of saying the lives have independent 
future lifetimes. 

To be precise, throughout this section, including all the examples, we make 
the following very important assumption. 


Independence Assumption 1. The random variables Ty and T, are 
independent. 


We also assume throughout this section that we know all about the survival 
models for these two random variables, so that we know the survival functions, 
tPx and ;py, and the forces of mortality x4; and uy+r. Note that we do not 
assume that these survival functions come from the same survival model. If the 
two lives are indeed husband and wife, then, since mortality rates for females 
are generally lower than those for males, the survival models are likely to be 
different. 
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From our assumption of independence, we can write for t > 0 
tPxy = Pr[Ty > t and Ty > t] = tPxtPy, (10.8) 
and 
Poy = Pr[Ty > t or Ty > t] = 1 — txt 
= Px + Py — tPx tPy- (10.9) 


The probability on the left-hand side of formula (10.8) relates to the survival 
model for the joint lives, whereas the probabilities on the right-hand side relate 
to two, possibly different, survival models for the individual lives. When we 
use labels, such as x and y, for the lives, we assume the context makes it clear 
what we mean by ;p, and ;py. We often have notational confusion though if 
we use numbers for x and y; for example, if (x) is a male aged 40, and (y) 
is a female aged 40, then we have two probabilities on the right-hand side, 
both labelled ;pao, but which are actually based on different survival models. 
When we need to be more specific about the probabilities we might write 
the joint probability relationship more carefully as p% : = pr Dy , SO, for 
example, ;pj5. A = P4; P Jo which indicates that the two single life survival 
probabilities are from different distributions. 

Using the joint life and last survivor probabilities, we can develop annuity 
and insurance functions for the EPV of benefits contingent on two lives, by 
summing over all the possible payment dates the EPVs of the individual 
payments. For example, 


n—1 


y k 
axy: n = 5 V kPxy> 
k=0 


CO 
ag = J V kPxy = Ay + dy — axy, 
k=0 


[0,0] 
k+1 
Axy = $o» + klQxy> 
k=0 


where x |Gxy = kPxy(1 — Px+k:y+k) = kPxy — k+1Pxy, and 


[0,6] 
Axy = = yl kl day = Ax + Ay = Axy. 
k=0 


Example 10.1 The table below shows extracts from two life tables appropriate 
for a husband and wife, who are assumed independent with respect to 
mortality. 


10.4 Independent future lifetimes 395 


Husband Wife 
x ly y ly 
65 43 302 60 47 260 
66 42 854 61 47040 
67 42081 62 46755 
68 41351 63 46 500 
69 40 050 64 46 227 


(a) Calculate 3pxy for a husband aged x = 66 and a wife aged y = 60. 
(b) Calculate 2px for a husband aged x = 65 and a wife aged y = 62. 
(c) Calculate the probability that a husband, currently aged 65, dies within 
two years and that his wife, currently aged 61, survives at least two years. 
(d) Explain the meaning of the symbol d,,. m. 
(e) Explain the meaning of the symbol 455: m. 
(f) Calculate 4.5] and a5.5] for a husband aged x = 65 and a wife aged 
y = 60 at a rate of interest 5% per year. 
Solution 10.1 (a) Using formula (10.8) 
40050 46500 


———_— x- = 0.9195. 
42854 47260 


3Pxy = 3Px 3Py = 


(b) Using formula (10.9) 
42081 46227 42081 46227 
2Pxy = F X 
43302 46755 43302 46755 
(c) Since the two lives are assumed to be independent with respect to mortality, 
the required probability is 

42 081 3 46 500 

43 302 47 040 


(d) The symbol a,,.77 represents the EPV, at a given constant rate of interest, 
of a series of at most n annual payments, each of unit amount with the first 
payment due now, with each payment being made only if the lives (x) and 
(y) are both alive at the time the payment is due. 

(e) The symbol az. 77 represents the EPV, at a given constant rate of interest, 
of a series of at most n annual payments, each of unit amount with the first 
payment due now, with each payment being made only if at least one of 
(x) and (y), is alive at the time the payment is due. 

(f) From the definitions in parts (d) and (e), we can write down the following 
formulae 


= 0.9997. 


= 0.0279. 


4 4 
sé = t ʻi t 
Fy 5] = 5 V tPxy> aS. 5| 2 v tPxy> 
t=0 t=0 
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where v = 1/1.05, x = 65 and y = 60. These are derived in exactly the 


same way as formula (5.8). The numerical values of the annuities are 


y.5)= 43661 and äş,3) = 4.5437. 


xy: 


Note that 4.5] < d-. 5] Since Try < Ty. 


For the following example, we use the 1/mthly joint life and last survivor 
annuities 


9 1 1 3 
a = — (1 + 1PxyyV™ + 2Pxy Vi +. -) 
m m ” m 
and 
(m) _ +(m) (m) (m) 
ay = ay + ay E ayy s 
and the joint life term insurance 


n—-1 


1 k+1 
AHS ) yt kl qxy- 
xy: 7] 
k=0 


Note that we use ‘xy' here to denote that it is the failure of the joint life status, 
before n years, that triggers the death benefit payment. Without the ' ', the 
symbol could be confused with the EPV of a contingent term insurance payable 
on the death of (x) before (y), and before n years. 


Example 10.2 A husband, currently aged 55, and his wife, currently aged 50, 
have just purchased a deferred annuity policy. Level premiums are payable 
monthly for at most 10 years but only if both are alive. If either dies within 
10 years, a sum insured of $200 000 is payable at the end of the year of death. If 
both lives survive 10 years, an annuity of $50 000 per year is payable monthly 
in advance while both are alive, reducing to $30000 per year, still payable 
monthly, while only one is alive. The annuity ceases on the death of the last 
survivor. 
Calculate the monthly premium on the following basis: 


Survival model: 


Standard Select Survival Model for both lives 
(55) and (50) are independent with respect to mortality. 
(55) and (50) are select at the time the policy is purchased. 
Interest: 5% per year effective 
Expenses: None 
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Solution 10.2 Since the two lives are independent with respect to mortality, 
we can write the probability that they both survive f years as +p{55] :P[so]. Where 
each single life probability is calculated using the Standard Select Survival 
Model. 

Let P denote the annual amount of the premium. Then the EPV of the 
premiums is 


(12) 


Pa 531.150]: 10 


= 7.7786 P. 
The EPV of the death benefit is 


200000 A—"—, __ = 7660. 
[55]:[50]: 10] 


To find the EPV of the annuities we note that if both lives are alive at time 10 
years, the EPV of the payments at that time is 


~(12) (12) 
30 000 A> + 20000 af 5-¢9 = 30000 a: 


(12) 


— 1000040... 
(10.10) 


+ 30000 a, 


For the EPV at issue, we discount for survival for the 10 year deferred period, 
and for interest, giving 


P + 30000460? — 100004520) = 411 396. 


pt9 10P[55] 10P[50] (30 000 ág; 
Hence the monthly premium, P/12, is 


P/12 = (7660 + 411 396)/(12 x 7.7786) = $4489.41. 


In this solution we calculated the monthly premium values exactly, by 
summing the monthly terms. However, we have noted in earlier chapters that 
it is sometimes the case in practice that the only information available to us 
to calculate the EPV of an annuity payable more frequently than annually 
is a life table specified at integer ages only. In Section 5.11 we illustrated 
methods of approximating the EPV of an annuity payable m times per year, and 
these methods can also be applied to joint life annuities. To illustrate, consider 
the annuity EPVs in equation (10.10). These can be approximated from the 
corresponding annual values using UDD as 
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aps” © a(12) des — B(12) 
= 1.000197 x 13.5498 — 0.466508 
= 13.0860, 
ägo ~ a(12) tigo — (12) 
= 1.000197 x 14.9041 — 0.466508 


= 14.4405, 


al?) © a(12) des.60 — B(12) 


= 1.000197 x 12.3738 — 0.466508 


= 11.9097, 


(12) 


Pe m 10 
issitso]:10] ~ “OP Ëtssi:tso: T0 7 AOPA = opis) 101501 ¥) 


= 1.000197 x 7.9716 — 0.466508 x 0.41790 
= 7.7782. 


The approximate value of the monthly premium is then 


P2% 32715 + 0.54923 x (30 000(13.0860 + 14.4405) — 10 000 x 11.9097) 


12 x 7.7782 
= $4489.33. 


An important point to appreciate here is that, under UDD for individual lives, 
we have 


a” = a(m)äx — B(m) 


but under the assumption of UDD for each individual life, we cannot assume 
UDD for the joint life status; the assumptions are incompatible. That means, 
assuming UDD for the individual lives, we do not have simple exact relation- 
ships between | /mthly and annual functions for joint lives. It is, however, true 
that applying the UDD formulae will give close to exact values (assuming 
UDD for the individual lives) in most cases. So we may use the fact that, 
assuming UDD for the individual lives 


al” ~ a(m)éixy — (m). (10.11) 


Our calculations above illustrate the general point that this approximation is 
usually very accurate. 
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We can also derive a form of Woolhouse’s formula for ge , for independent 
lives, as 


m— 1 m“ — 
2m 12m2 


1 
(8 + ux + uy). (10.12) 


aa 
A” a iey 


The derivation of this formula (in a more general form) is the subject of 
Exercise 10.16. 


Example 10.3 Derive integral expressions in terms of survival probabilities 
and a constant force of interest 5 for ayy and asy. 


Solution 10.3 Integral expressions are as follows: 


00 

aay = J a Pw dt, (10.13) 
0 
[0,6] 

as = f e™ pdt. (10.14) 
0 


These expressions can be derived in the same way that Figure 5.5 was used to 
derive formula (5.15) for a single life annuity. Consider formula (10.13): the 
amount paid between times ¢ and ¢ + dt is dt, provided both lives survive to 
that time, and its present value is e~*! dt; the probability of this amount being 
paid is ;pyy; hence the EPV of this possible payment is et tPxy dt and the total 


EPV is the sum (integral) of this expression over all values of t. 


We can derive integral expressions for insurance functions using arguments 
similar to those used in Section 4.4.1 for a single life based on Figure 4.1. For 
example, A y can be written 


oo 
AL, = f en tPxy Hx+t dt (10.15) 
0 


and this can be justified as follows. Consider the possible payment between 
times f and ¢ + dt, where dt is small. If there is a payment, the amount will be 
1, and the present value of the payment is e~*’. For this payment to be made, 
both lives must be alive at time f (probability ;p,y) and x must die before time 
t + dt (probability 41, +; dt) — the probability that both die before time t + dt 
is negligible if dt is small. Hence the EPV of this payment is e~*! tPxy Lex +1 at 
and the total EPV is the integral over all possible values of t. The following 
integral expressions can be justified in similar ways: 
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ge tPxy (Ux+t + y+) dt = Al, F Aj, 


e™ (Px Hart (1 — Py) + Py Myst (l — spx)) dt. 


°g o—— 9 


Similar arguments can be used to construct integral expressions for many 
annuity and insurance functions based on two lives, but the approach has 
drawbacks. When benefits are complex, it is easy to mis-state probabilities, 
for example. In the following section we present another approach to deriving 
these equations, using a multiple state model, that gives the insurance and 
annuity EPV formulae more directly, and that also proves fruitful in terms of 
generalizing the model to incorporate dependence. 


10.5 A multiple state model for independent future lifetimes 


In Section 8.2, we described how the single life future lifetime random 
variable, Ty, is related to a two-state multiple state model, which we called 
the alive—dead model. Loosely, for a life aged x, Ty is the time to the transition 
from State 0 (alive) to State 1 (dead). 

In our joint life case, we can, similarly, create a multiple state model that 
provides a different perspective on the future lifetime random variables, Ty 
and Ty, as well as the joint life and last survivor random variables, Tyy and Ty. 

We use the multiple state model shown in Figure 10.1. For illustration, we 
assume (x) is male and (y) is female, and that the male and female transition 
intensities are labelled m and f respectively. The process starts in State 0 with 
both (x) and (y) alive. It moves to State 1 on the death of (y) if she dies 


(x) Alive m! (x) Alive 
: ytt 

(y) Alive (y) Dead 

State 0 State 1 
Hatt Hrt 

(x) Dead jie (x) Dead 

(y) Alive >= ——>) (y) Dead 

State 2 State 3 


Figure 10.1 The independent joint life and last survivor model. 
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before (x), or to State 2 if (x) dies first. The process moves to State 3 on the 
death of the surviving partner. The model is specified in terms of the transition 
intensities between the states. We assume these are known. 

In this and the following sections, we use the multiple state probability 
notation from Chapter 8, but with a right subscript that references both (x) and 
(y), for probabilities involving State 0, where both are alive. For transitions 
from State 1 and State 2, we use the subscript appropriate to the surviving life. 
So, for example, 


Py), = Pr{(x) and (y) both alive at time ¢ | both alive at time 0], 


iP = Pr[(x) alive and (y) dead at time ¢| both alive at time 0], 
and for0 < s < t, 
; Dis = Pr[(y) alive at time t + s |(y) alive and (x) dead at time s]. 


Our model, in this form, incorporates the following important assumption. 
We will show that this assumption is equivalent to assuming independence of 
Tx and Ty. 

Independence Assumption 2. The transition intensities from State 0 to 
State 1, and from State 2 to State 3, are identical and depend on (y)’s age, but 
not on (x)’s age or survival. Similarly, the transition intensities from State 0 to 
State 2 and from State | to State 3, representing the death of (x), are identical 
functions of (x)’s age, with no dependence on (y)’s age or survival. 

Under this assumption, the force of mortality for (x) at age x + t is p4p 
whether (y) is then alive or not. Hence, Ty has a distribution determined by 
{ pigs }1>0- Similarly, 7, has a distribution determined by {ju - +1}r20- Since there 
is no connection between the mortality of (x) and (y), it is not surprising 
that the future lifetimes of (x) and (y) are independent random variables, and, 
hence, that the multiple state model in this section is equivalent to the model 
studied in Section 10.4. We show this more formally in Example 10.4. 


Example 10.4 Show that, under the multiple state model in Figure 10.1, with 
the assumption labelled ‘Independence Assumption 2’, the future lifetimes of 
(x) and (y), both currently in State 0, are independent. 

Solution 10.4 Let s and ¢ be any positive numbers. It is sufficient to show that 


Pr[T, > s and Ty > t] = Pr[T, > s] Pr[Ty > t], (10.16) 


and we can assume, without loss of generality, that s < t. Let 
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s t 
sPx = exp - f utu du and py = exp - f thse du 
0 0 


We know that these are the survival probabilities in the single life models. We 
need to show that they are also survival probabilities in the multiple state model 
in Figure 9.1. We have 


Pr[Ty > 9 = p% + p. 


Now 
t 
00 — m f — 
tPxy = tPxy = XP 4 — for + My+u) du t = Px tPy (10.17) 
0 
and 
t 
02 00m 22 
tPxy = J rPxy Mx+r t—rPy+r dr 
0 
t 
= / rPx rPy Meer t—rPy+r dr 
0 
t 
= Py / rPx Ley y dr 
0 
= py (l= Ppr): (10.18) 
So 


Pr[T, > t] = iPr» + Pry = Px tPy + 1Py (l — Px) 
= tPy- 


Similarly, Pr[7). > s] = spx. 

Now consider Pr[7, > s and T, > t]; this requires either (i) both (x) and 
(y) survive to time ¢, or (ii) (x) and (y) both survive to time s < t, and, 
subsequently, (x) dies and (y) survives in the interval from time s to time t. 
This gives the joint survival probability 


00 00 02 
Pr[T, > s and Ty >t] = tPxy + sPxy t-sPx+s:y+s> 


where we have used the Markov property to write the probability for case (ii). 
Using (10.17) and (10.18), we have 


00 02 
tPxy = tPx tPy and t—sPx+s:y+s = t-sPyt+s d-r sPx4 s)- 
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Hence 


Pr[7, > s and Ty > t] = Px tPy + sPx sPy (1 sPy+s (L = t-sPx4 s)) 


= Px tPy + tPy (sPx — 1Px) 
= sPx tPy 
= Pr[T, > s] Pr[T, > t; 


which completes the proof. 


We emphasize here that throughout this proof we have used the assumption 
that forces of mortality for (x) and (y) are unaffected by the model state. More 
generally, this assumption will not be true, future lifetimes are not independent, 
and the breakdown of the joint life probabilities into single life probabilities 
will no longer be valid. 


Example 10.5 Using the multiple state model, with the independence assump- 
tion, shown in Figure 10.1, write down integral equations for each of the 
following, and describe the benefit being valued: 

(a) A®!, (b) AY + AS (eae, 


xy? xy? 
Solution 10.5 (a) This is the EPV of a unit benefit payable on the death of (y) 
provided (x) is still alive at that time. As an integral, 
CO 
AY = fe eu Day je dt = A, y 
0 


noting that Wig yH = Shile 
(b) This is the EPV of a unit benefit payable on the first death of (x) and (y). 


As an integral, 
[0,6] 
AS! 442 = i ep ul + wit) dt = Ay. 
0 


(c) This is the EPV of a unit reversionary annuity payable to (x) after the death 
of (y). As an integral, 


Cc [0,6] 
-01 —ôt —ôt = = = 
ay = fe Qa dt = fe tPx(1 — Py) dt = ay — yy = Ayyy. 
0 0 


Note here that, as expected, the independent multiple state model generates 
results consistent with the model of Section 10.4. 
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Example 10.6 Use the independent multiple state model to write down equa- 
tions for the EPVs of the following benefits, and simplify as far as possible. 
Assume that at time 0 the lives (x) and (y) are in State 0. 


(a) An insurance of 1 payable on the death of (y), conditional on (x) dying 
first. 

(b) A joint life annuity of 1 per year, payable continuously, guaranteed for n 
years. 

(c) A last survivor annuity of 1 per year, payable continuously, deferred for n 
years. 


Solution 10.6 (a) The EPV is 


[e6] 0O 
AZ = J~ Pry yar dt= ca tPy(1 — iPx) ae dt 
0 0 
ee 


(b) For guaranteed annuities, we separate the value of the first n years 
payments, which are certain, and the value of the annuity after n years, 
which depends on which state the process is in at that time. In this example, 
after n years, the annuity continues if the process is then in State 0, and 
ceases otherwise. Hence 


a -00 


= -ôn 00 
xyın) amt e nPxy Ax+n:y+n' 


(c) This follows similarly to (b), but we must now also take into consideration 
the possibility that exactly one life survives the guarantee period. We have 


=> _ „—ôn 00- —ôn Ol -= —ôn 02 - 
nlāzy =e nPxy aAiFn:yFn +e nP xy x+n +e nPxy ay+n 


= nlļāx ay n|ay = nlāxy. 


10.6 A model with dependent future lifetimes 


The disadvantage of the approach in Sections 10.4 and 10.5 is that the 
assumption of independence may not be appropriate for couples who purchase 
joint life insurance or annuity products. The following three factors are often 
cited as sources of dependence between married partners. 


e The death of the first to die could adversely affect the mortality of the 
survivor. This is sometimes called the ‘broken heart syndrome’. 

e The two lives could die together in an accident. This is called the ‘common 
shock’ risk. 
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(x) Alive 01 (x) Alive 
, H y+ ty+t 
(y) Alive coo (y) Dead 
State 0 State 1 
02 13 
Hy+t:y+t My+t 
(x) Dead 23 (x) Dead 
4 y+t 
(y) Alive eco (y) Dead 
State 2 State 3 


Figure 10.2 A joint life and last survivor model. 


e The two lives are likely to share a common lifestyle. For example, mortality 
is related to wealth and levels of education. Married couples tend to have 
similar levels of wealth and similar levels of education. They may also share 
interests, for example, related to health and fitness. 


In this section, we relax the assumption of independence, introducing depen- 
dence in a relatively intuitive way, allowing us to apply the methods and results 
of Chapter 8 to cash flows contingent on two dependent lives. 

The modification is illustrated in Figure 10.2; we now allow for the force of 
mortality of (x) to depend on whether (y) is still alive, and what age (y) is, and 
vice versa. 

More formally, we incorporate the following assumption. 

State-Dependent Mortality Assumption. The force of mortality for each 
life depends on whether the other partner is still alive. If the partner is alive, 
the intensity may depend on the exact age of the partner, as well as the age 
of the life being considered. If one partner has died, the transition intensity for 
the survivor depends only on the survivor’s age and state. 

Our notation is adjusted appropriately for this assumption. For example, 
pe. 4, İs the intensity of mortality for (y) at age y + t given that (x) is still 
alive and aged x + t. However, if one partner, say (x), has died, the intensity of 
mortality for (y) depends on her then current age, and the fact that (x) has died, 
but not on how long he has been dead. Since the age at death of (x) is assumed 
not to affect the transition intensity from State 2 to State 3, this intensity is 
denoted ei where y + t is the current age of (y). 
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This model allows for some dependence between the lives; the death of, say, 
(x) affects the transition intensity of (y). It does not allow for both lives dying 
simultaneously; we discuss a way of incorporating this in the next section. 

Since none of the states in the model can be re-entered once it has been left, 
we have 


„pË, = pi, fori=0,1,2,3 


so that using formula (8.9) 


t 
eo = exp 4 — [oars a i) ds ? (10.19) 
0 
2; = EXP - f misas > 


22 23 
tPy = exp ) — | Hy+s ds > 
and, for example, 
t 
01 00 01 11 
tPxy = / sPxy Mx+s:y+s t-sPx+s ds. (10.20) 
0 


Assuming, as usual, that we know the transition intensities, probabilities for 
the model can be evaluated either by starting with Kolmogorov’s forward 
equations, (8.16), and then using Euler’s method, or some more sophisticated, 
method, or, alternatively, by starting with formulae corresponding to (10.19) 
and (10.20) and integrating, probably numerically. E 

The probabilities listed in Section 10.2 do not all correspond to PA type 
probabilities. We examine two in more detail, in the context of the model 
discussed in this section, in the following example. 


Example 10.7 (a) Explain why ,gjy is not the same as bos and write down 
an integral equation for ,giy. 
(b) Write down an integral equation for ,qzy. 


Solution 10.7 (a) The probability +q }y is the probability that (x) dies within 
t years, and that (y) is alive at the time of (x)’s death. 
The probability pe is the probability that (x) dies within ¢ years, and that 
(y) is alive at time t years. So the first probability allows for the possibility 
that (y) dies after (x), within ¢ years, and the second does not. 
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The probability that (x) dies within t years, and that (y) is alive at the time 
of the death of (x) can be constructed by summing (integrating) over all the 
infinitesimal intervals in which (x) could die, conditioning on the survival 
of both (x) and (y) up to that time, so that 


t 


t4 xy = J rp U oa dr. 
0 

(b) The probability ;g%y is the probability that (x) dies within t years and that 
(y) is already dead when (x) dies, conditional on (x) and (y) both being 
alive at time 0. In terms of the model in Figure 10.2, the process must 
move into State 1 and then into State 3 within ¢ years, given that it starts 
in State O at time 0. Summing all the probabilities of such a move over 
infinitesimal intervals, we have 


t 


(Wy >] T u} „dr. 
0 


Example 10.8 Derive the following expression for the probability that (x) has 
died before reaching age x + t, given that (x) and (y) are in State 0 at time 0; 


t 


t 
00,02 00 01 13 
Ja Baraat f f Rataa uP; ty du bys ds. 
0 


Solution 10.8 For (x) to die before time t, we require the process either to 


(1) enter State 2 from State 0 at some time s (0 < s < t), or 
(2) enter State 1 ((y) dies while (x) is alive) at some time u (0 < u < t) and 
then enter State 3 at some time s (u < s < f). 


The total probability of these events, integrating over the time of death 
of (x), is 
t t 
f Py ee ast f Dry rts ds 
0 0 
where 


00 __ 01 02 
sPxy = exp S | Outs + Mxtuy4ydau ? 


Ss 


Ol _ 00 01 11 
sPxy = f uP xy HMx+u:y+u s—uP x44, 
0 
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and 
s—u 
E S 13 
s—uPx+u = exp B / Mytuyr Or 
0 


This gives the required formula. 


We can write down formulae for the EPVs of annuities and insurances 
in terms of probabilities, the transition intensities and the interest rate. For 
annuities we have the following formulae, given (x) and (y) are alive at time 


t=0: 
[o0] 
ay = | e (o+ wi) as 
0 


(oe) 
ay = Ta (7% + wy) dt, 
0 


Bi dt, 


ayy = 


eo gl 02 
: (2+ Pry + w) dt, 


xy = fe a dt. 


0 
For the EPVs of the lump sum payments we have the following formulae: 


Too —ôt 00 01 02 ,,23 
Ay = | e ( o% Mytry4t F tPxy u) dt, 
0 


which values a unit benefit paid on transition from State 0 to State 1, or from 
State 2 to State 3; 


oo 
Ay —dt 00 01 02 
Axy = fe tPxy (Came T Kga) dt, 
0 


which values a unit benefit paid on transition out of State 0, with EPV 
AY, 4 A?2. 


xy? 


ee) 


A —ô 02 -23 
Ay = f e"! (Ca Wes + tPxy Haa dt, 
0 
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which values a benefit paid on transition from State 1 to State 3, or from State 
2 to State 3; 


oo 

A —ôt 00 ,,02 

Ay = fe tPxy Mytry+t dt, 
0 


02. 
xy? 


which values a benefit paid on transition from State 0 to State 2, that is A 
and 


n 

Al = —ôt 00,02 

Ava) = / e Pry Ux+t:y+t dt, 
0 


which values a benefit paid on transition from State O to State 2, provided it 
occurs within n years. 


Example 10.9 For the model illustrated in Figure 10.2, you are given the 
following information: 


0l _ y+t 02 = x+t 
Hx+t:y+t = By Cr 3 Hx+t:y+t = Bm Cm > 

13 x+t 23 _ rm. yytt 
Mytt = Cm din ? Hy+t z Cf d; ? 


where 


Bs = 9.741 x 107, cf = 1.1331, Bm = 2.622 x 107°, Cm = 1.0989, 
Cm =3.899 x 10", dm= 1.0725, Cp = 2.638, x107, dp = 1.1020. 


For a couple (x, y), where x = 65 and y = 62, 


(a) Calculate the probability that both (x) and (y) are alive in 15 years. 

(b) Calculate the probability that (x) is alive in 15 years, using numerical 
integration. 

(c) Calculate the probability that (y) is alive in 15 years, using numerical 
integration. 

(d) Hence, calculate the probability that at least one is alive in 15 years. 


Solution 10.9 Note first that each of the four forces of mortality has a 
Gompertz formula, so that each can be integrated analytically. Also, we see 
that the force of mortality for each partner depends on whether the spouse is 
still alive, though not on the age of the spouse. If (x) survives (y), his force 
of mortality increases from yee to fe Similarly, (y)’s mortality increases 
if she is widowed. Thus, the two lives are not independent with respect to 
mortality. 
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(a) The probability that both are alive in 15 years is 
15 


o 01 02 
15P65:62 = EXP -f (6541-6244 + H6541.62-40) dt 
0 


62/15 


= 0.905223 x 0.671701 = 0.608039 


where 


{ies | Faa 
&f = expy— and gm = exp į — s 
i log cf log cm 


(b) The probability that (x) is alive in 15 years is 15p%.s3 + 15p?t.e2. We 
already know from part (a) that (Res as = 0.608039. By considering the 
time, t, at which (y) dies, we can write 


15 
Ol _ 00 01 11 
15P65:62 -|/ tP65:62 6541-6241 15—tP 6544 Ut» (10.21) 
0 


where, following the steps in part (a), 


62 fnt 
o _ oF OD B-D 
P65:62 5 Ef 


and 
15-t 
11 = 13 
15—1P65+r = ©XP -f Messrts 45 
0 


nan (di5-t_]) 


— m m 
— em 


where hm = exp{—Cm/ log dm}. 
The integral in formula (10.21) can now be evaluated numerically, giving 


15p?!.e2 = 0.050402 
so that 
ice as + iD e5 = 0.658442. 
(c) The probability that (y) is alive in 15 years is 15 po eo t 15 Dees where 
15 


020« 00 02 22 
15P 65:62 = / tP65:62 @65+1:62+1 15—tP62+t dt (10.22) 
0 
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and 


15-t 


D 23 
15-1P6244 = EXP į} — J Mer+t+s 48 
0 
= ye @et—1) 


where hf = exp{—C;/ log df}. 
We can evaluate numerically the integral in formula (10.22), giving 
15Pes-69 = 0.258823 
so that 
15P65:62 + 15P65:62 = 0-866862. 
(d) The probability that at least one is alive in 15 years is 


15Pes6n + 15Pe5-62 + 15Pe5-62 = 0.608039 + 0.050402 + 0.258823 
= 0.917265. 


10.7 The common shock model 


The model illustrated in Figure 10.2 incorporates dependence between (x) and 
(y) by allowing the transition intensity of each to depend on whether the other 
is still alive. We can extend this dependence by allowing for (x) and (y) to die 
at the same time, for example as the result of a car accident. This is illustrated 
in Figure 10.3, the so-called common shock model. 


(x) Alive jes H (x) Alive 

(y) Alive -i (y) Dead 

State 0 State 1 
AAE. n rece 

(x) Dead 23 (x) Dead 
i Hy+t 

(y) Alive c (y) Dead 

State 2 State 3 


Figure 10.3 


A common shock model. 
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Example 10.10 You are given the following transition intensities for the 
common shock model: 


01 2 yrt 02 = x+t 
Hx+t:y+t = Br Cr ? Mytry+t oa Bn Cm > 
13 — x+t 23 _ y+t 03 E 
Hit = Cm din ? Myit = Cr d; ? Hx+t:y+t = À, 
where 


Bf = 9.741 x 1077, cp = 1.1331, Bm = 2.622 x 1075, cm = 1.0989, 
Cm = 3.899 x 1074, dm = 1.0725, Cp = 2.638 x 107%, dp = 1.1020, 


à = 1.407 x 107°. 
Calculate 10P%:65> 10P70:65> ANd 10P90:65- 
Note that the transition intensities in this example are the same as in 


Example 10.9, except that we have added the common shock transition 
intensity, which is assumed to be constant. 


Solution 10.10 We can evaluate pees directly from 


10 


00 = 01 02 03 
10P70:65 = EXP 4 — fl (79 +u:60+u + H70 +u:60+u a M70 +u:604 a) du 
0 
65 (10 
= g GD o gem CWD o pes 
= 0.670051, 


where gm and gp are as defined in the solution to Example 10.9. 
For the probabilities of transition to State 1 or State 2, we have 


10 
o _ 00 01 11 
10P70:65 aj 1P70:65 70-41-6541 10—1P 7041 dt (10.23) 
10 
02. os 00 02 22 
10P70:65 = | tP70:65 7041-65-41 10—-1P6541 dt (10.24) 
0 
and 
65 fS 
00 MY) ee aly sh 
sP10.65 = 8 I gm M ae 
d? d: —1 
pl = han (daD 
d® (di—1) 
22 a NI 
sP65 = hy > 


where Am and hp are as defined in the solution to Example 10.9. 
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Numerical integration gives 


OP 10:65 = 0.03771 and OP 10:65 = 0.23255. 


Note the similarity between formulae (10.23) and (10.24) and formu- 
lae (10.21) and (10.22). The difference is that the Dy values are calculated 
differently, with the extra term e~*’ allowing for the common shock risk. 


Example 10.11 A husband and wife, aged 63 and 61 respectively, have just 
purchased a joint life 15-year term insurance with sum insured $200 000 
payable immediately on the death of the first to die, or on their simultaneous 
deaths, within 15 years. Level premiums are payable monthly for at most 15 
years while both are still alive. 

Calculate 


(a) the monthly premium, and 
(b) the gross premium policy value after 10 years, assuming both husband and 
wife are still alive. 


Use the common shock model with the following basis. 
Interest: 4% per year 
Survival model: As in Example 10.10 
Expenses: 
Initial expenses of $500 
Renewal expenses of 10% of all premiums 
$200 on payment of the sum insured 


Solution 10.11 (a) The EPV of a unit sum insured is 


15 


t 00 ol 02 03 
f V tP63:61 (Mó3+r:61+t + H63+r:61+r + H63+r:61+1) d 
0 


and the EPV of a unit premium per month is 
a92 00 
a3: 61: |] Di K 12 2Ps. 


Let es y= ` AN 41: Then the formula for the monthly premium, 
j=! 
P,is 
15 


(12) 00 00 
12P a a B 200 200 f V P63-61 M6344:6144 dt 


0 


+500 + 0.1 x 12P ¿f? 


63:61:15 
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Using spreadsheet calculations (with numerical integration to value the 
death benefit), we find that 


P = (200200 x 0.25574 + 500)/(0.9 x 12 x 9.87144) 
= $484.94. 


(b) The gross premium policy value at duration 10 years, just before the 
premium then due is paid, is 


A 59 
10V = 200 200 | v PRN UTET dt — 0.9 P a vl? aphan 
0 t=0 


= 200200 x 0.17776 — 0.9 x 484.94 x 12 x 4.14277 
= $13 890. 


10.8 Notes and further reading 


The multiple state model approach is very flexible, allowing us to introduce 
dependence in various ways. In Section 10.6 we modelled ‘broken heart 
syndrome’ by allowing the mortality of each partner to depend on whether 
the other was still alive and in Section 10.7 we extended this by allowing for 
the possibility that the two lives die simultaneously. A more realistic model for 
broken heart syndrome would allow for the mortality of the surviving partner 
to depend not only on their current age and the fact that their spouse had died, 
but also on the time since the spouse died. This would make the model semi- 
Markov, rather than Markov, and is beyond the scope of this book. 

The paper by Ji et al. (2012) discusses Markov, semi—Markov and other 
models for multiple life statuses. They use data from a large Canadian 
insurance company from 1988-93 to parameterize the common shock model 
in Section 10.7. Their parameterization is used in Example 10.10. Note that 
their definition of ‘simultaneous death’ is death within five days, though they 
do investigate the effects of altering this definition. 


10.9 Exercises 
Some actuarial functions for joint lives, both subject to the Standard Ultimate 
Survival Model, and assuming independent future lifetimes, are given in 
Appendix D. 


10.9 Exercises 415 


Shorter exercises 
Exercise 10.1 Two lives aged 60 and 70 are independent with respect to 
mortality. Given that 10p60 = 0.94, 10p70 = 0.83 and jops0 = 0.72, calculate 
the probability that 


(a) both lives are alive 10 years from now, 

(b) at least one life is alive 10 years from now, 

(c) exactly one of the lives is alive 10 years from now, 

(d) the joint life status fails within the next 10 years, 

(e) the last survivor status fails within the next 10 years, 

(f) the joint life status holds 10 years from now, but not 20 years from now, 

(g) the last survivor status holds 10 years from now, but not 20 years from 
now. 


Exercise 10.2 A couple, currently aged x and y, have the following individual 
and joint one-year survival probabilities for t = 0, 1, 2: 


Pxtt = 0.75, Py+t = 0.85, Px+t:y+t = 0.7. 


Calculate the probability that (x) survives two years and dies in the third year, 
and (y) survives three years. 


Exercise 10.3 Using the Joint Life Tables in Appendix D, calculate the 
following functions. Assume UDD (in single and joint life models) where 
necessary. 


(8) sosom ©) äs (©) äsoso (D Asoiso, (CAL co roy O Fog 


Exercise 10.4 Two lives aged 60 and 70 are independent with respect to 
mortality, and the Standard Ultimate Survival Model is applicable for each. On 
the basis of an effective rate of interest of 5% per year, calculate the EPV of 


(a) an annuity of $20 000 a year, payable in arrear as long as at least one of 
the lives is alive, 

(b) an annuity of $30000 a year, payable annually in advance for at most 10 
years, provided that both lives are alive, and 

(c) areversionary annuity of $25 000 a year, payable annually to (60) follow- 
ing the death of (70). 


Exercise 10.5 For independent lives (x) and (y), show that 
Cov (vF, yin) = (A x Ax) (Ay — Axy) : 


Exercise 10.6 An insurer sells an annuity policy to Shannon and Riley, who 
are both aged 60, with the following premium and benefit terms. 


e Level annual premiums are payable for at most 10 years, while both Shannon 
and Riley are alive. 
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e There are no annuity payments during the first 10 years. 

e After 10 years, at the start of each year the annuity pays: 
— $120000 if both Shannon and Riley are alive at the payment date, and 
— $70000 if only one of them is alive at the payment date. 


Assume independent future lifetimes, and that mortality follows the Standard 
Ultimate Life Table with interest at 5%. 
Calculate the annual net premium. 


Exercise 10.7 By considering the cases T, > Ty and T, < Ty, show that the 
present value random variable for a reversionary annuity payable continuously 
at rate 1 per year to (y) following the death of (x) is 


Y = a7 — ar, 


Exercise 10.8 Tom and John are both aged 75 with independent future life- 
times. They purchase an insurance policy which pays $100 000 immediately 
on the death of John provided he dies after Tom. Premiums are payable 
continuously at a rate P per year while both lives are alive. You are given 
that 


(i) A75 = 0.46570 and A75.75 = 0.57481, 
(ii) i = 6%. 


Calculate P. 


Longer exercises 
Exercise 10.9 Two independent lives, (x) and (y), experience mortality 
according to Gompertz’ law, that is, yy = Bc*. 


(a) Show that ;pry = pw for w = log(c* + c’)/log c. In this case w is called 
the equivalent single age. 
(b) Show that 


Exercise 10.10 Two independent lives, (x) and (y), experience mortality 
according to Makeham’s law, that is, yx = A + Bc". 


(a) Show that ;pry = :Pw:w for w = log((c* + c”)/2)/ log c. In this case w is 
called the equivalent equal age. 

(b) Amanda is aged 48.24 and Zoe is aged 60. Both are subject to the 
Standard Ultimate Survival Model (which follows Makeham’s model with 
c = 1.124). Assume their future lifetimes are independent. 
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Use the result in part (a), and the joint life tables in Appendix D, to 
determine the EPV of the following annuities written on the lives of 
Amanda and Zoe: 

(i) a joint life annuity-due of $10 000 per year, and 

(ii) a last survivor annuity-due of $10 000 per year. 


Exercise 10.11 Assume that T, and Ty are independent. 


(a) Show that the probability density function of Tyy is 


fry (t) = 1Pxy (Hx+t + Hy+t). 


(b) What is the joint probability density function of (Ty, Ty)? Use this joint 
probability density function to obtain formula (10.15) for AL 
(c) AZ, is the EPV of a benefit of 1 payable on the death of (x) provided that 


the death of (x) occurs after the death of (y). Using the same approach as 
in part (b), show that 


Explain this result. 


Exercise 10.12 Bob and Mike are independent lives, both aged 50. They 
purchase an insurance policy which provides $100 000, payable at the end of 
the year of Bob’s death, provided Bob dies after Mike. Annual premiums are 
payable in advance throughout Bob’s lifetime. Calculate 


(a) the net annual premium, and 

(b) the net premium policy value after 10 years (before the premium then due 
is payable) if 
(i) only Bob is then alive, and 
(ii) both lives are then alive. 


Basis: 


Survival model: Standard Ultimate Life Table, independent lives 
Interest: 5% per year effective 
Expenses: None 


Exercise 10.13 A husband and wife, aged 65 and 60 respectively, purchase an 
insurance policy, under which the benefits payable on first death are a lump 
sum of $10 000, payable immediately on death, plus an annuity of $5000 per 
year payable continuously throughout the lifetime of the surviving spouse. 
A benefit of $1000 is paid immediately on the second death. Premiums are 
payable continuously until the first death. 
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You are given that Ago = 0.353789, Ags = 0.473229 and that A60:65 = 
0.512589 at 4% per year effective rate of interest. The lives are assumed to be 
independent. 


(a) Calculate the EPV of the lump sum death benefits, at 4% per year interest. 
(b) Calculate the EPV of the reversionary annuity benefit, at 4% per year 
interest. 
(c) Calculate the annual rate of premium, at 4% per year interest. 
(d) Ten years after the contract is issued the insurer is calculating the policy 
value. 
(i) Write down an expression for the policy value at that time assuming 
that both lives are still surviving. 
(ii) Write down an expression for the policy value assuming that (x) has 
died but (y) is still alive. 
(iii) Write down Thiele’s differential equation for the policy value assum- 
ing (1) both lives are still alive, and (2) only (y) is alive. 


Exercise 10.14 Use the multiple state model illustrated in Figure 10.4, and an 
interest rate of 5%, for this question. 

You are given the following transition intensities, where ju is the force of 
mortality for a life aged z under the Standard Ultimate Survival Model: 


u$} = u% — 0.0005, [ays = u% — 0.0005, [ya = 0.0005, 
= 1 Sian, 


Reminder: we = A+ BÆ where A = 0.00022, B = 2.7 x 1076 and c = 1.124. 


(a) (i) Explain why the t-year survival probability for (x) does not depend on 
whether (y) is alive or dead. 


(x) dead (x) alive (x) alive 
(y) dead —_ (y) alive e (y) dead 
4 0 1 
(x) dead (x) dead 
(y) alive A (y) dead 
2 3 


Figure 10.4 Model for Exercise 10.14 
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(ii) Explain why the future lifetimes of (x) and (y) are not independent 
(despite the result in part (1)). 
00 
(b) Calculate 20p60:55- 


A couple, (x), who is 60 and (y), who is 55, buys a policy combining a last 
survivor insurance and an annuity, with the following features. 


e Level premiums are payable continuously in State 0 for a maximum of 20 
years. 

e A death benefit of $200 000 is payable immediately on the second death, if 
deaths are not simultaneous. 

e If the deaths are simultaneous, the death benefit is increased to $400 000. 

e A reversionary annuity of $20000 per year is payable continuously to (y) 
following the death of (x), continuing until the death of (y). 


The following values have been calculated based on the model and parame- 
ters described above, with interest at 5% per year. 


7 O01 02 -00 -01 -02 =22 
xy 20Px:y 20Px:y Ayry ayy ayy ay 


60:55 0.09570 0.18100 13.4155 0.9844 2.0300 15.2083 
80:75 0.06189 0.18869 6.7127 1.3294 2.8729 9.2615 


‘ey 493 Ag 43 423 
60:55 0.19307 0.00537 0.29743 0.25798 
80:75 0.46488 0.00269 0.60764 0.54813 


(c) Calculate the EPV of the non-simultaneous death benefit. 

(d) Calculate the annual rate of premium. 

(e) Calculate the policy values at time 20 for each of the in-force states. 

(f) Write down Thiele’s differential equations for VO, WV and ,V™, for 
t < 20. 

(g) Using h = 0.25 estimate 19.5 VO. i95V® and 19.5 vy using Euler’s 
backward method. 

(h) Explain why we use Figure 10.4 for this policy, rather than Figure 10.3. 


Exercise 10.15 Let Axy denote the EPV of a benefit of 1 payable at the end of 
the year in which the first death of (x) and (y) occurs, and let AS denote the 
EPV of a benefit of 1 payable at the end of the Lth of a year in which the first 


death of (x) and (y) occurs. 
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(a) As an EPV, what does the following expression represent? 
m 


t 
` ym (1px = “Py) : 
m i m T 


t=1 


(b) Write down an expression for Ay in summation form by considering 
the insurance benefit as comprising a series of deferred one year term 
insurances with the benefit payable at the end of the Lth of a year in which 
the first death of (x) and (y) occurs. 

(c) Assume that two lives (x) and (y) are independent with respect to mortality. 
Show that under the UDD assumption, 


1 m—2t+1 
1 Pxy = Pwy = za Pxy) + m2 qx qy 


and that 


t 
ym (rs = “Py) 
m m 


m 


iv m—2t+1 
= (1 — Pxy) ay + dx qy > a 
t=1 


(d) Deduce that under the assumptions in part (c), 


i 
AM” x -Ay 


xy in) 


Exercise 10.16 (a) Show that 


d 
00 t 00 t 0 
dt tPxy V = —tPxy V (5 F Uga) ’ 


where ae y+ 1S the total transition intensity out of State 0 for the joint 
life process. 
(b) Use Woolhouse’s formula to show that 


. . m—1 m — 1 Oe 
alm) X ayy a Dm (5 + 2) ; 


Excel-based exercises 
Exercise 10.17 Two lives aged 30 and 40 are independent with respect to 
mortality, and each is subject to Makeham’s law of mortality with A = 0.0001, 
B = 0.0003 and c = 1.075. Calculate 


(a) 10p30:40, 
(b) OP aes 
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(c) 10430,49 and 
(d) 10P39.40- 


Exercise 10.18 Smith and Jones are both aged exactly 30. Smith is subject 
to Gompertz’ law of mortality with B = 0.0003 and c = 1.07, and Jones 
is subject to a force of mortality at all ages x of Bc + 0.039221. Calculate 
the probability that Jones dies before reaching age 50 and before Smith dies. 
Assume that Smith and Jones are independent with respect to mortality. 


Exercise 10.19 Ryan is entitled to an annuity of $100 000 per year at retire- 
ment, paid monthly in advance, and the normal retirement age is 65. Ryan’s 
wife, Lindsay, is two years younger than Ryan. 


(a) Calculate the EPV of the annuity at Ryan’s retirement date. 

(b) Calculate the revised annual amount of the annuity (payable in the first 
year) if Ryan chooses to take a benefit which provides Lindsay with a 
monthly annuity following Ryan’s death equal to 60% of the amount 
payable whilst both Ryan and Lindsay are alive. 

Calculate the revised annual amount of the annuity (payable in the first 
year) if Ryan chooses the benefit in part (b), with a ‘pop-up’ — that is, the 
annuity reverts to the full $100 000 on the death of Lindsay if Ryan is still 
alive. (Note that under a pop-up annuity, the benefit reverts to the amount 
to which Ryan was originally entitled on the death of the reversionary 
beneficiary.) 


(c 


wm 


Basis: 


Male mortality before and after widowerhood: 

Makeham’s law, A = 0.0001, B = 0.0004 and c = 1.075 
Female survival before widowhood: 

Makeham’s law, A = 0.0001, B = 0.00025 and c = 1.07 
Female survival after widowhood: 

Makeham’s law, A = 0.0001, B = 0.0003 and c = 1.072 
Interest: 5% per year effective 


Exercise 10.20 A husband and wife are aged 28 and 24, respectively. They 
are about to effect an insurance policy that pays $100 000 immediately on the 
first death. Calculate the premium for this policy, payable monthly in advance 
as long as both are alive and limited to 25 years, on the following basis: 


e Male survival: Makeham’s law, with A = 0.0001, B = 0.0004 and 
c = 1.075 

e Female survival: Makeham’s law, with A = 0.0001, B = 0.0003 and 
c= 1.07 

e Interest: 5% per year effective 
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e Initial expenses: $250 
e Renewal expenses: 3% of each premium 


Assume that this couple are independent with respect to mortality. 


Exercise 10.21 An insurance company issues a joint life insurance policy to a 
married couple. The husband, (x), is aged 28 and his wife, (y), is aged 27. The 
policy provides a benefit of $500 000 immediately on the death of (x) provided 
that he dies first. The policy terms stipulate that if the couple die at the same 
time, the elder life is deemed to have died first. Premiums are payable annually 
in advance while both lives are alive for at most 30 years. 

Use the common shock model illustrated in Figure 10.3 to calculate the 
annual net premium using an effective rate of interest of 5% per year and 
transition intensities of 


Ts = A + Be’, ie = A + DÆ, uS = 5 x 1075, 
where A = 0.0001, B = 0.0003, c = 1.075 and D = 0.00035. 


Answers to selected exercises 


10.1 (a)0.7802 (b)0.9898 (c)0.2096 (d)0.2198 (e)0.0102 (f)0.3140 
(g) 0.0782 

10.2 0.0735 

10.3 (a) 7.9044 (b) 17.6587 (c) 2.7546 (d) 0.32843 (e) 0.04242 
(£) 0.10837 

10.4 (a) $293 808.37 (b) $225 329.46 (c) $92 052.87 

10.6 $110 650 

10.8 $2443.39 

10.10 (b)(i) $143 725 (ii) $173 163 

10.12 (a) $387.47 (b)(i) 23253 Gi) 4800 

10.13 (a) $5440.32 (b) $25262.16 (c) $2470.55 

10.14 (b) 0.67498 (c) 38614 (d) $6949.38 (e) 151510, 121528, 
294856 (g) 146391, 119792, 296663 

10.17 (a) 0.886962 (b) 0.037257 (c) 0.001505 (d) 0.997005 

10.18 0.567376 

10.19 (a) $802639 (b) $76846 (c) $73. 942 

10.20 $161.78 

10.21 $4948.24 
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Pension mathematics 


11.1 Summary 


In this chapter we introduce some of the notation and concepts of pension 
plan valuation and funding. We discuss the difference between defined benefit 
(DB) and defined contribution (DC) pension plans. We introduce the salary 
scale function, and show how to calculate an appropriate contribution rate in a 
DC plan to meet a target level of pension income. 

We define the service table, which is a summary of the multiple state model 
appropriate for a pension plan. Using the service table and the salary scale, 
we can value the benefits and contributions of a pension plan, using the same 
principles as we have used for valuing benefits under an insurance policy. 

We introduce benefit design, valuation and accruals based funding for final 
salary and career average earnings DB plans. In the final section, we apply the 
principles of pension funding and valuation to retiree health benefits. 


11.2 Introduction 
The pension plans we discuss in this chapter are typically employer sponsored 
plans, designed to provide employees with retirement income. Employers 
sponsor plans for a number of reasons, including 


competition for new employees; 

to facilitate turnover of older employees by ensuring that they can afford to 
retire; 

to provide incentive for employees to stay with the employer; 

pressure from trade unions; 

to provide a tax efficient method of remunerating employees; 

responsibility to employees who have contributed to the success of the 
company. 
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The plan design will depend on which of these motivations is most important 
to the sponsor. If competition for new employees is the most important 
factor, for example, then the employer’s plan will closely resemble other 
employer sponsored plans within the same industry. Ensuring turnover of older 
employees, or rewarding longer service might lead to a different benefit design. 

The two major categories of employer sponsored pension plans are defined 
contribution (DC) and defined benefit (DB). 

The defined contribution pension plan specifies how much the employer will 
contribute, as a percentage of salary, into a plan. The employee may also con- 
tribute, and the employer’s contribution may be related to the employee’s 
contribution (for example, the employer may agree to match the employee’s 
contribution up to some maximum). The contributions are invested, and the 
accumulated funds are available to the employee when he or she leaves the 
company. The contributions may be set to meet a target benefit level, but the 
actual retirement income may be well below or above the target, depending on 
the investment experience. 

The defined benefit plan specifies a level of benefit, usually in relation to 
salary near retirement (final salary plans), or to salary throughout employment 
(career average salary plans). The contributions, from the employer and, 
possibly, employee are accumulated to meet the benefit. If the investment 
or demographic experience is adverse, the contributions can be increased; if 
experience is favourable, the contributions may be reduced. The pension plan 
actuary monitors the plan funding on a regular basis to assess whether the 
contributions need to be changed. 

The benefit under a DB plan, and the target under a DC plan, are set by 
consideration of an appropriate replacement ratio or replacement rate. The 
pension plan replacement ratio is defined as 


pension income in the year after retirement 


salary in the year before retirement 


where we assume the plan member survives the year following retirement. 
The target for the plan replacement ratio depends on other post-retirement 
income, such as government benefits. A total replacement ratio, including 
government benefits and personal savings, of around 70% is often assumed 
to allow retirees to maintain their pre-retirement lifestyle. Employer sponsored 
plans often target 50%-70% as the replacement ratio for an employee with a 
full career in the company. 


11.3 The salary scale function 


The contributions and the benefits for most employer sponsored pension plans 
are related to salaries, so we need to model the progression of salaries through 
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an individual’s employment. We use a deterministic model, even though future 
changes in salary cannot usually be predicted with the certainty a deterministic 
model implies. However, this model is almost universally used in practice and 
a more realistic model would complicate the presentation in this chapter. 

We start by defining the rate of salary function, {5,},>,,, where x, is some 
suitable initial age. The value of są, can be set arbitrarily as any positive 
number. For y > x > %, the value of s,/s, is defined to be the ratio of the 
annual rate of salary at age y to the annual rate of salary at age x, where we 
assume the individual is employed from age x to age y. 


Example 11.1 Consider an employee aged 30 whose current annual salary 
rate is $30 000 and assume she will still be employed at exact age 41. 


(a) Suppose the employee’s rate of salary function {Sy}y>20 is given by 
5y = 100, 


(i) Calculate her annual rate of salary at exact age 30.5. 
(ii) Calculate her salary for the year of age 30 to 31. 
Gii) Calculate her annual rate of salary at exact age 40.5. 
(iv) Calculate her salary for the year of age 40 to 41. 
(b) Now suppose that each year the rate of salary increases by 4%, three 
months after an employee’s birthday and then remains constant for a year. 
Repeat parts (i) to (iv) of (a) above. 


Solution 11.1 
(a) (i) From the definition of the rate of salary function, the employee’s 
annual rate of salary at age 30.5 will be 


30000 x 1.04°° = $30 594. 


(ii) Consider a small interval from age 30 + ¢ to 30 + t + dt, where 
0 <t<t+dt< 1. The rate of salary in this age interval will be 
30 000 5304;/539 and the amount received by the employee will be 
30 000 (5304+/530) dt. 
Hence, her total income for the year of age 30 to 31 will be 
1 1 
/ 30 000 (530+4+/530) a= | 30.000 x 1.04! dt 
0 0 
= 30000 (1.04 — 1)/ log 1.04 


= $30 596. 


(iii) Her salary rate at exact age 40.5 will be 30000 x 1.04!9° = $45 287. 
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(iv) Using the same argument as in part (ii), her income for the year of 
age 40 to 41 will be 


11 
30000 f 1.04 dt = 30000 (1.04!! — 1.04!) / log 1.04 
10 
= $45 290. 


(b) (i) The employee will receive a salary increase of 4% at age 30.25 and 
her rate of salary will then remain constant until she reaches age 
31.25, so her rate of salary at age 30.5 will be 


30000 x 1.04 = $31 200. 


(ii) The income for the three months following her 30th birthday will be 
30.000 (0.25) = $7500 and her income for the following nine months 
will be 30000 (1.04) (0.75) = $23 400. Hence, her income for the 
year of age 30 to 31 will be 


7500 + 23 400 = $30 900. 
(iii) Her rate of salary income at age 40.5 will be 

30000 x 1.04!° = $44 407. 
(iv) Her income for the year of age 40 to 41 will be 


30000 x (0.25 x 1.04? + 0.75 x 1.04!°) = $43 980. 


In practice it is very common to model the progression of salaries using a 
salary scale, {sy}y>xọ, rather than a rate of salary function. The salary scale 
can be derived from the rate of salary function as follows. The value of sy, can 
be set arbitrarily as any positive number. For y > x > xo, we define 


i= 
Sy Jo Sy41 dt 


I 
Sx Io Sardi 


so that, using the same argument as in Example 11.1 parts (ii) and (iv), 


Sy salary received in year of age y to y + 1 


Sx Salary received in year of age x to x + 1° 


where we assume the individual remains in employment throughout the period 
from age x to age y + 1. 
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Compare this with the salary rate function, 


Sy Salary rate at exact age y 


3, salary rate at exact age x’ 


where we assume the individual remains in employment throughout the period 
from age x to age y. 

Salaries usually increase as a result of promotional increases and inflation 
adjustments. We assume in general that the salary scale allows for both forces, 
but it is straightforward to manage these separately. 


Example 11.2 The final average salary for the pension benefit provided by 
a pension plan is defined as the average salary in the three years before 
retirement. Members’ salaries are increased each year, six months before the 
valuation date. 


(a) A member aged exactly 35 at the valuation date received $75 000 in salary 
in the year to the valuation date. Calculate his predicted final average salary 
assuming retirement at age 65. 

(b) A member aged exactly 55 at the valuation date was paid salary at a rate of 
$100 000 per year at that time. Calculate her predicted final average salary 
assuming retirement at age 65. 


Assume 


(i) a salary scale where sy = 1.04”, and 
(ii) the integer age example salary scale in Table 11.1, with linear interpolation 
between integer ages where necessary. 


Solution 11.2 (a) The member is aged 35 at the valuation date, so that the 


salary in the previous year is the salary from age 34 to age 35. The 
predicted final average salary in the three years to age 65 is then 


Table 11.1 Example Salary Scale. 


x Sx x Sx xX Sx x Sx 


30 1.000 40 2.005 50 2.970 60 3.484 
31 1.082 41 2.115 51 3.035 61 3.536 
32 1.169 42 2.225 52 3.091 62 3.589 
33 1.260 43 2.333 53 3.139 63 3.643 
34 1.359 44 2.438 54 3.186 64 3.698 
35 1.461 45 2.539 55 3.234 
36 1.566 46 2.637 56 3.282 
37 1.674 47 2.730 57 3.332 
38 1.783 48 2.816 58 3.382 
39 1.894 49 2.897 59 3.432 
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75000 S62 + 563 + S64 


S34 
which gives $234019 under assumption (i) and $201 067 under assump- 
tion (11). 
(b) The current annual salary rate is $100 000, so the final average salary is 


100000 S62 + 563 + S64 ~ 100000 562 + 563 + S64 


3555 3 954.5 


Under assumption (i) this is $139 639. Under assumption (ii) we need to 
estimate 554.5 as 


854.5 = (854 + 555)/2 = 3.210, 


giving a final average salary of $113 499. 


Example 11.3 The current annual salary rate of an employee aged exactly 40 
is $50 000. Salaries are revised continuously. Using the salary scale function 
Sy = 1.03”, estimate 


(a) the employee’s salary between ages 50 and 51, and 
(b) the employee’s annual rate of salary at age 51. 


In both cases, you should assume the employee remains in employment until 

at least age 51. 

Solution 11.3 (a) The estimated earnings between ages 50 and 51 are 
given by 


50.000 2 ~ 50000 =% = 50000 x 1.0305 = $68 196. 
S40 539.5 


(b) The estimated salary rate at age 51 is given by 


50 000 = ~ 50000 22 = 50000 x 1.03!! = $69 212. 
S40 539.5 


11.4 Setting the contribution for a DC plan 


To set the contribution rate for a DC plan to aim to meet a target replacement 
ratio for a ‘model’ employee, we need 


e the target replacement ratio and retirement age, 

e assumptions on the rate of return on investments, interest rates at retirement, 
a salary scale and a model for post-retirement mortality, and 

e the form the benefits should take. 
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With this information we can set a contribution rate that will be adequate if 
experience follows all the assumptions. We might also want to explore sensi- 
tivity to the assumptions, to assess a possible range of outcomes for the plan 
member’s retirement income. The following example illustrates these points. 


Example 11.4 An employer establishes a DC pension plan. On withdrawal 

from the plan before retirement age, 65, for any reason, the proceeds of the 

invested contributions are paid to the employee or the employee’s survivors. 
The contribution rate is set using the following assumptions. 


e The employee will use the proceeds at retirement to purchase a pension for 
his lifetime, plus a reversionary annuity for his wife at 60% of the employee’s 
pension. 

e At age 65, the employee is married, and the age of his wife is 61. 

e The target replacement ratio is 65%. 

e The salary rate function is given by sy = 1.04” and salaries are assumed to 
increase continuously. 

e Contributions are payable monthly in arrear at a fixed percentage of the 
salary rate at that time. 

e Contributions are assumed to earn investment returns of 10% per year. 

e Annuities purchased at retirement are priced assuming an interest rate of 
5.5% per year. 

e Male survival: Makeham’s law, with A = 0.0004, B = 4 x 1076, c= 1.13; 

e Female survival: Makeham’s law, with A = 0.0002, B = 1076, c = 1.135. 

e Members and their spouses are independent with respect to mortality. 


Consider a male new entrant aged 25. 


(a) Calculate the contribution rate required to meet the target replacement ratio 
for this member. 

(b) Assume now that the contribution rate will be 5.5% of salary, and that 
over the member’s career, his salary will actually increase by 5% per 
year, investment returns will be only 8% per year and the interest rate for 
calculating annuity values at retirement will be 4.5% per year. Calculate 
the actual replacement ratio for the member. 


Solution 11.4 (a) First, we calculate the accumulated DC fund at retirement. 
Mortality is not relevant here, as in the event of the member’s death, the 
fund is paid out anyway; the DC fund is more like a bank account than an 
insurance policy. 

We then equate the accumulated fund with the EPV at retirement of the 
pension benefits. 
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Suppose the initial salary rate is $S. As everything is described in 
proportion to salary, the value assumed for S does not matter. The annual 
salary rate at age x > 25 is S (1.04*-7>), which means that the contribution 
at time t, where t = 1/12,2/12,...,40, is 


£ s (1.04) 
a 


where c is the contribution rate per year. Hence, the accumulated amount 
of contributions at retirement is 


S : : 1.149 — 1.0449 
Hy" 1.048 1.1-% = cs = 719.6316 c5. 


12 ‘a 
k=l 12 (th) — i) 


The salary received in the year prior to retirement, under the assump- 
tions, is 


ŽS g = 1.0435 § = 4.70788. 
$24.5 
Since the target replacement ratio is 65%, the target pension benefit per 
year is 0.65 x 4.7078S = 3.06018. 
The EPV at retirement of a benefit of 3.0601S per year to the member, 


plus a reversionary benefit of 0.6 x 3.0601S per year to his wife, is 


3.06018 (ag + 0.64"), : 
65 65/61 


where the m and f scripts indicate male and female mortality, respectively. 
Using the given survival models and an interest rate of 5.5% per year, 


we have 
a” = 10.5222, 
65 
e02) _ s12) . (12) 
mf =e = mf ? 
65/61 61 65:61 
a’ = 13.9194, 
61 
SO 1 
(12) 1a 
a m = PA kp m k p f 
rae 2 12 T2 65+k T2 61+k 
= 10.0066, (11.1) 
giving 
a” = 3.9128. 


mf 
65161 


(b 
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Note that we can write the joint life survival probability in formula (11.1) 
as the product of the single life survival probabilities using the indepen- 
dence assumption, as in Section 10.5 

Hence, the EPV of the benefit at retirement is 


3.06015 (10.5222 + 0.6 x 3.9128) = 39.382685. 


Equating the accumulation of contributions to age 65 with the EPV of the 
benefits at age 65 gives 


c = 5.4126% per year. 


wm 


We now repeat the calculation, using the actual experience rather than 
estimates. We use an annual contribution rate of 5.5%, and solve for the 
amount of benefit funded by the accumulated contributions, as a proportion 
of the final year’s salary. 

The accumulated contributions at age 65 are now 28.63605, and the 
annuity EPVs at 4.5% per year interest are 


a = 11.3576, a’ = 15.4730, a = 10.7579. 
65 61 65:61 


Thus, the EPV of a benefit of X per year to the member and of 0.6X 
reversionary benefit to his spouse is 14.1867X. Equating the accumulation 
of contributions to age 65 with the EPV of benefits at age 65 gives 
X = 2.01855. 

The final year salary, with 5% per year increases, is 6.87035. Hence, the 
replacement ratio is 


_ 2.01858 
~ 6.87035 


= 29.38%. 


We note that apparently quite small differences between the assumptions 


used to set the contribution and the experience can make a significant 
difference to the level of benefit, in terms of the pre-retirement income. This 


is 


true for both DC and DB benefits. In the DC case, the risk is taken by 


the member, who takes a lower benefit, relative to salary, than the target. In 
the DB case, the risk is usually taken by the employer, whose contributions are 
adjusted when the difference becomes apparent. If the differences are in the 
opposite direction, then the member benefits in the DC case, and the employer 
contributions may be reduced in the DB case. 
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11.5 The service table 


The demographic elements of the basis for pension plan calculations include 
assumptions about survival models for members and their spouses, and about 
the exit patterns from employment. There are several reasons why a member 
might exit the plan. At early ages, the employee might withdraw to take another 
job with a different employer. At later ages, employees may be offered a range 
of ages at which they may retire with the pension that they have accumulated. 
A small proportion of employees will die while in employment, and another 
group may leave early through disability retirement. 

In a DC plan the benefit on exit is the same, regardless of the reason for the 
exit, so there is no need to model the member employment patterns. 

In a DB plan different benefits may be payable on the different forms of 
exit. In the UK it is common on the death in service of a member for the 
pension plan to offer both a lump sum and a pension benefit for the member’s 
surviving spouse. In North America, any lump sum benefit is more commonly 
funded through separate group life insurance, and so the liability does not fall 
on the plan. There may be a contingent spouse’s benefit. 

The extent to which the DB plan actuary needs to model the different exits 
depends on how different the values of benefits are from the values of benefits 
for people who do not leave until the normal retirement age. 

For example, if an employer offers a generous benefit on disability (or ill 
health) retirement, that is worth substantially more than the benefit that the 
employee would have been entitled to if they had remained in good health, then 
it is necessary to model that exit and to value that benefit explicitly. Otherwise, 
the liability will be understated. On the other hand, if there is no benefit on 
death in service (for example, because of a separate group life arrangement), 
then to ignore mortality before retirement would overstate the liabilities within 
the pension plan. 

If all the exit benefits have roughly the same value as the normal age 
retirement benefit, the actuary may assume that all employees survive to 
retirement. It is not a realistic assumption, but it simplifies the calculation and 
is appropriate if it does not significantly over-estimate or under-estimate the 
liabilities. 

It is relatively common to ignore withdrawals in the basis, even if a large 
proportion of employees do withdraw, especially at younger ages. By ignoring 
withdrawals, we are implicitly valuing age retirement benefits for lives who 
withdraw, instead of valuing the withdrawal benefits. This is a reasonable 
shortcut if the age retirement benefits have similar value to the withdrawal 
benefits, which is often the case. For example, in a final salary plan, if 
withdrawal benefits are increased in line with inflation, the value of withdrawal 
and age benefits will be similar. Even if the difference is relatively large, 
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Active 
0 
Withdrawn Disability Age Died in 
Retirement Retirement Service 
1 2 5 i 


Figure 11.1 A multiple decrement model for a pension plan. 


withdrawals may be ignored. This creates an implicit margin in the valuation 
if withdrawal benefits are less valuable than retirement benefits, which is 
often the case. An additional consideration is that withdrawals are notoriously 
unpredictable, as they are strongly affected by economic and social factors, so 
that historical trends may not provide a good indicator of future exit patterns. 

When the actuary does model the exits from a plan, an appropriate multiple 
decrement model could be similar to the one shown in Figure 11.1. All the 
model assumptions of Chapters 8 and 9 apply to this model, except that, 
typically, some age retirements will be exact age retirements, as discussed in 
Section 9.7. 


Example 11.5 A pension plan member is entitled to a lump sum benefit on 
death in service of four times the salary paid in the year up to death. 
Assume the appropriate multiple decrement model is as in Figure 11.1, with 


0.1 for x < 35, 
01 7 0.05 for35 <x < 45, 
Ux Shy = 
0.02 for 45 <x < 60, 
0 for x > 60, 
pl? = pi = 0.001, 
: (0) for x < 60, 
u? = a 


~ 10.1 for60 < x< 65. 


In addition, 30% of the members surviving in employment to age 60 retire 
at that time, and 100% of the lives surviving in employment to age 65 retire 
at that time. For transitions to State 4, we assume u is equal to the force of 
mortality of the Standard Ultimate Survival Model at age x. 


(a) Calculate the probability that an active member who is currently aged 35 
retires at age 65. 
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(b) For each mode of exit, calculate the probability that an active member 
currently aged 35 exits employment by that mode. 


Solution 11.5 (a) Since all surviving members retire at age 65, the probability 
can be written 30P 33. To calculate this, we need to consider separately the 
periods before and after the jump in the withdrawal transition intensity, 
and before and after the exact age retirements at age 60. 

For 0 < t < 10, 


t 


00 d 
1P35 = Exp — f (Wises + Whee + Hees) ds 
0 


= exp į — | (A+ 0.051)t + ——c™ (c — 1) 
logc 


giving 
10P 33 = 0.597342. 
For 10 < t < 25, 


1-10 
P35 = 10P35 eXP ) — f (Mispa + Mises + Hispa) ds 
0 
00 B 45, 10 
= 10P35 €XP |- (a + 0.021) (t — 10) + ——c? (c= »)| 
loge 
giving 


95-P33 = 0.597342 x 0.712105 = 0.425370. 
At t = 25, 30% of the survivors retire, so at t = 25*, we have 
25+ p35 = 0.7 X 25- p35 = 0.297759. 


For 25 < t < 30, 
t-25 


00 00 : d 
1P35 = 25+ P35 XP į — f (1460 ts + Moors + H604 J ds 
0 


B 60 ¢_t-25 
= 0.297759 exp}—{(A + 0.1+0.001)(¢ — 25)+ ean’ (c —1) 
ogc 
giving 
30- p% = 0.297759 x 0.590675 = 0.175879. 


Since all surviving active employees at age 65 retire immediately, the 
probability of retirement at exact age 65 is then 0.175879. 
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(b) We know that all members leave employment by or at age 65. 
All withdrawals occur by age 60. To compute the probability of with- 
drawal, we split the period into before and after the change in the 
withdrawal force at age 45. 
The probability of withdrawal by age 45 is 


10 10 
ol 00 w 00 
10P35 = [ov 14354,dt = 0.05 [os dt, 
0 0 


which we calculate using numerical integration to give 
10P34 = 0.05 x 7.8168 = 0.3908. 


The probability of withdrawal between ages 45 and 60 is 
15 
10p 32 isp} = 0.597342 [vo 454, at 
0 
15 


= 0.597342 x 0.02 l Py dt, 
0 
which, again using numerical integration, gives 
10P3s 15P45 = 0.597342 x 0.02 x 12.7560 = 0.1524. 
So, the total probability of withdrawal is 0.5432. 
The probability of disability retirement by age 45 is 
10 10 
1078 = fro uisud = 0001 figa 
0 0 
= 0.001 x 7.8168 = 0.0078, 


and the probability of disability retirement between ages 45 and 60 is 


15 
1p% 1sP43 = 0.597342 i Pas Hast dt 
0 


15 
= 0.597342 x 0.001 f Pas dt 
0 
= 0.597342 x 0.001 x 12.7560 = 0.0076. 
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The probability of disability retirement in the final five years is 


3 
25+P9 sp% = 0.297759 / Pep Mage, at 
0 
= 0.297759 x 0.001 x 3.8911 = 0.0012. 


So, the total probability of disability retirement is 0.0166. 

The probability of age retirement is the sum of the probabilities of exact 
age retirements at age 60 and 65, and the probability of retirement between 
ages 60+ and 65-. 

The probability of exact age 60 retirement is 


0.3 25-p35 = 0.1276, 
and the probability of exact age 65 retirement is 
30- P35 = 0.1759. 


The probability of retirement between exact ages 60 and 65 is 


5 
25+ p35 SPo = 0.297759 f P60 Meo41 dt 
0 


= 0.297759 x 0.1 x 3.8911 = 0.1159. 


So, the total age retirement probability is 0.4194. 

We could infer the death in service probability, by the law of total 
probability, but we instead calculate it directly as a check on the other 
results. We use numerical integration for all these calculations. 

The probability of death in the first 10 years is 


10 


10% = f o udsa, dt = 0.0040, 
0 


and the probability of death in the next 15 years is 


15 
19p% 1sp% = 0.59734 / p% u4, dt = 0.0120. 
0 
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The probability of death in the final five years is 


5 
25+p9 sp% = 0.297759 / Pen feos: at 
0 


= 0.297759 x 0.016323 = 0.0049. 


So the total death in service probability is 0.0208. 
We can check our calculations by summing the probabilities of exiting by 
each mode. This gives a total of 1 (= 0.5432 + 0.0166 + 0.4194 + 0.0208), 
as it should. 


Often the multiple decrement model is summarized in tabular form at inte- 
ger ages, in the same way that a life table summarizes a survival model. 
Such a summary is called a pension plan service table. We start at some 
minimum integer entry age, Xx, by defining an arbitrary radix, for example, 
l, = 1000000. Using the model of Figure 11.1, we then define for integer 
ages X% + k (k =0,1,...) 


00 „01 


Wytk = ly kPx, Px +k’ 
io+k = ly, Pe ae 
Nyotk = by ee Pees 
dy +k = Ly, pe eee 


lo+k = l% p”. 


Since the probability that a member aged x withdraws between ages x + k 
and% +k+ lis p? p°! +p We can interpret wy,+, as the number of members 
expected to withdraw between ages x, +k and x,+k-+1 out of ly, members aged 
exactly X; ix +k, ry+k and d,4, can be interpreted similarly. We can interpret 
lą +k as the expected number of lives who are still active plan members at 
age x + k out of lẹ, active members aged exactly %. We can extend these 
interpretations to say that for any integer ages x and y>x, wy is the number 
of members expected to withdraw between ages y and y + 1, out of ly active 
members aged exactly x, and ly is the expected number of active members 
at age y out of l, active members aged exactly x. These interpretations are 
precisely in line with those for the life table in Chapter 3 and the multiple 
decrement tables in Chapter 9. 

Note that, using the law of total probability, we have the following identity 
for any integer age x > x, 


Ly = ly- — Wee — ix Ty) — dy). (11.2) 
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A service table summarizing the model in Example 11.5 is shown in Table D.9 
in Appendix D, from age 20, with the radix l2ọ = 1000000. This service table 
has been constructed by calculating, for each integer age x (> 20), wy, ix, Fx 
and d, as described above. The value of ly shown in the table is then calculated 
recursively from age 20. The table is internally consistent in the sense that 
identity (11.2) holds for each row of the table. However, this does not appear 
to be the case in Table D.9 because all values have been rounded to the nearer 
integer. The exact age exits at ages 60 and 65 are shown in the rows labelled 
60- and 65%. In all subsequent calculations based on Table D.9, we use the 
exact values rather than the rounded ones. 

We use the model underlying this service table for several examples and 
exercises, where we refer to it (for convenience) as the Standard Service Table. 

Having constructed a service table, the calculation of the probability of 
any event between integer ages can be performed relatively simply. To see 
this, consider the calculations required for Example 11.5. For part (a), the 
probability that a member aged 35 survives in service to age 65, calculated 
using Table D.9, is 


lss _ 38.488 


%65 _ = 0.1759. 
Bs 218834 


For part (b), the probability that a member aged 35 withdraws is 


(w35 + w36 +--+ + w59)/l35 


1 10131+4+---+1 1884 
2 0665 + 10 131 + -- -+ 1930 + 188 — 0.5432. 
218 834 


The probability that the member retires in ill health is 


(35 + i36 +--+ + i64)/l35 
213 +203 +- -- +45 +41 
= aoe AUB EDS = 0.0166, 
218 834 


the probability that the member retires on age grounds is 


(r35 + r36 +++ + 765)/b5 


27926 + 6188 + 5573 + 5018 + 4515 +4061 + 38.488 
~ 218 834 


and the probability that the member dies in service is 


= 0.4194, 


(d35 + d36 +--+ + d64)/l35 
O 834+ 844+-+-4+214 4215 
> 218 834 


= 0.0208. 
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Example 11.6 Employees in a pension plan pay contributions of 6% of their 
previous month’s salary at each month end. Calculate the EPV at entry of 
contributions for a new entrant aged 35, with a starting salary rate of $100 000, 
using 


(a) exact calculation using the multiple decrement model specified in 


Example 11.5, and 


(b) the values in Table D.9, adjusting the EPV of an annuity payable annually 


in the same way as under the UDD assumption in Chapter 5. 


Other assumptions: 


e Salary rate: Salaries increase at 4% per year continuously. 
e Interest: 6% per year effective. 


Solution 11.6 (a) The EPV is 


(b 


wm 


299 
0.06 x 100000 
a? (> ep (1.0412) vi + 25-p% (1.0475) v5 


k=1 


360 , k 
+ J. 43s (1.0472) v +) 


k=301 
299 360 
0.06 x 100000 00% 
45 (>: cy eas A * + 25- Pas v A 54 D 4 P35 Vj j 
k=1 k=301 


= 6000 x 13.3529 = $80 117, 


where j = 0.02/1.04 = 0.0192, and where we have separated out the 
term relating to age 60 to emphasize the point that contributions would be 
paid by all employees reaching ages 60 and 65, even those who retire at 
those ages. 

Recall from Chapter 5 that the UDD approximation to the EPV of a term 
a in terms of the corresponding 
value for annual payments in advance, d,.7m, is 


annuity payable monthly in arrear, a 


(12) ms .. 1 n 
Qa ca a(12) ayn) — (602 F 5) ad i. nPx)- 


12 

This approximation will work for the monthly multiple decrement annuity, 
provided that the decrements, in total, are approximately UDD. This is not 
the case for our service table, because between ages 60° and 61, the vast 
majority of decrements occur at exact age 60. We can take account of this 
by splitting the annuity into two parts, up to age 60- and from age 60+, 
and applying a UDD-style adjustment to each part as follows: 
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a2% _ ,(12)00 l6o+ 95 a020 


35:30] 935.951 h I I 60+:5] 


1 l 
x a(12)i fe (602 + 5) (1 = < 7#) 


foot 9s Liis 
+ = Vj (ada, y- (02) + 5) (1 =). 


-0  _ -00 _ 
As å 5:75] = 13.0693 and a. a> 3.9631 we find that 
00(12) 
6 000 a... zol $80 131. 


Using the service table and the UDD-based approximation has resulted in a 
relative error of the order of 0.03% in this example. This demonstrates again 
that the service table summarizes the underlying multiple decrement model 
sufficiently accurately for practical purposes. 

In applying the UDD adjustment we are effectively saying that the argu- 
ments we applied to deaths in Chapter 5 can be applied to total decrements. 
However, just as in Section 9.4, if we were to assume a uniform distribution 
of decrements in each of the related single decrement models, we would find 
that there is not a uniform distribution of the overall decrements. Nevertheless, 
the assumption of a uniform distribution of total decrements provides a useful, 
and relatively accurate, means of calculating the EPV of an annuity payable m 
times a year from a service table. 

It is very common in pension plan valuation to use approximations, primar- 
ily because of the long-term nature of the liabilities and the huge uncertainty 
in the parameters of the models used. To calculate values with great accuracy 
when there is so much uncertainty involved would be spurious. Nevertheless, 
it is important to ensure that the approximation methods do not introduce 
potentially significant biases in the final results, for example, by systematically 
underestimating the value of liabilities. 


11.6 Valuation of final salary plans 
11.6.1 Accrued benefits 


In a DB final salary pension plan, the basic annual age retirement pension 
benefit for a life who entered the pension plan at age xe and retires at age xr is 
equal to B = (xr — xe) SẸ, œ, where 


xr — xe is the total number of years of service within the pension plan. 

SE, is the average salary in a specified period before retirement; it is called 
the final average salary, for obvious reasons. Typical averaging periods 
for the final average salary range from three to five years. 
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a is the accrual rate of the plan, typically between 0.01 and 0.02. For an 
employee who has been a member of the plan all her working life, say 
40 years, this gives a replacement ratio in the range 40%-80%. 


The pension is paid in the form of a life annuity of B per year. The normal 
form of pension defines the terms of the annuity. For example, the normal 
form may be a monthly life annuity-due, or may include a guarantee period 
of, say, five or 10 years. Another common normal form includes a reversionary 
annuity of, say, 60% of the original pension, payable to the member’s surviving 
spouse for their lifetime, following the death of the member. Members may 
have the option to take their benefit in a different form, with an adjustment 
to the pension amount, such that the benefits have the same actuarial value as 
under the normal form. 

We interpret the benefit formula to mean that the employee earns (or 
accrues) a pension of 100@% of final average salary over each year of 
employment. 

Consider a member who is currently aged y, who joined the pension plan at 
age x (< y) and for whom the normal retirement age is 65. Our estimate of her 
annual pension at retirement is 


(65 — x) $E, œ 


where SE, is the current estimate of Sé5> calculated using her current salary and 
an appropriate salary scale. 
We can split this annual amount into two parts as 


(65 — x) SE, a = (y — x) SE, a + (65 — y) $$; a. 


The first part is related to her past service, and is called the projected accrued 
benefit. The second part is related to future service. Note that both parts use 
an estimate of the final average salary at retirement. 

In the expression ‘projected accrued benefit’, projected refers to the salary, 
where we take future increases into consideration, and accrued refers to the 
fact that we only take the past (or accrued) service into consideration. 

The employer who sponsors the pension plan retains the right to stop 
offering pension benefits in the future. If this were to happen, the final benefit 
would be based on the member’s past service at the wind-up of the pension 
plan; in this sense, the accrued benefits (also known as the past service benefits) 
are already secured (assuming the plan is adequately managed and funded). 
The future service benefits are more of a statement of intent, but do not have 
the contractual nature of the accrued benefits. Because of this, in valuing the 
plan liabilities, modern valuation approaches often consider only the accrued 
benefits, even when the plan is valued as a going concern. 
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A similar argument applies to future salary increases, which are included in 
the projected accrued benefit. The current accrued benefit (or just accrued 
benefit) is the retirement benefit for an active member based on their current 
salary and their past service. We discuss the current accrued benefit further 
later in this chapter. 

In the following example, we illustrate the steps required to find the EPV 
of the projected accrued age retirement pension; after that, we present a more 
generalized valuation formula. In the solution to this example and elsewhere 
we use the notation Sy to denote salary aged x to x+ 1; do not confuse this with 
the salary scale {sx}. 


Example 11.7 A pension plan offers an age retirement pension of 1.5% of 
final average salary for each year of service, where final average salary is 
defined as the earnings in the three years before retirement. The pension benefit 
is payable monthly in advance for life, with no spouse’s benefit. 

Calculate the EPV of the projected accrued age retirement benefit for an 
active member, currently aged 55 with 20 years of service, whose salary in the 
year prior to the valuation date was $50 000. 

Basis: 


e Standard Service Table (Table D.9) 
e Post-retirement survival: Standard Ultimate Survival Model 
e Interest: 5% per year effective 


Solution 11.7 According to the service table, age retirement can take place at 
exact age 60, at exact age 65, or at any age in between. We assume that mid- 
year age retirements (the retirements that do not occur at exact age 60 or 65) 
that occur between ages 60 + ¢ and 60 + t + 1 (t = 0, 1,...,4) take place at 
age 60 + t+ 0.5 exact. This is a common assumption in pensions calculations 
and is analogous to the claims acceleration approach for continuous benefits in 
Section 4.5. The assumption considerably simplifies calculations for complex 
benefits, as it converts a continuous model for exits into a discrete model, more 
suitable for efficient spreadsheet calculation, and the inaccuracy introduced is 
generally small. 

Suppose retirement takes place at age y. Then the projected final average 
salary is 


Sy—1 + Sy—2 + Sy—3 Zy 
2 2 *= = 50000 =, 
3 554 S54 
where zy = (sy_1 + Sy_2 + Sy—3)/3. 
The function z, is the averaging function for the salary scale to give the 


SF = 50000 


final average salary, and would be adjusted for different averaging periods. 
The salary scale values are taken from Table 11.1, and we use linear interpola- 
tion to calculate values at non-integer ages. 
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For this example, the salary information is S54 = 50000, so if the member 
retires at exact age 60, the projected accrued benefit, based on 20 years of past 
service and an accrual rate of 1.5%, is a pension payable monthly in advance 
from age 60 of annual amount 


S54 x 20 x 0.015 = $15 922.79. 
S54 


The total projected pension if the member works until age 60 and retires at that 
time is based on the full service, not just the past service, giving 


S54 eu x 25 x 0.015 = $19 903.49, 
S54 


but while that number might be interesting to the member, in this example we 
are valuing only the accrued benefit, not the full service benefit. 

The EPV of the age retirement pension is found by summing the 
EPVs of the benefits at each possible retirement age, i.e. for each age 
y = 60, 60.5, 61.5, ..., 64.5, 65. We multiply together the probability that 
the life retires at age y, the EPV of the benefit for a life retiring at age y, and 
the discount factor to bring the value back to the valuation date, when the life 
is aged 55. 

For the two exact age retirement dates, the EPV of the projected accrued 
benefit is as follows, where $54 = 50000 is the salary earned in the year 
immediately before the valuation date: 


r60- 260 .. r65- 265 .. 
S54 X a x 20 x (#2 es True tapes ae jt) 
l55 854 l55 854 


= S54 x a x 20 x (3.204 + 3.378) = 98 727. 


For the mid-year retirements, we proceed similarly. In the calculations 
below, we have used exact values for the monthly annuities starting at the half- 
year, but interpolating the integer age values will give very similar answers. 
The EPV of the projected accrued benefits is 


r60+ 260.5 .. r61 2615 .. T62 262.5 .. 
pia p55 p 6L atd 6-5 4 762 (12) 75 


60. 61. a62. 
4 i l55 S54 > l55 S54 2 


Su xa x20x( 
lss s5 


163 263.5 .-(12) 8.5 T64 264.5 0) 9.5 
] 63.5 Y I 464.5 Y 
55 S54 55 S54 


= S54 X a x 20 x (0.692 + 0.591 + 0.505 + 0.431 + 0.366) = 38781, 
so that the total EPV is 137508. 


Note the differences between the exact age and the mid-year retirement 
calculations. 
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11.6.2 A general formula for the EPV of the projected 
accrued age retirement pension 


Because pension plan retirement benefits and provisions vary, we present 
below a generalized approach to valuing the projected accrued benefits, which 
can be adapted for the specific plan benefits and structure. 

In general, we define the salary averaging function z, such that, given a 
salary scale function sx, and a valuation salary in the year of age x to x + 1 of 
Sy, then 


We also use a generic function a}, to denote the EPV of an annual pension 
benefit of 1 per year payable at age y to a member who retires at that age. This 
function is adapted to the specific normal form of the individual pension plan. 
In the simplest case, if the pension is paid as a monthly life annuity-due, then 


E 
y = 


"Consider an active plan member aged x at the valuation date. We assume 


a =a”, 
the salary information provided gives us Sy, which is the salary expected to be 
earned in the year following the valuation, that the member has n years past 
service at the valuation date, that the accrual rate is œ, and that all retirements 
occur at or before age xr. 

Then the EPV of (x)’s projected accrued age retirement benefit is 


xr—1 iS a i xr i 
, y+ ; g ‘= N g 
Sy Xaxnx > 2-2 g E 4 Y yy a yx 
y=x ke Ss 942 +1 lx Sx 
b ie y=x 
mid-year exact age 
exits exits 


(11.3) 


In the first summation, we sum over all possible ages y where the retirement 
is assumed to occur at age y + $, and in the second we sum over all ages y 
at which exact age retirement is possible under the service table model. In the 
Standard Service Table in Appendix D, there are two terms in the second sum, 
corresponding to ages y = 60 and y = 65. 

Often, as in Example 11.7, we have salary information at age x — 1 rather 
than age x, in which case we replace S,./s, with Sx—1/Sx—1 in (11.3). 

In Example 11.7, the benefit annuity was a monthly life annuity-due. Below, 
we give some other common payment forms for the retirement benefit. Note 
that we often use continuous functions when payments are made at weekly 
intervals. 
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Monthly life annuity-due with a 10-year guarantee: a’, = ai, 
2 y: 10 


Continuously paid annuity, increasing continuously at rate j per year: 


a, = Gy\*, where m=14+/)/+,/)-1. 


Monthly life annuity-due to the member, plus 60% reversionary benefit to 
the member’s spouse, who is assumed to be age y + d: 
r saz) (12) 
ay = ay + 0.6 Gy yaa 
where the reversionary annuity would be calculated using suitable mortality 
models for the member and the spouse. 


We assume in the valuation equation (11.3) that employees can take 
retirement at any age without a reduction in the benefit formula. In practice, the 
benefits may be reduced by a factor known as the actuarial reduction factor. 

The factor is a simple rate of reduction for each year (part years counting 
pro-rata) by which retirement precedes the minimum normal retirement age 
(typically expressed as a rate per month in pension documentation). That is, 
suppose that the actuarial reduction factor is k per year, and that the minimum 
retirement age without actuarial reduction is xr. A life retiring at age y < xr 
with n years of past service would have an unreduced annual pension of 
B= Sha n, but would receive a benefit of only B* = (1 — (ar — y)k) Sha n. Itis 
a relatively straightforward matter to adjust the valuation equation for actuarial 
reduction factors, potentially by redefining the a’, factors appropriately. 


11.6.3 Withdrawal benefits 


When an employee leaves employment before being eligible to take an 
immediate pension, the usual benefit (subject to some minimum period of 
employment) in a DB plan is a deferred pension. The benefit would be based 
on the same formula as the retirement pension, that is, 


Accrual Rate x Service x Final Average Salary, 


but would not be paid until the member attains the specified normal retire- 
ment age. Note that the final average salary here is based on earnings in the 
years immediately preceding withdrawal. 

The deferred period could be very long, perhaps 35 years for an employee 
who changes jobs at age 30. If the deferred benefit is not increased during 
the deferred period, then inflation, even at relatively low levels, will have 
a significant effect on the purchasing power of the pension. In some plans 
the withdrawal benefit is adjusted through the deferred period to make some, 
possibly partial, allowance for inflation. Such adjustments are called cost 
of living adjustments, or COLAs. In the UK, some inflation adjustment is 
mandatory. Some plans outside the UK do not guarantee any COLA but apply 
increases on a discretionary basis. 
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To value the withdrawal benefit we proceed similarly to the age retirement 
case; we assume all withdrawals occur half-way through the year of age. The 
probability that an active member aged x withdraws between ages x + t and 
x+t-+ 1 is wy+4+/ly. For each potential time of withdrawal, we project the 
benefits, apply the benefit annuity, multiply by the probability of withdrawal, 
and discount to the valuation date. Let a\’ denote the EPV at age y of a 
withdrawal pension of one per year deferred to the final possible retirement 
age, xr (which is usually the same as the normal retirement age); for example, 
if the withdrawal pension is payable as a monthly annuity-due from age 60, we 
would have al’ = 69-yEy an $ 

As before, for a member aged x, let Sy, n and œ denote the valuation salary 
from age x to x + 1, the number of years of past service at the valuation date, 
and the accrual rate, respectively. 

The EPV of the projected accrued withdrawal benefit is 


1 
a 4 via (11.4) 


Example 11.8 A final salary pension plan offers an accrual rate of 2%, and 
the normal retirement age is 65. The final average salary is the average salary 
in the three years before retirement or withdrawal. Pensions are paid monthly 
in advance for life from age 65, with no spouse’s benefit, and are guaranteed 
for five years. 


(a) Estimate the EPV of the projected accrued withdrawal pension for a life 
now aged 35 with 10 years of service whose salary in the past year was 
$100 000 
(i) with no COLA, and 
(ii) with a COLA in deferment of 3% per year. 

(b) On death during deferment, a lump sum benefit of five times the accrued 
annual pension, with a COLA of 3% per year, is payable immediately. 
Estimate the EPV of this benefit. 


Basis: 


e Standard Service Table (Table D.9) 

e Salary scale: from Table 11.1 

e Post-withdrawal survival: Standard Ultimate Survival Model 
e Interest: 5% per year effective 


Solution 11.8 According to the service table, the member can withdraw at 
any age up to 60. If the member withdraws between ages y and y + 1 
© = 35, 36,...,59) we assume that withdrawal takes place at age y + 0.5. 
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The averaging period for the final average salary is (again) three years, so 
Zx = (Sx—3 + Sx—2 + Sx—1)/3. 


(a) (i) For a life withdrawing at age y + 7 who will start receiving their 
pension at age 65, the annuity function in equation (11.4) is 


w — s. (12) 
= 65-0 bPy4} ee 
calculated using the Standard Ultimate Survival Model (once the life 
has withdrawn from the plan, the service table mortality is no longer 
relevant). We have 
++(12) ast ++(12) ++(12) ai 
ae = + 5E65s a7) = 13.1573. 
To obtain the EPV of the withdrawal pension, we make a small 
adjustment to (11.4) to allow for the fact that the salary information 
here is for the year immediately prior to the valuation date, rather than 
the year following the valuation date; this is the situation we noted just 
after (11.3). So, using 534 rather than s35 in (11.4) gives the EPV as 
wy i eas 
100000 x 0.02 x 10x X` = —= a” , PT2- = 48 246. 


sel 
35 l35 s34 +2 


(ii) The change here is that the withdrawal annuity must now include 
allowance for the 3% annual increase in the accrued benefit between 
withdrawal and the normal retirement age. That can be allowed for by 
setting 


, = 1030+) a0 


w 
a * 65-4 By 4! fa 


y+3 
which gives a revised EPV of the withdrawal pension benefit of 
88 853. 

(b) Now we must adapt the withdrawal pension benefit valuation formula 
in (11.4). If the member withdraws at age y + h, the EPV of the death 
benefit at the time of withdrawal is 

65—(y+0.5) 


GF t Í 
SanS\.95 v' 1.03° ;py+0.5 My+0.5 at 
=5an5® jAi 
y+0.5 “4.0.5: 65-05) 


where the rate of interest for the insurance function is j = 1.05/1.03—1 = 
0.0194. So we replace Sy x a x n x a, 1 in (11.4) with this EPV giving 
the full EPV of the death in deferment benefit as 
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59 
y ) i I = 
5 x 100000 x 0.02 x 10 x J. “2 S405 w9-354 i l 
235 b35 834 y+0.5 :65—(y+0.5)| j 
y=3 


= 1813. 


11.6.4 Valuing the current accrued benefit 


As mentioned above, future salary increases are not guaranteed, and there is 
a case for omitting them from the valuation liabilities, so that salary increases 
would be brought into the liability valuation only once they are awarded. The 
accrued benefit based on current salary is the current accrued benefit. 

There are (at least) two different ways to value the current accrued benefit. 


1. Value the benefit to a life aged x at the valuation date using their ‘final 
average salary’ at the valuation date, as if they were exiting the pension 
plan at that time. 

2. Value the benefit to a life aged x at the valuation date assuming that they 
are awarded no future salary increases between the valuation date and their 
exit date. 


To understand the difference between these approaches, consider a hypothet- 
ical plan member called Bob, who is currently aged 50, and who belongs 
to a plan that uses a three-year averaging period for the final average salary. 
Bob’s annual earnings in the past three years have been $70 000, $75 000 and 
$80 000. 

Under the first method, Bob’s final average salary for valuation purposes 
would be $75 000 (the average of the past three years’ earnings), regardless 
of the projected exit date. Under the second method, we assume Bob’s future 
earnings will be $80 000 until retirement. For exits at age 52 or older, the final 
average salary would be $80 000 (we assume the same earnings in each year 
from age 49 onwards). For exits before age 52, there would be some adjustment 
for the earnings before age 49. 

Both methods are used in practice. In this chapter we use the first approach, 
which is the standard in North America. 

The EPV of the current accrued age retirement benefit is 


xr—1 n l XF r 
SE xaxnx ss T Sei pra 4 x ae (11.5) 
yen HU? y=x+1 * f 
mid-year exact age 
exits exits 


11.7 Valuing career average earnings plans 449 


where, as in (11.3), the life is aged x at the valuation date, with n years of past 
service, and has a final average salary of SE: 


Example 11.9 A pension plan offers an age retirement pension of 1.5% of 
final average salary for each year of service, where the final average salary is 
defined as the earnings in the three years before retirement. The pension benefit 
is payable monthly in advance for life, with no spouse’s benefit. 

Calculate the EPV of the accrued age retirement benefit for an active 
member, currently aged 55 with 20 years of service, whose salaries in each of 
the three years prior to the valuation date were $47 900, $48 800 and $50 000. 

Basis: 


e Standard Service Table (Table D.9) 
e Post-retirement survival: Standard Ultimate Survival Model 
e Interest: 5% per year effective 


(This is the same as Example 11.7, except that we are using the current accrued 
benefit in place of the projected accrued benefit.) 


Solution 11.9 We have sE = (47 900 + 48 800 + 50 000)/3 = 48 900 and 
a, = a and so the EPV of the current accrued retirement benefit is 
T60+  ..(12) Tol naz) 6.5 
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= 122204. 


As expected, this is smaller than the EPV in Example 11.7 as we are not 
allowing for any further salary increases after age 55, meaning that the amount 
(and hence the EPV) of the retirement benefit is less than in Example 11.7. 


11.7 Valuing career average earnings plans 


Under a career average earnings (CAE) defined benefit pension plan, the 
benefit formula is based on the average salary during the period of pension 
plan membership, rather than the final average salary. Suppose a plan member 
enters at age xe, retires at age xr with xr—xe years of service, and has total 
pensionable earnings during their pensionable employment of (TPE),,. Then 
their career average earnings are (TPE),,./(xr — xe). So a CAE plan with an 
accrual rate of œ would provide a pension benefit on retirement at age xr of 
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a (xr — xe) Cy = a (TPE),,. 
xr — xe) 

Under a career average earnings plan, the accrued, or past service, benefit 
that we value at age x is a (TPE),, where (TPE), denotes the total pensionable 
earnings up to age x. The methods available for valuing such benefits are the 
same as for a final salary benefit. The EPV of the accrued age retirement benefit 
for an active member aged x with total past pensionable earnings of (TPE), is 


xr=1 1 xr ” 
) ji y7 yx 
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ja oa y=x+1 7 
mid-year exact age 
exits exits 


A popular variation of the career average earnings plan is the career average 
revalued earnings (CARE) plan, in which an inflation adjustment of the salary 
is made before averaging. The accrual principle is the same. The accrued 
benefit is based on the total past earnings after the revaluation calculation. 

Let (TPRE), denote the total past revalued earnings for an active member 
aged x at the valuation date, where past earnings have been adjusted for 
inflation up to the valuation date. For projecting the benefits, we assume a 
constant rate of future inflation of j per year. 

The current accrued benefit is (TPRE), œ and the projected accrued benefit 
under the CARE plan, assuming exit at age y, is (TPRE), æ (1 +j) *. The EPV 
of the projected accrued benefit is 


(TPRE), x @ 
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(11.7) 


Example 11.10 A pension plan offers a retirement benefit of 4% of career 
average earnings for each year of service. The pension benefit is payable 
monthly in advance for life, guaranteed for five years. On withdrawal, a 
deferred pension is payable from age 65. 

Consider a member now aged 35 who has 10 years of service, with total 
past earnings of $525 000. Calculate the EPV of the accrued age retirement 
and withdrawal benefits. 
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Basis: 


e Standard Service Table (Table D.9) 
e Post-retirement/withdrawal survival: Standard Ultimate Survival Model 
e Interest: 5% per year effective 


Solution 11.10 The annuity function in (11.6) for the age retirement benefit is 
a’, = a“, and the EPV is 
` y:5] 
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We value the withdrawal benefit using a formula similar to (11.6) but 
without any exact age exits, and with wy replacing ry. The annuity function 
for the withdrawal benefit is ay = 65—yEy ad , and the EPV of the accrued 


65:5] 
withdrawal pension is 
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11.8 Funding the benefits 


In a typical DB pension plan the employee pays a fixed contribution (or no 
contribution at all), and the balance of the cost of the employee benefits is 
funded by the employer. The employer’s contribution is set at the regular 
actuarial valuations, and is expressed as a percentage of salary. 

With an insurance policy, the policyholder pays for a contract, typically, 
with a level, regular premium. The nature of the pension plan is that there 
is no need for the cost to be constant, as contributions can be adjusted from 
time to time. The level of contribution from the employer is not usually a 
part of a contract, in the way that the premium is specified in the insurance 
contract. Nevertheless, because the employer will have an interest in smoothing 
its costs, there is some incentive for the funding to be reasonably smooth and 
predictable. Also, as a matter of principle, each individual’s benefits should be 
expected to be funded over their working lifetime, so that on average, by the 
time each member leaves active employment, the contributions paid should be 
sufficient to fund the benefits earned. 
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We assume that the benefit valuation approach from the previous section is 
used to establish a reserve level at the start of the year. The reserve refers to 
the assets set aside to meet the accrued liabilities as they fall due in the future. 
So, the reserve at time f, say, is the sum of the EPVs of all the accrued benefits 
at that time, taking into consideration all the appropriate benefits, and allowing 
also for the accrued benefits of inactive plan members — that is, the pensions in 
payment and in deferment, as well as contingent benefits of members’ spouses 
and dependents. This reserve is called the actuarial liability. 

We then set the normal contribution, also called the normal cost, to be the 
amount required to be paid such that, together with the fund value at the start of 
the year, the pension plan assets are exactly sufficient to pay the expected cost 
of any benefits due during the year, and to pay the expected cost of establishing 
the new actuarial liability at the year end. The normal contribution is often 
expressed as a percentage of the salary in the year following the valuation, 
known as the normal contribution rate. 

We assume that (i) all employer contributions are payable at the start 
of the year, (ii) there are no employee contributions, and (iii) any benefits 
payable during the year are paid exactly half-way through the year. These 
are simplifying assumptions that make the development of the principles and 
formulae clearer, but they can be relaxed quite easily. 

Consider an individual active pension plan member, aged x at the valuation 
date. Let ,V” denote the actuarial liability of the member’s age retirement 
benefits at time f, given that the member is still in the active state at time t. 
Let ,V“ denote the actuarial liability of the member’s age retirement benefits 
at time ¢, given that the member has left the active state by decrement r (age 
retirement) at or before time t, and let C” denote the normal contribution due at 
the start of the valuation year (which runs from time t = 0 to t = 1), in respect 
of the age retirement benefits for an active member aged x at time t = 0. Let 
1-p%” be the probability that (x) exits active service by age retirement before 
age x + 1. Then we can determine C” from the funding equation 


oV +E = vpi + vep v”. (11.8) 
— —— 
EPV of benefits EPV of AL at t= 17 
for mid-year exits for active lives 


The funding equation (11.8) is interpreted as follows: the start of year actuarial 
liability plus normal contributions must be sufficient, on average, to pay for 
the EPV of the retirement benefits payable if the member exits during the year, 
or to fund the EPV at time ¢ = 1 of the actuarial liability at the year end if the 
member remains in employment for the full year. We assume that lives exiting 
during the year do so exactly half-way through the year, and we also note that 
1- VC” includes the cost of lives retiring at exact age x + 1, if there are any. 
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So the right-hand side of (11.8) is the EPV at the valuation date of all the 
benefits accrued by the end of the valuation year, including any payments made 
to members retiring during the year (at age x + 1/2 or at exact age x + 1). In 
terms of the service table functions, we can express the funding equation as 


: à p lais 
oV +E = yl? _ pV +v I VO, (11.9) 
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Similarly, we can derive an expression for the normal contribution for 
withdrawal benefits for (x), replacing the age retirement decrement with the 
withdrawal decrement. In this case, we do not have to allow for exact age 
exits, so we have 


o VO") + œ = yl? = y2V™ +v = y, (11.10) 
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The total normal contribution for (x) is the sum of the contributions in 
respect of all the plan benefits, and the aggregate normal contribution for the 
plan is the sum of the normal contributions for each active plan member. We 
assume that no normal contributions are paid in respect of inactive members. 

The ideas behind the contribution equations are similar to the policy value 
recursions developed in Chapter 8. 

As we noted in previous sections, there is some flexibility about how we 
define the actuarial liability, particularly for final salary plans. We consider 
two commonly used methods in this chapter. 


e The Projected Unit Credit (PUC) funding method sets ;,V equal to the 
EPV at time t of the projected accrued benefits for decrement j. 

e The Traditional Unit Credit (TUC) funding method (also known as 
Current Unit Credit) sets ,V©® equal to the EPV at time t of the current 
accrued benefits for decrement j. 


Because the contributions are dependent on the start and end year actuarial 
liability values, the two methods generate different contribution rates. In both 
cases, the normal contribution rates are expected to increase with age, but the 
level and gradient of contributions can be very different. 


11.9 Projected Unit Credit funding 


Under this method, we find the actuarial liability, VO, as the EPV at time t 
of the projected accrued benefits for decrement j. To illustrate how to use this 
method to calculate normal contribution rates for the decrement j benefits, we 
begin with an example, and then present a more general result. 


Example 11.11 Peter and Alison are members of a final salary pension plan 
offering age retirement benefits, with an accrual rate of 1.5%. 


454 Pension mathematics 


Alison is aged 50 at the valuation date, and has 20 years past service. Her 
salary in the year following the valuation is expected to be $100 000 (assuming 
she remains in employment for the full year). Her earnings in the previous year 
were $96 150. 

Peter is aged 63 at the valuation date, and has 25 years past service. His 
salary in the year following the valuation is expected to be $90 000 (assuming 
he remains in employment for the full year). His earnings in the previous year 
were $88 000. 

Assuming PUC funding, calculate both the actuarial liability and the normal 
contribution payable at the start of the year in respect of the age retirement 
benefits for Alison and Peter. 

You are given the pension plan information and valuation assumptions 
below. 


e Final average salary is the salary in the year before retirement. 
e The pension benefit is a life annuity payable monthly in advance. 


Assumptions: 


e Standard Service Table (Table D.9). 

e Interest rate: 5% per year effective. 

e Salaries increase at 4% per year at the start of each year. 

e Mortality before and after retirement follows the Standard Ultimate Survival 
Model. 


Solution 11.11 For exact age y retirements, zy/sso = 1.04751, since the 
final average salary is the salary in the year prior to retirement. For mid-year 
retirements, at age y + 0.5, say, the final average salary is the salary earned 
between ages y — 0.5 and y, plus the salary earned between ages y and y+ 0.5. 
The first part is half of the salary earned between ages y — | and y, and the 
second part is half of the salary that would have been earned between ages y 
and y + 1. So for Alison, we have 


Zy+0.5 


1 
=5 (1.09% + 1.045!) 
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The actuarial liability at the valuation date for Alison is 
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Similarly, for Peter the actuarial liability at the valuation date is 
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= 414941. (11.11) 


Note that here we use the actual final average salary for the age 63.5 retirement 
(i.e. (90 000+ 88 000) /2), rather than the salary based on the value of z63.5 /s63. 
Recall the funding equation (11.9): 


ov + Co =v! a = 12V + ye 1 sym. 

X 
In Alison’s case, the first term on the right-hand side is zero, as there are no 
mid-year (or exact age) retirements during the valuation year. So we consider 
only the second term, which is the EPV at time 0 of the actuarial liability in the 
active state at the start of the next year, Vor, The difference between ovr ) 
and ; VC” is that (i) Alison will have one extra year of service, (ii) Alison will 
be one year older, and (iii) her salary is projected to be S51 = S59 (851/550). 
Then 
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and so (noting that S51 /s5; = S50/s550) the expected present value at time 0 of 
the actuarial liability at time 1 is 


l 
si yO 


+(12) 10 qi? 10-5 qi?) plls 


= S59 a 21 (= — ag, V 
6 60. a61. 
Iso sso © lso 550 2 Iso sso ° 


ap te eas Y t= Ges 


r64 64.5 „az 14.5 , 657 265 a2 a 
lso S50 


So for Alison we have a contribution equation under the PUC method of 


21 


: : 1 
pV +C = ETa a oVO = 13727, 


which gives a normal contribution rate (that is, percentage of salary in the 
valuation year) of C’/S59 = 13.73%. 
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In fact, if there are no exits by decrement j in the valuation year, then the 
normal contribution for decrement j is always equal to the starting actuarial 
liability divided by the service, as long as the service is greater than 0 years. 
This makes sense intuitively; the purpose of the normal contribution is to pay 
for benefits accruing from the additional year of service earned in the year 
following the valuation. If n years of accrued benefit is valued at ọV ©’, then 
one year’s additional accrual has an EPV of pV /n. 

For Peter, we again start with the right-hand side of the funding equation 
(11.9). First, we have 
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563 
which is the EPV at age 63.5 of Peter’s benefits if he retires at that time. 
Recall that in equation (11.9) 1- V” includes the cost of lives retiring at 
exact age x + 1. As there are no exact age retirements at age 64, we need only 
consider the reserve at the year end assuming Peter is still active. Assuming 
that S64 = S63 (564/563), we have 
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Applying the normal contribution equation (11.9) with expression (11.11), we 
find that 
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= 15762, 


which is 17.51% of Peter’s salary in the valuation year. 

We can explain this contribution by observing that it must fund the EPV of 
one half-year of accrual if Peter retires at age 63.5 (the first term in parentheses) 
and a full extra year of accrual if Peter is still active at age 64, and retires at 
age 64.5 or 65 (the second and third terms in parentheses). 
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11.9.1 The normal contribution formula using PUC funding 


The explanation given at the end of the previous example about the normal 
contribution for Peter can be applied more generally to obtain an expression 
for the normal contribution for PUC funding. 

Consider the age retirement normal contribution, due at the start of the year, 
under the PUC funding method for a life aged x with n years of past service. 
The contribution must fund an additional year of accrual for retirement at or 


after age x + 1, but only half a year if retirement takes place at age x + 0.5. 
Then the normal contribution, C”, is 
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So for n > 0, we have 


Note the similarities to the actuarial liability calculation in equation (11.3) 
(which gives oV” above); the summations are the same, but we are valuing 
only half a year of benefit for all exits between ages x and x + 1, and only one 
year of benefit for all exits at or after age x + 1, compared with the n years 
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valued for pV”. If there are no mid-year exits at age x + 0.5, and assuming 
n > 0, then this simplifies to 
Gr — oVO . 


n 


11.10 Traditional Unit Credit funding 


Using the TUC approach, the valuation liability is based on the current final 
average salary, rather than on the projected final average salary used in the 
PUC method. That is, Vo is the EPV at time t of current accrued benefits 
for decrement j. As we assume that salaries increase with service, the TUC 
reserves are generally lower than the PUC reserves, except at two points; at 
the very start of the member’s service, when n = 0 (i.e. when there is no past 
service) the reserve under both methods is zero, and, if the member is still 
active just before the final age at which all members are assumed to retire, then 
both the PUC reserves and the TUC reserves will be equal to the EPV at that 
time of the full retirement benefits. Again, we illustrate the principles through 
an example, and follow with a more general formula. 


Example 11.12 Repeat the previous example, but using the Traditional Unit 
Credit funding method. 


Solution 11.12 Now we value the age retirement benefits assuming a final 
average salary as at the valuation date, which gives SE, = S49 = $96 150 for 
Alison and Se = S62 = $88 000 for Peter. 

The actuarial liability at the valuation date for Alison is 
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and the actuarial liability at the valuation date for Peter is 
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= 392 811. 
For the normal contributions, we once again start with the funding equation 


(11.9): 
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As in the previous example, in Alison’s case the first term on the right-hand 
side is zero. However, the difference between yV” and ,V” is now that (i) 
Alison will have one extra year of service, (ii) Alison will be one year older, 
and (iii) her final average salary at age 51 will be sE = 100000. So 
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and so the EPV at time 0 of the actuarial liability at time 1 is 
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So for Alison, we have a contribution equation under the TUC method of 
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which gives a normal contribution rate of 15.49%. 
For Peter, the key expressions on the right-hand side of the funding equation 
are 


12V = Sk, 5 x a x 25.5 x ath”? = 460048 
and 
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and so the right-hand side of the funding equation is 
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We subtract the reserve at the start of the year, to give 
C” = 416485 — 392 811 = 23 674, 
which is 26.30% of salary. 
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11.10.1 The normal contribution formula using TUC funding 


We now generalize the results for the age retirement normal contribution under 
TUC funding; contributions for other decrements can be derived similarly. 

Assume first that there are no exits during the valuation year. In this case, as 
we saw in Example 11.12 (for Alison), the normal contribution for a life aged 
x, with past service n > 0, can be written as 


F 
. n+1 Si 
(eu = yor) x+1 _ 1 , 
: n SE 
where n is the past service at the valuation date, and SE aif sE is the ratio of the 
projected year end ‘final average salary’ to the starting ‘final average salary’. 
We can rearrange this formula into two parts, as 
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The first term on the right-hand side funds the cost of one additional year of 
accrued benefit, based on the final average salary at the year end. The second 
term funds the cost arising from one additional year of salary escalation applied 
to all the past service benefits at the valuation date. So we see clearly the major 
difference between the PUC and TUC methods; under the PUC method we pre- 
fund all the projected future salary increases on the accrued benefit. The normal 
contribution funds new accrued benefits, based on the same projected final 
average salary. Under the TUC method we still have to fund the newly accrued 
benefits, but only based on the one-year projected final average salary. In 
addition, we have to fund the impact of each year’s salary escalation on the past 
service benefit. In the case of Alison’s normal contribution in Example 11.12, 
the cost of the additional year of accrual was $8 749, and the cost of funding 
the increase in past service costs caused by the salary escalation (from $96 150 
to $100 000) is $6 737. The total is $15 486 as before. 

In the general case, when there is a possibility of a mid-year exit at age x + 
0.5, the same principles apply, but the mid-year benefits and reserve are based 
on the final average salary half-way through the year, which means that we 
need to treat them separately. That gives four parts to the normal contribution, 
as follows. 


1. The cost of an additional 0.5 years of accrual on exit at age x+ 0.5, which is 


F Mx 0.5 or 
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2. The cost of an additional year’s accrual for exits from age x + 1, based on 
the final average salary at the next valuation date, which is 
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3. The cost of uprating the accrued pension for exits at age x+ 0.5 to allow for 
salary escalation between ages x and x + 0.5. The increase to be funded is 


y r. 
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4. The cost of uprating the accrued pension for exits at or after age x + 1 


to allow for salary growth between ages x and x + 1. The increase to be 
funded is 


In Example 11.12, Peter’s normal contribution can be broken down into these 
four parts as follows: 


1. Additional 1/2-year accrual for age 63.5 retirements: 835 
2. Additional full year accrual for retirements after age 64: 14380 
3. Salary uprating of past accruals for age 63.5 retirements: 469 
4. Salary uprating of past accruals for retirements after age 64: 7989 

23 674 


11.11 Comparing PUC and TUC funding methods 


As mentioned earlier, the PUC actuarial liability will be greater than the TUC 
actuarial liability at all points in the working lifetime of an active member, 
except at the very start and very end of the member’s active service, when 
the PUC and TUC actuarial liabilities are equal. The larger reserve under 
PUC funding arises because the PUC method prepays for salary increases. 
Since the actuarial liability is made up from the normal contributions, plus the 
investment income earned on those contributions, the PUC normal contribu- 
tions must start out greater than the TUC normal contributions, to build up the 
larger reserves. On the other hand, because the PUC and TUC reserves end up 
equal at the very end of the member’s working lifetime, at some point the TUC 
contributions must catch up with and overtake the PUC contributions. 
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In the early years, the TUC contributions are considerably less than the PUC 
contributions; the TUC contribution is paying for accruals based on the then 
current salary, while the PUC contribution is paying for accruals based on 
the final salary. As there is not much reserve, the second part of the TUC 
contribution, that funds the impact of salary escalation on the past accruals, 
is not very significant. At older ages, the part of the TUC contribution funding 
new accruals is still less than the PUC contribution (until the final year when 
they are equal), but the cost of salary escalation becomes substantial, so the 
TUC contributions become much greater than the PUC contributions at older 
ages. 

In Figure 11.2(b) we show typical patterns for the actuarial liability and the 
normal contribution rate over the working lifetime of an active member of a 
final salary pension plan, who enters at age 25 and retires at age 65. We see 
that the initial contribution rates are very low for the TUC method, but can 
increase to very high levels near to retirement. Because the employer has a 
mix of younger and older employees, the total normal contribution rate may 
not vary too much from year to year, but if the demographic mix of the active 
membership changes, the impact on the overall contribution rate is likely to be 
more significant under the TUC approach. 


11.12 Retiree health benefits 
11.12.1 Introduction 


Retiree health benefits are provided by some employers through supplementary 
health insurance cover. This insurance reimburses the retiree for some portion 
of their health care expenses, supplementing the cover provided by relevant 
government funded systems. For example, seniors in the USA are eligible for 
socialized health cover through the Medicare programme, but there are signif- 
icant costs that are not covered; most retirees have to pay a significant amount 
for each doctor’s visit and hospital stay. Supplementary health insurance may 
also provide cover for care that is not included in the Medicare programme, 
such as dental treatment. 

Retiree health benefits are typically offered only to those who retire from an 
organization, so that those who leave before they are eligible to retire would 
not receive retirement health benefits, even if they have a deferred pension 
benefit in the pension plan. In addition there are typically minimum service 
requirements to qualify for retiree health benefits, such as at least 10 years of 
service with the organization. 

Retiree health benefits may be pre-funded, similarly to defined benefit 
pensions, or may be funded on a pay-as-you-go basis, meaning that the annual 
premiums are met by the organization from year-to-year earnings. However, 
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Figure 11.2 Actuarial Liability (a) and Normal Contribution Rates (b) for a 
final salary pension plan under PUC and TUC funding. 


even when pay-as-you-go is used, there may be accounting regulations requir- 
ing benefits to be valued and declared in financial statements. Unlike accrued 
pension benefits, post-retirement health benefits do not represent a legal 
obligation for an employer. The benefits could be withdrawn at any point with 
no ongoing liability for the employer. This means that there is no need to hold 
separate funds to meet the future liability. 
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11.12.2 Valuing retiree health benefits 


In this section we consider the valuation and funding of a simplified retiree 
health care benefit plan. We assume that the health care benefits are provided 
through a health insurance company. The employer pays premiums to the 
insurer to secure the post-retirement health cover, so the cost of the benefits to 
the sponsoring employer is the cost of the premiums that it pays to the health 
insurance company. 

Premiums for health insurance increase with age and also with time. As 
health care inflation tends to exceed normal price inflation, it is an important 
factor in the valuation. 

Let B(x, t) denote the annual premium payable for health insurance under an 
employer-sponsored plan, for a life aged x at time t. 

For a life retiring at age y at time ¢, the EPV at retirement of the 
supplementary health insurance is 


BO, t) + vpy Biy + 1,t + 1) +v py BO +2, 1 + 2) 
+v spy BO + 3,t+3) ++: 
Bytlt+) >  BO+2t+2) 
= B A 1 o — —— see 
2 ( o= agy PY BG 


= BO, À) dyp 
where we define 
B(y+1,t+ 1) 2 PUTAT Sa 
BO, t) "BY, t) 
Now, suppose that the annual rate of inflation for the health care premi- 


ums is j, and that premiums also increase exponentially with age, so that 
Boy + 1,t)/B, t) = c, say. Then for any kı and ko, 


B 
ay, = l+vpy 


BO + ki, tko) =c(1+j)’Bo,), (11.13) 
so that 
a, =1+vpyc(1 +j) + vape (1 +)? Feus 


= 1 + ve Py + Vie 2Py + V¥e apy + 
= dyli*, (11.14) 


where i* = (1+ Ò/(c (1 +j)) — 1. In this case we can drop the subscript t, 
and we have 


B_: 
ay = ayli*- 
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We assume for convenience that the age and inflation increases apply contin- 
uously, so that (11.13) applies for all kı and k2, not just integers. If the age or 
inflation increases are discrete, then some adjustment to the valuation formulae 
would be required. 


Example 11.13 Calculate the EPV of the post-retirement health benefits for a 
retired life currently aged 65 who is subject to the Standard Ultimate Survival 
Model. You are given that B(65,0) = $4000, and that i = 5%, c = 1.02 and 
J=4%. 


Solution 11.13 We have 


1.05 
* i=10i 
” = 102 x 1.04 Ose 


and so 465; = 26.6074, giving an EPV of 


4000 x 26.6074 = 106 430. 


Note that the adjusted interest rate ** = —1.018% is negative because the rate 
of increase of the premiums is greater than the interest rate which discounts 
them. 


To value the contingent post-retirement health care benefits for an active 
employee currently aged x, we use the same approach as for pension benefit 
valuation. 

The actuarial value of the total post-retirement health care benefits, which 
we denote by AVTHB, is 


ar=1 
Fy = 
> 7 BY + 05,9 +0.5 =a, ppo 5 Z BQ, y= waf v 
JEN a tz y=x+1 lx 
mid-year exact age 
exits exits 


Noting from equation (11.13) that 


BO + 0.5,y + 0.5 — x) = B(x, 0) 8-749 (1 4 yr 7, 
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we can write the AVTHB as 


xr—1 
r y s )- — J- — 
B(x, 0) > > (c(d +p ‘ae p05 x 
y=x x Pome 
mid-year 


+ D Z ed HY ab V- 


y=x+1 
exact age 
exits 
ar=1 ” A 
y 0.5— Ly = 
=Bœ 0] > mA n A Ee te |, (1.15) 
sae y=x+1 lx 
mid-year exact age 
exits exits 


where i* = (1 + i)/(c(1 +j)) — 1 and ab = üy. 


Example 11.14 The annual benefit premium for retiree health care cover for 
a life aged 60 at the valuation date is B(60, 0) = $5 000. You are given that 


e c= 1.02, j = 5% andi = 6%, 

e retirements follow the Standard Service Table (Appendix D), 

e mortality after age retirement follows the Standard Ultimate Survival 
Model. 


Calculate the AVTHB for an active life 


(a) aged 63 at the valuation date, and 
(b) aged 50 at the valuation date. 


Solution 11.14 (a) From (11.15), the AVTHB is 
B(63, 0) (E. Gig3.5 * vo ess 4 ed sit VED eee — G65] i* °) 
> a 


= B(60,0) c (Bi 463.51 i* y ree — A iei 5 i* ve ji — — å65] i* A). 
l63 ls la 


We have i* = (1 + i)/(c(1 + /)) — 1 = —1.027%, and we can calculate 
the required annuity functions as follows: 
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x ay| i* x ay| i* 
60.0 32.5209 63.5 28.3496 
60.5 31.9097 64.5 27.2047 
61.5 30.7024 65.0 26.6403 
62.5 29.5156 


Using these values and the Standard Service Table, we find the AVTHB 
is $143 593. 
(b) Again using (11.15), the AVTHB is 
B(50, 0) O deb ie vio + is Gi60.5 * vee? 
159 159 

r64 .. 
—a 
150 
_ B(60,0) (“@ . 


10 , 760 .. 10.5 
i0 —— d60| i* Vix + 7— 460.5] i* Vj 
c 159 15 


14.5 | [65 . 15 
a 64.5| * Vix + ——— 65) i* Vis 


159 


r64 .. 145 , 765- .. 15 
H+ +H — 464.5] i* Ve ~ H —— 465) i* Vix 
150 150 


= 107 168. 


We see from this example that it is relatively straightforward to write down 
the AVTHB from first principles, and this is usually preferable to applying 
memorized valuation formulae, which may need adapting depending on the 
information given, and on the specific details of each case. Calculations 
generally need to be performed on a spreadsheet. 


11.12.3 Funding retiree health benefits 


Although employers may not be required to pre-fund retiree health benefits, 
they may choose to do so. Even if they choose the pay-as-you-go route, it may 
be necessary to determine the value of the benefits and a (nominal) normal cost 
for accounting purposes. 

Both of the funding methods discussed earlier in this chapter are accruals- 
based methods, meaning that we assume the actuarial liability at each 
valuation date is based on the benefits earned from past service; we do not 
include future service benefits in the liability valuation, as these are assumed 
to be funded from future contributions. 

The notion of accrual for retiree health benefits is less natural than for a final 
salary pension plan, as the health benefits do not depend on service, except as 
a threshold for qualifying for benefits. So, two employees retiring on the same 
day at the same age will both be entitled to the same benefits, costing the same 
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amount, even if one has 20 years of service and the other has 40 years. The 
benefit is also independent of salary, so paying contributions as a percentage 
of payroll is less natural than for salary-related benefits. 

We can adapt the accruals principle to retiree health benefits by assuming 
that the benefits accrue linearly over each employee’s period of employment. 
This means that if the accruals period is set at xr — xe (i.e. retirement age — 
entry age) then the actuarial liability for an active life aged x, with n = x — xe 
years of past service, denoted 9 VOB), is 


n 


oy©® = AVTHB. 


Xr — xe 


If there are multiple possible retirement dates, then we might use the same pro- 
portional approach, but separately for each retirement date. That is, adapting 
the AVTHB formula in (11.15), we have oV ©®) equal to 


xr—1 xr 
ry B ,++0.5—x n Fy- B_y-x n 
B(x, o( > m ay4+0.5 v (=) + 22 a ay Vix (= 


; y=x y=x+1 
mid-year exact age 
exits exits 


(11.16) 


so that each term is adjusted by a factor of (past service/total service), based 
on retirement at age y + 0.5 for mid-year retirements and age y for exact age 
retirements. 

Once we have defined the actuarial liability, the normal cost is found using 
the same recursion as in previous sections. That is, if 


e ,V(®) represents the actuarial liability at time ¢ for an active employee aged 
x at time ¢ = 0 (the valuation date), 

e C? represents the normal cost for the year, payable at time 0, for the same 
employee, and 

e ,V®) represents the actuarial liability at time t for post-retirement health 
benefits given that (x) has retired at time f, 


then the general funding valuation recursion is 


[iis 
VO + CP al F pv +y == VOM, (11.17) 
X X 
where ,V® = B(x + t,t) ay 
Example 11.15 


(a) Suppose the retiree health benefits in Example 11.14 are funded using a 
pro-rata accruals method, assuming retirement at age 60 for the accruals 
period. Calculate the accrued liability and normal cost for an employee 
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(i) aged 50 with 15 years service, and 
(ii) aged 63 with 25 years service. 
(b) Repeat part (a), but assume linear accrual to each retirement age. 


Solution 11.15 


(a) (i) We assume the benefits are accrued over 25 years, from entry until 
age 60. So the actuarial liability is 


15 
VO) — AVTHB in 64301. 


Since there are no mid-year exits by age retirement between ages 50 
and 51, the normal cost is 
pV AEE ae 
15 25 
The normal cost is exactly sufficient to pay for one more year 
of accrual, and, under this approach, each year’s accrual costs 
(AVTHB/25), up to age 60. 
(ii) Under this approach, by age 63 the benefit is fully funded, so the 
actuarial liability is ọV©®) = AVTHB = 143593, and the normal 
cost is 0. There is no additional accrual to fund from the normal cost. 


(b) () We cannot use the AVTHB calculation here, because each term in the 
valuation is assumed to accrue at a different rate, depending on the 
retirement age. 

Instead we consider each possible retirement date separately. For 
the employee aged 50 with 15 years past service, the benefit payable 
on retirement at age 60 is assumed to accrue over 25 years; the benefit 
payable if the employee retires at age 60.5 is assumed to accrue over 
25.5 years, and so on to the age 65 retirement benefit, which accrues 
over the 30 years of total service. So, for each possible retirement age 
y, say, the accrued benefit at age 50 is 15/(y — 35) years of the total 
cost given retirement at age y. 

Using the approach from equation (11.16) with xe = 35, we have 


Pgs 15\ , 60 .. 15 
yv) — B(50,0 r6o- P eT es r60 Peeks ge 
0 ( ) 150 60) i* V 75 + m á60.51i* V} 755 


oy 64 45 15 15 765—.. 15 
+ + A 464.5] i* Vix (z5) ae a65| i (= 


= 58677, 


noting that B(50,0) = B(60,0)/c!°. The normal cost is the EPV of 
one additional year of accrual, as there are no mid-year retirements 
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(ii) 
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between ages 50 and 51, so there are no half-year complications. That 
means that 
gp 28677 
C’ = 7. = $3912. 

Adding the normal cost to the actuarial liability gives a new actuarial 
liability based on 16 years of service, rather than 15, so the normal 
cost funds the additional year of (notional) accrual. 

For the life aged 63, we note that B(63,0) = B(60, 0) c?. Then, from 


equation (11.16) with xe = 38, the actuarial liability is 


25 r64 . = 
eve? = B(63, o( 163. 5| i* no (= J å64.5] i* ve (=) 


= 133957. 


For the normal cost, consider each of the terms in the actuarial 
liability calculation. 


e The age 63.5 term is 25/25.5 = 98.04% funded in the actuarial 
liability, and by the end of the year must be fully funded, so the 
normal cost must fund the additional half-year of accrual, at a 
cost of 


—~_ B(63, 0) ŽE digs 5) vV} = 281.35. 
63 


e The age 64.5 term is 25/26.5 = 94.34% funded in the actuarial 
liability and must be 26/26.5 funded by the end of the year. So the 
normal cost for age 64.5 retirements is the cost of an additional 
year of accrual, 


565 BS. on = dea sir vi = 472.19, 


e Similarly, for retirement age 65 the normal cost must fund an extra 
year of accrual at a cost of 


— B(63,0) = figsie ve = 4323.39. 


Combining these costs of accrual, we have C? = $5077. 
Alternatively, using the funding recursion (11.17) with x = 63, we 
have 


CB a yl? 83 YB) 4 y 64 O08) _ yy0H) 
163 163 
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where 
12V™ = B(63.5, 0.5) 63,5) = 155 672 
and 
‘ 26 r65 .. 26 
VOB) — (64,1) ( ™ dieu sin a ( —— ) + 2 dese ve ( 
1 ( ) l6a 164.5|i Vi 26.5 + loa 165)i Vi 27 


= 146 907, 


which again yields C? = 5 077. 


We see, in this example, that the funding recursion can be expressed in the 
form below, given our assumptions about benefit premium increases due to 
age and inflation. For an active member aged x who entered at age xe, the 
contribution must fund an additional factor of 0.5/(n + 0.5) of the costs for 
exits at age x + 0.5, and a factor of 1/(y — xe) of the costs for all retirements 
at ages y > x+ 1. That is, 


Fy .. 0.5 
C? = BG, o(F Ax+0.5|i* Vee (G + = 


xr—1 


ry .. y+0.5—x : 
a > as Vix (sass) 


11.13 Notes and further reading 


In this chapter we have introduced some of the language and concepts of 
pension plan funding and valuation. The presentation has been relatively 
simplified to bring out some of the major concepts, in particular, accruals 
funding principles. The difference between the normal contribution and the 
actual contribution paid represents a paying down of surplus or deficit. Such 
practical considerations are beyond the scope of this book — we are considering 
pensions here in the specific context of the application of life contingent 
mathematics. For more information on pension plan design and related issues, 
texts such as McGill et al. (2005) and Blake (2006) are useful. For information 
on post-retirement health benefits, see Yamamoto (2015). 
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11.14 Exercises 


When an exercise uses the Standard Service Table summarized in Appendix D, 
the calculations are based on the exact model underlying the table. Using the 
rounded values presented in the table may result in slight differences from the 
numerical answers at the end of this chapter. 


Shorter exercises 
Exercise 11.1 A pension plan member, whose date of birth is 1 April 1961, 
had earnings of $75 000 during 2018. Using the salary scale in Table 11.1, 
estimate the member’s expected earnings during 2019. 


Exercise 11.2 Assume the salary scale in Table 11.1 and a valuation date of 1 
January. 


(a) A plan member aged 35 at valuation received $75 000 in salary in the year 
prior to the valuation date. Given that final average salary is defined as the 
average salary in the four years before retirement, calculate the member’s 
expected final average salary on retirement at age 60. 

A plan member aged 55.5 at valuation was paid salary at a rate of $100 000 
per year at the valuation date. Salaries are increased on average half-way 
through each calendar year. 

Calculate the expected average salary earned in the four years before 
retirement at age 64.5. 


(b 


wm 


Exercise 11.3 Xiaoxiao, who is 35, is a new employee of a firm offering a 
career average earnings pension plan with an accrual rate of 2.5%. 

Calculate Xiaoxiao’s projected replacement ratio assuming that salaries 
increase by 4% at the start of each year, and that Xiaoxiao will remain in the 
firm until she retires at age 65. 


Exercise 11.4 DHW offers a pension plan with a death-in-service benefit 
of $20000 per year of service payable immediately on death. Calculate the 
actuarial liability and the normal contribution for this benefit, for an employee 
who is aged 62 at the valuation date, and has 30 years service. 

Basis: Standard Service Table, with interest at 5% per year. Assume deaths 
occur half-way through the year of age. 


Exercise 11.5 An employer offers post-retirement health care benefits for 
employees to bridge the two-year period between the retirement age, which 
is 63, and the age of eligibility for government funded health benefits, which 
is 65. 

Calculate the EPV of this benefit for an active employee currently aged 53, 
given the following information: 
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e B(63,0) = $5000. 

e c= 1.025, j = 4% andi = 5%. 

e There are no exits from employment before age 63 other than by death, and 
all surviving employees retire at age 63. 

e Mortality follows the Standard Ultimate Life Table. 


Exercise 11.6 LVB offers its employees a final salary pension plan, with an 
accrual rate of 1.5%. Salaries are averaged over the final two years of service. 
The normal retirement age is 65, and the pension benefit is payable as a 
monthly life annuity-due. 

Quinn is an employee of LVB. At the valuation date, she is 35 and has 
10 years of service in the plan. Her earnings in the previous two years were 
$100 000 and $104 000. 

The valuation basis for the plan is as follows. 


Exits before age 65: None 

Mortality after age 65: Standard Ultimate Life Table 

Salary increases: 4% per year, at the start of each year 
Interest: 5% per year 


Calculate the actuarial liability and the normal contribution for Quinn’s age 
retirement benefits, using the traditional unit credit approach and Woolhouse’s 
two-term formula to value the pension benefit. 


Longer exercises 
Exercise 11.7 A pension plan member is aged 55. One of the plan benefits is 
a death in service benefit payable on death before age 60. 


(a) Calculate the probability that the employee dies in service before age 60. 
(b) Assuming that the death in service benefit is $200 000, and assuming that 
the death benefit is payable immediately on death, calculate the EPV at 
age 55 of the death in service benefit. 

Now assume that the death in service benefit is twice the annual salary rate 
at death. At age 55 the member’s salary rate is $85 000 per year. Assuming 
that deaths occur evenly throughout the year, estimate the EPV of the death 
in service benefit. 


(c 


wm 


Basis: Standard Service Table 
Interest of 6% per year effective 
Salary scale follows Table 11.1 


Exercise 11.8 (a) A new employee aged 25 joins a DC pension plan. Her 
starting salary is $40000 per year. Her salary is assumed to increase 
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continuously at a rate of 7% per year for the first 20 years of her career 
and 4% per year for the following 15 years. 

At retirement she is to receive a pension payable monthly in advance, 
guaranteed for 10 years. She plans to retire at age 60, and she wishes to 
achieve a replacement ratio of 70% through the pension plan. Using the 
assumptions below, calculate the level annual contribution rate c (% of 
salary) that would be required to achieve this replacement ratio. 

Assumptions: 


e Interest rate of 7% per year effective before retirement, 5% per year 
effective after retirement. 
e Survival after retirement follows the Standard Ultimate Survival Model. 


(b) Now assume that this contribution rate is paid, but her salary increases at 
a rate of 5% throughout her career, and interest is earned at 6% on her 
contributions, rather than 7%. In addition, at retirement, interest rates have 
fallen to 4.5% per year. Calculate the replacement ratio achieved using the 
same mortality assumptions. 


Exercise 11.9 An employer currently offers a final salary pension plan with an 
accrual rate of 1.2%. Salaries are averaged over the final three years of employ- 
ment. The employer is planning to convert to a career average earnings plan. 


(a) Calculate the accrual rate under the career average earnings plan that 
would give the same projected replacement ratio as the current plan for a 
new employee aged 30. Assume all retirements occur at age 65, and that 
salaries increase at a rate of 5% per year at the end of each of the first 15 
years of employment, and at 4% at the end of each subsequent year. 

(b) Repeat part (a), but assume now that the new plan is a career average 
revalued earnings plan, where earnings are revalued from the end of each 
year of employment to the retirement date. Inflation is expected to be 
2.25% per year. 


Exercise 11.10 A pension plan member aged 61 has 35 years of past service 
at the funding valuation date. His salary in the year to the valuation date was 
$50 000. 

The death in service benefit is 10% of salary at death for each year of service. 
Calculate the value of the accrued death in service benefit and the normal 
contribution rate for the death in service benefit. 

Basis: 


e Standard Service Table 
e An interest rate of 6% per year effective 
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e The salary scale follows Table 11.1; all salary increases take place on the 
valuation date 
e Projected unit credit funding method 


Exercise 11.11 A new company employee is 25 years old. Her company 
offers a choice of a defined benefit or a defined contribution pension plan. 
All contributions are paid by the employer, none by the employee. 

Her starting salary is $50 000 per year. Salaries are assumed to increase at a 
rate of 5% per year, increasing at each year end. 

Under the defined benefit plan her final pension is based on the salary 
received in the year to retirement, using an accrual rate of 1.6% for each year 
of service. The normal retirement age is 65. The pension is payable monthly 
in advance for life. 

Under the defined contribution plan, contributions are deposited into the 
member’s account at a rate of 12% of salary per year. The total accumulated 
contribution is applied at the normal retirement age to purchase a monthly life 
annuity-due. 


(a) Assuming the employee chooses the defined benefit plan and that she stays 

in employment through to age 65, calculate her projected annual rate of 

pension. 

Calculate the contribution, as a percentage of her starting salary, for the 

retirement pension benefit for this life, for the year of age 25—26, using the 

projected unit credit method. Assume no exits except mortality, and that 

the survival probability is 49p25 = 0.8. The valuation interest rate is 6% 

per year effective. The annuity factor Ges is expected to be 11.0. 

Now assume that the employee joins the defined contribution plan. 

Contributions are expected to earn a rate of return of 8% per year. The 

annuity factor Ge ’ is expected to be 11.0. Assuming the employee stays 

in employment through to age 65, calculate (i) the projected fund at 

retirement, and (ii) her projected annual rate of pension, payable from 

age 65. 

(d) Explain briefly why the employee might choose the defined benefit plan 
even though the projected pension is smaller. 

(e) Explain briefly why the employer might prefer the defined contribution 
plan even though the contribution rate is higher. 


(b 


wm 


(c 


wm 


Exercise 11.12 A plan sponsor wishes to calculate the actuarial reduction 
factor such that the EPV at early retirement of the reduced pension benefit 
is the same as the EPV of the accrued benefit payable at age 65, assuming 
no exits from mortality or any other decrement before age 65, and ignoring 
pay increases up to age 65. The pension is assumed to be payable monthly in 
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advance for the member’s lifetime, and is valued using Woolhouse’s two-term 
formula. 

Calculate k, expressed as a simple rate of reduction per year of early 
retirement, for a person who entered the plan at age 25 and who wishes to 
retire at age (i) 55 and (ii) 60, using the following further assumptions: 


Post-retirement mortality: Standard Ultimate Life Table 
Interest rate: 5% per year effective 


Exercise 11.13 Allison is a member of a pension plan. At the valuation date, 
31 December 2018, she is exactly 45, and her salary in the year before 
valuation is $100 000. Final average salary is defined as the average salary 
in the two years before exit, and salaries are revised annually on 1 July each 
year in line with the salary scale in Table 11.1. 

The pension plan provides a benefit of 1.5% of final average salary for each 
year of service. The benefits are valued using the Standard Ultimate Survival 
Model, using an interest rate of 5% per year effective. Allison has 15 years 
service at the valuation date. She is contemplating three possible retirement 
dates. 


e She could retire at 60.5, with an actuarial reduction applied to her pension of 
0.5% per month (simple) up to age 62. 

e She could retire at age 62 with no actuarial reduction. 

e She could retire at age 65 with no actuarial reduction. 


(a) Calculate the replacement ratio provided by the pension for each of the 
retirement dates. 

(b) Calculate the EPV of Allison’s retirement pension for each of the possible 

retirement dates, assuming mortality is the only decrement. The basic 

pension benefit is a single life annuity, payable monthly in advance. 

Now assume Allison leaves the company and withdraws from active 


(c 


Near 


membership of the pension plan immediately after the valuation. Her total 
salary in the two years before exit is $186 000. She is entitled to a deferred 
pension of 1.5% of her final average earnings in the two years before 
withdrawal for each year of service, payable at age 62. There is no COLA 
for the benefit. Calculate the EPV of the withdrawal benefit using the 
valuation assumptions. 


Exercise 11.14 Using the current unit credit method, calculate the actuarial 
liability and the normal contribution for the following pension plan. 


Benefit: $300 per year pension for each year of service 
Normal retirement age: 60 
Survival model: Standard Ultimate Survival Model 
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Interest: 6% per year effective 
Pension: Payable weekly, guaranteed for five years 
Pre-retirement exits: Mortality only 


Active membership data at valuation 


Age of employee Service (years) | Number of employees 


25 0 3 
35 10 3 
45 15 1 
35 25 1 


Inactive membership data at valuation 


Age Service Number of employees 
35 7 1 (deferred pensioner) 
75 25 1 (pension in payment) 


Exercise 11.15 A defined benefit pension plan offers an annual pension of 2% 
of the final year’s salary for each year of service, payable monthly in advance. 
You are given the following information. 


Interest rate: 4% per year effective 

Salary scale: Table 11.1, and all increases occur on 31 December 
Retirement age: 65 

Pre-retirement exits: None 


Post-retirement mortality: Standard Ultimate Survival Model 


Membership 


Name Age at entry Age at Salary at Salary at 
1 January 2019 1 January 2018 1 January 2019 


Giles 30 35 38 000 40 000 
Faith 30 60 47 000 50.000 


(a) (i) Calculate the actuarial liability at 1 January 2019 using the projected 
unit credit method. 
Gii) Calculate the normal contribution rate in 2019 separately for Giles 
and Faith, as a proportion of their 2019 salary, using the projected unit 
credit funding method. 
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(b) (i) Calculate the actuarial liability at 1 January 2019 using the traditional 
unit credit method. 

(ii) Calculate the normal contribution rate in 2019 separately for Giles 
and Faith, as a proportion of their 2019 salary, using the traditional 
unit credit funding method. 

(c) Comment on your answers. 


Exercise 11.16 Oscar is aged 63 and his employer offers post-retirement 
supplementary health insurance to all retirees. The premium at the valuation 
date for all retirees aged 65 last birthday or younger is $1500. 
For older ages, the premium increases by 2.5% on the retiree’s birthday. 
For each age, the rate of premium inflation is assumed to be 4% per year. 
Inflation increases apply continuously. Other assumptions are: 


e Standard Service Table 

e 5% per year interest 

e Post-retirement mortality follows the Standard Ultimate Survival Model 
e Uniform distribution of deaths 


You are given that af = 27.2166 and aß, , = 27.8386. 


(a) Calculate ab for y = 65, 64.5 and 63.5. 
(b) Hence calculate the actuarial value at the valuation date of Oscar’s post- 
retirement health insurance benefits. 


Excel-based exercises 
Exercise 11.17 A pension plan has only one member, who is aged 35 at the 
valuation date, with five years past service. The plan benefit is $350 per year 
pension for each year of service, payable monthly in advance. There is no 
actuarial reduction for early retirement. 

Calculate the actuarial liability and the normal contribution for the age 
retirement benefit for the member. Use the service table from Appendix D. 
Post-retirement mortality follows the Standard Ultimate Survival Model. 
Assume 5% per year interest and use the unit credit funding method. 


Exercise 11.18 An employer offers a career average pension scheme, with 
accrual rate 2.5%. A plan member is aged 35 with five years past service, 
and total past salary $175 000. His salary in the year following valuation is 
projected to be $40 000. 

Using the service table from Appendix D, calculate the actuarial liability and 
the normal contribution for the age retirement benefit for the member. There 
is no actuarial reduction for early retirement. Post-retirement mortality follows 
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the Standard Ultimate Survival Model. Assume 5% per year interest and use 
the unit credit funding method. 


Exercise 11.19 A pension plan offers an annual retirement pension of 2% of 
the member’s career average earnings for each year of service. The pension is 
payable as a monthly life annuity-due. Salaries are reviewed annually on the 
valuation date. There are no other benefits. The plan is valued annually to set 
the contribution rate for the benefits using the traditional unit credit approach. 

David is 64 years old, and has 30 years’ service at the valuation date. His 
total past earnings are $2 500 500. His salary in the year following the valuation 
date will be $180 000 if he works for the full year. 

Rui joined the company on the valuation date, at age 30, with a starting 
salary of $120 000. 


(a) Calculate the actuarial liability for David. 

(b) Calculate the normal contribution for David. 

(c) Calculate the normal contribution for Rui. 

(d) Calculate the revised normal contribution for Rui if the plan includes 
revaluation of earnings, from the end of the age-year to the date of 
retirement. Assume an inflation rate of 2.5% per year. 


Basis: Standard Service Table 
Interest of 5% per year effective 
Post-retirement mortality follows the Standard Ultimate Life Table 


Exercise 11.20 A new member aged exactly 35, expecting to earn $40 000 in 
the next 12 months, has just joined a pension plan. The plan provides a pension 
on age retirement of | /60th of final pensionable salary for each year of service, 
with fractions counting proportionately, payable monthly in advance for life. 
There are no spousal benefits. 

Final pensionable salary is defined as the average salary over the three 
years prior to retirement. Members contribute a percentage of salary, the rate 
depending on age. Those under age 50 contribute 4% and those aged 50 and 
over contribute 5%. 

The employer contributes a constant multiple of members’ contributions 
to meet exactly the expected cost of pension benefits. Calculate the multiple 
needed to meet this new member’s age retirement benefits. Assume all 
contributions are paid exactly half-way through the year of age in which they 
are paid. 


Basis: 

Service Table: Standard Service Table 
Post-retirement mortality: Standard Ultimate Survival Model 
Interest: 4% per year effective 
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Answers to selected exercises 


11.1 $76 130 

11.2 (a) $185 265 (b) $111 000 
11.3 44.96% 

11.4 $6773.31, $186.51 

11.5 $888.52 


11.6 $46345, $6674 
11.7 (a) 0.01171 (b) $2011.21 (c) $1776.02 
11.8 (a) 20.3% (b) 56.1% 
11.9 (a) 2.12% (b) 1.56% 
11.10 $2351.48, $58.31 
11.11 (a) $214552 (b) 9.18% (c) (i) $3052 123 (ii) $277 466 
11.12 4.85%, 5.80% 
11.13 (a) 41.3%, 47.6%, 52.1% (b) $383 700, $406686, $372321 
(c) $123 143 
11.14 Total actuarial liability: $197691, Total normal contribution: $8619 
11.15 (a) (i) $422201 (ii) Giles: 22.5%, Faith: 25.1% 
(b) G) $350945 (ii) Giles: 11.1%, Faith: 66.3% 
11.16 (a) a8, = 28.4679, aß; = 28.4193, aß}; = 29.0078 (b) $41 584 
11.17 AL: $2628.39, NC: $525.68 
11.18 AL: $6570.98, NC: $1501.94 
11.19 (a) $621718 (b)$42550 (c) $1702 (d) $3699 
11.20 2.15 
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Yield curves and non-diversifiable risk 


12.1 Summary 


In this chapter we consider the effect on annuity and insurance valuation of 
interest rates varying with the duration of investment, as summarized by a 
yield curve, and of uncertainty over future interest rates, which we will model 
using stochastic interest rates. We introduce the concepts of diversifiable and 
non-diversifiable risk and give conditions under which mortality risk can be 
considered to be diversifiable. In the final section we demonstrate the use of 
Monte Carlo methods to explore distributions of uncertain cash flows and loss 
random variables through simulation of both future lifetimes and future interest 
rates. 


12.2 The yield curve 


In practice, at any given time interest rates vary with the duration of the 
investment; that is, a sum invested for a period of, say, five years, would 
typically earn a different rate of interest than a sum invested for a period of 
15 years or a sum invested for a period of six months. 

Let v(t) denote the current market price of a t-year zero-coupon bond with 
face value 1; that is v(f) is the current market price of an investment which pays 
1, with certainty, ¢ years from now. Note that, at least in principle, there is no 
uncertainty over the value of v(t) although this value can change at any time as 
a result of trading in the market. The t-year spot rate of interest, denoted yz, 
is the yield per year on this zero-coupon bond, so that 


OU +y = 14 vi) = + yt. (12.1) 


The term structure of interest rates describes the relationship between the 
term of the investment and the interest rate on the investment, and it is 
expressed graphically by the yield curve, which is a plot of {y;};.9 against 
t. Figures 12.1-12.4 show different yield curves, derived using government 
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Figure 12.1 Canadian government bond yield curve (spot rates), May 2007. 
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Figure 12.2 UK government bond yield curve (spot rates), November 2006. 
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Figure 12.3 US government bond yield curve (spot rates), January 2002. 
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Figure 12.4 US government bond yield curve (spot rates), November 2008. 


issued bonds from the UK, the USA and Canada at various dates. The UK 
issues longer term bonds than most other countries, so the UK yield curve is 
longer. 

These figures illustrate some of the shapes a yield curve can have. 
Figure 12.1 shows a relatively flat curve, so that interest rates vary little 
with the term of the investment. Figure 12.2 shows a falling curve. Both of 
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these shapes are relatively uncommon; the most common shape is that shown 
in Figures 12.3 and 12.4, a rising yield curve, flattening out after 10-15 years, 
with spot rates increasing at a decreasing rate. 

Previously in this book we have assumed a flat term structure. This 
assumption has allowed us to use vf or e~*! as discount functions for any 
term ¢, with v and ô as constants. When we relax this assumption, and allow 
interest rates to vary by term, the v’ discount function is no longer appropriate. 
Figure 12.3 shows that the rate of interest on a one-year US government bond 
in January 2002 was 1.6% per year and on a 20-year bond was 5.6%. The 
difference of 4% may have a significant effect on the valuation of an annuity 
or insurance benefit. The present value of a 20-year annuity-due of $1 per year 
payable in advance, valued at 1.6%, is $17.27; valued at 5.6% it is $12.51. 

The value of the annuity should be the amount required to be invested now to 
produce payments of 1 at the start of each of the next 20 years — this is how we 
have been implicitly valuing annuities when we discount at the rate of interest 
on assets. When we have a term structure this means we should discount each 
future payment using the spot interest rate appropriate to the term until that 
payment is due. This is a replication argument: the present value of any cash 
flow is the cost of purchasing a portfolio which exactly replicates the cash flow. 

Since an investment now of amount v(f) in a f-year zero-coupon bond will 
accumulate to 1 in ¢ years, v(t) can be interpreted as a discount function which 
generalizes v’. 

The price of the 20-year annuity-due with this discount function is $- 2 v(t) 
which means that the price of the annuity-due is the cost of purchasing 20 
zero-coupon bonds, each with $1 face value, with maturity dates corresponding 
to the annuity payment dates. The spot rates underlying the yield curve in 
Figure 12.3 give a value of $13.63 for the 20-year annuity-due, closer to, but 
significantly higher than the cost using the long-term rate of 5.6%. 

At any given time the market will determine the price of zero-coupon bonds 
and this will determine the yield curve. These prices also determine forward 
rates of interest at that time. Let f (t, t+ k) denote the forward rate, contracted 
at time zero, effective from time ¢ to t+ k, expressed as an effective annual rate. 
This represents the interest rate contracted at time 0 earned on an investment 
made at t, maturing at t + k. To determine forward rates in terms of spot rates 
of interest, consider two different ways of investing 1 for f+ k years. Investing 
for the whole period, the (t + k)-year spot rate, y;+ķ, gives the accumulation of 
this investment as (1 + y,+,)' +k On the other hand, if the unit sum is invested 
first for t years at the t-year spot rate, then reinvested for k years at the k year 
forward rate starting at time t, the accumulation will be (1+y)*(1+f (t, t + KÉ. 
Since there is no uncertainty involved in either of these schemes — note that 
Yt+k, Yı and f (t,t + k) are all known now — the accumulation at t + k under 
these two schemes must be the same. That is, 


12.3 Valuation of insurances and life annuities 485 


tyne vO 
I+f(,t+b)* = = . 
a aa SE T NF 


This is (implicitly) a no arbitrage argument, which, essentially, says in this 
situation that we should not be able to make money from nothing in risk free 
bonds by disinvesting and then reinvesting. The no arbitrage assumption is 
discussed further in Chapter 16. 


12.3 Valuation of insurances and life annuities 


The present value random variable for a life annuity-due with annual payments, 
issued to a life aged x, given a yield curve {y;}, is 


Ky 
Y= 5 v(k) (12.2) 
k=0 


where v(k) = (1+ yi. The EPV of the annuity, denoted a(x)y, can be found 
using the payment-by-payment (or indicator function) approach, so that 


G(x)y = J wx vi). (12.3) 


k=0 


Similarly, the present value random variable for a whole life insurance for 
(x), payable immediately on death, is 


Z=vT) (12.4) 
and the EPV is 
CO 
A@y = I (0) De Hirt dt (12.5) 
0 


Note that we have to depart from International Actuarial Notation here as it is 
defined in terms of interest rates that do not vary by term, though we retain the 
spirit of the notation. 

By allowing for a non-flat yield curve we lose many of the relationships that 
we have developed for flat interest rates, such as the equation linking a, and Ax. 


Example 12.1 You are given the following spot rates of interest per year. 


yı y2 y3 y4 y5 y6 YT y8 yO Y10 


0.032 0.035 0.038 0.041 0.043 0.045 0.046 0.047 0.048 0.048 
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Table 12.1 Calculations for Example 12.1. 


t v(t) P80+t tP80 t v(t) P80+t tP80 
0 1.0000 0.88845 1.00000 6 0.7679 0.83320 0.42456 
1 0.9690 0.88061 0.88845 7 0.7299 0.82188 0.35374 
2 0.9335 0.87226 0.78237 8 0.6925 0.80988 0.29073 
3 0.8941 0.86337 0.68243 9 0.6558 0.79718 0.23546 
4 0.8515 0.85391 0.58919 10 0.6257 0.78374 0.18770 
3 0.8102 0.84387 0.50312 


(a) Calculate the discount function v(t) for t = 1,2,..., 10. 

(b) A survival model follows Makeham’s law with A = 0.0001, B = 0.00035 
and c = 1.075. Calculate the net level annual premium for a 10-year term 
insurance policy, with sum insured $100 000 payable at the end of the year 
of death, issued to a life aged 80: 

(i) using the spot rates of interest in the table above, and 
(ii) using a level interest rate of 4.8% per year effective. 


Solution 12.1 (a) Use equation (12.1) for the discount function values 
and (2.12) for the Makeham survival probabilities. Table 12.1 summarizes 
some of the calculations. 

(b) (i) The EPV for the 10-year life annuity-due is 

9 
(80 : T01) = $ v(k)xpgo = 5.0507, 
k=0 

and the EPV of the term insurance benefit is 

i 9 

100 000A (80 : Tol) = re — pso+k) v(k+1) = 66739. 
k=0 
So the annual premium is $13 213.72. 
(ii) Assuming a 4.8% per year flat yield curve gives a premium of 

$13 181.48. 


In general, life insurance contracts are relatively long term. The influence of the 
yield curve on long-term contracts may not be very great since the yield curve 
tends to flatten out after around 15 years. It is common actuarial practice to use 
the long-term rate in traditional actuarial calculations, and in many cases, as 
in the example above, the answer will be close. However, using the long-term 
rate may overstate the interest income when the yield curve is rising, which is 
the most common shape. Overstating the interest results in a premium that is 
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lower than the true premium. An insurer that systematically charges premiums 
less than the true price, even if each is only a little less, may face solvency 
problems in time. With a rising yield curve, if a level interest rate is assumed, 
it should be a little less than the long-term rate. 


12.3.1 Replicating the cash flows of a traditional non-participating product 


In this section we continue Example 12.1. Recall that the forward rate is 
contracted at the inception of the contract. This means that, assuming an 
equivalence principle premium, if we take the premium and any surplus cash 
flow brought forward each year and invest them at the forward rate, then there 
will be exactly enough to fund the sums insured, provided that the mortality 
and survival experience exactly follows the premium assumptions. That is, 
if the premiums and benefit cash flows are completely predictable, and are 
invested in the forward rates each year, the resulting cash flows exactly match 
the claims outgo, without risk. 

This may be illustrated using the policy value recursion from Section 7.2.3, 
adjusted now to allow for the yield curve. Suppose we have a regular premium 
policy with term n years, issued to (x), with annual premium and benefit cash 
flows. Let P denote the premium and S$ denote the sum insured. We ignore 
expenses to keep things simple. As usual, the policy value at integer duration 
t > 0 is the EPV of the future loss random variable at time ¢, for a policy 
in force at that time. The recursive relationship between policy values can be 
written as 


GV HPA Et 1) = S qrt + 41V Pre- 


The recursion shows that if we have N identical, independent policies at time 
t, and exactly p+r N lives survive to time t + 1, and exactly qx+s N lives do 
not, then the forward rate of interest is exactly enough to balance income and 
outgo, with no residual interest rate risk. 

What this means is that if the cash flows are certain, and if the policy term is 
not so long that it extends beyond the scope of risk-free investments, then there 
is no need for the policy to involve interest rate uncertainty. At the inception 
of the contract, we can lock in forward rates that will exactly replicate the 
required cash flows. 

This raises two interesting questions. 

First, we know that mortality is uncertain, so that the mortality related 
cash flows are not certain. To what extent does this invalidate the replication 
argument? The answer is that, if the portfolio of life insurance policies is 
sufficiently large, and, crucially, if mortality can be treated as diversifiable, 
then it is reasonable to treat the life contingent cash flows as if they were 
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certain. In Section 12.4.1 we discuss in detail what we mean by diversifiability, 
and under what conditions it might be a reasonable assumption for mortality. 

The second question is, what risks are incurred by an insurer if it chooses 
not to replicate, or is unable to replicate for lack of appropriate risk-free 
investments? If the insurer does not replicate the cash flows, then interest rate 
risk is introduced, and must be modelled and managed. Interest rate risk is 
inherently non-diversifiable, as we shall discuss in Section 12.4.2. 


12.4 Diversifiable and non-diversifiable risk 


Consider a portfolio consisting of N life insurance policies. We can model as a 
random variable, X;, i = 1,...,N, many quantities of interest for the ith policy 
in this portfolio. For example, X; could take the value 1 if the policyholder 
is still alive, say, 10 years after the policy was issued and the value zero 
otherwise. In this case, ae X; represents the number of survivors after 10 
years. Alternatively, X; could represent the present value of the loss on the ith 
policy so that yy Xj represents the present value of the loss on the whole 
portfolio. 

Suppose that the X;s are identically distributed with common mean u and 
standard deviation o. Let p denote the correlation coefficient for any pair X; 
and X; (i # j), and let X = XA}; X;/N. Then 


N 
E ba = Nu > EX] = 
i=1 
and 
N 
y ox] = No? + N(N — 1)p 0? 
i=l 


- No*+N(N-1)po* o N-11 , 
= V[X] M2 yT y” 


Suppose now that the X;s are independent, so that p is zero. Then 
V[X] = o° /N and the central limit theorem (which is described in 
Appendix A) tells us that, provided N is large, X will be approximately 
normally distributed, with mean jz and variance o7/N. 

For any k > 0, the probability that X deviates from its mean, j1, by at 
least k is 


o/VN| œ 


p[k- n=l E sm] 
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If we now let N — oo, then we can assume from the central limit theorem 
that Z = (X — )/(a//N) has a standard normal (i.e. N(0, 1)) distribution, 
and the probability can be written as 


ky N ky N 
lim pr|iz > em] = lim 20(- m) =Ü; 
Noo oO N->0oo o 


where ®(z) = Pr[Z < z]. 

So, if v[ Vix] is linear in N, then V(X] is of order N—!, and as N 
increases, the variation of the mean of the X;s from the expected value will 
tend to zero, which means that in this case we can reduce the risk measured by 
Xj, relative to its mean value, by increasing the size of the portfolio. 

However, this result relies on the fact that we have assumed that the X;s 
are independent; it is not generally true if p is not equal to zero; in that case 
v[ 5 1 Xi] is of order N*, which means that increasing the number of policies 
increases the risk, relative to the mean value. 

So, we say that the risk within our portfolio, as measured by the random 
variable X;, is diversifiable if the following condition holds 


lim =0, 
N->00 N 
or, equivalently, 
lim V[X] = 0. 
Noo 


A risk is non-diversifiable if this condition does not hold. In simple terms, 
a risk is diversifiable if we can eliminate it (relative to its expectation) by 
increasing the number of policies in the portfolio. An important aspect of 
financial risk management is to identify those risks which can be regarded 
as diversifiable and those which cannot. Diversifiable risks are generally easier 
to deal with than those which are not. 


12.4.1 Diversifiable mortality risk 


In Section 12.2 we employed the no arbitrage principle to argue that the 
value of a deterministic payment stream should be the same as the price of 
the zero-coupon bonds that replicate that payment stream. In Section 12.3.1 
we explored the replication idea further. To do this we need to assume that 
the mortality risk associated with a portfolio is diversifiable and we discuss 
conditions for this to be a reasonable assumption. 
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Consider a group of N lives all now aged x who have just purchased identical 
insurance or annuity policies. We will make the following two assumptions 
throughout the remainder of this chapter, except where otherwise stated. 


(i) The N lives are independent with respect to their future mortality. 
(ii) The survival model for each of the N lives is known. 


We also assume, for convenience, that each of the N lives has the same survival 
model. 

The cash flow at any future time ¢ for this group of policyholders will depend 
on how many are still alive at time ¢ and on the times of death for those not still 
alive. These quantities are uncertain. However, with the two assumptions above 
the mortality risk is diversifiable. This means that, provided N is large, the 
variability of, say, the number of survivors at any time, relative to the expected 
number, is small so that we can regard mortality, and hence the cash flows for 
the portfolio, as deterministic. This is demonstrated in the following example. 


Example 12.2 For 0 < t < t+ s, let N; s denote the number of deaths between 
ages x + t and x + t + s from N lives aged x. Show that 


Solution 12.2 The random variable N;; has a binomial distribution with 
parameters N and ;px (1 — spx+r). Hence 


VIN; s] = Nipx dd — sPx+t) (1 — tPx dd — sPx+t)) 
3 VVINis] _ ae = sPx+t)(1 — 1px. — sPx+t)) 


N N 
VIN;,s] 
li — =0 
= vee N 


In practice most insurers sell so many contracts over all their life insurance or 
annuity portfolios that mortality risk can be treated in many situations as fully 
diversified away. There are exceptions; for example, for very old age mortality, 
where the number of policyholders tends to be small, or where an insurance has 
a very high sum at risk, in which case the outcome of that particular contract 
may have a significant effect on the portfolio as a whole, or where the survival 
model for the policyholders cannot be predicted with confidence. 

If mortality risk can be treated as fully diversified then we can assume that 
the mortality experience is deterministic — that is, we may assume that the 
number of claims each year is equal to the expected number. In the following 
section we use this deterministic assumption for mortality to look at the 
replication of the term insurance cash flows in Example 12.1 above. 
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12.4.2 Non-diversifiable risk 


In practice, many insurers do not replicate with forward rates or zero- 
coupon bonds either because they choose not to or because there are practical 
difficulties in trying to do so. By locking into forward rates at the start of a 
contract, the insurer can remove (much of) the investment risk, as noted in 
Section 12.3.1. However, while this removes the risk of losses, it also removes 
the possibility of profits. Also there may be practical constraints. For example, 
in some countries it may not be possible to find risk-free investments for terms 
longer than around 20 years, which is often not long enough. A whole life 
insurance contract issued to a life aged 40 may not expire for 50 years. The 
rate of interest that would be appropriate for an investment to be made over 
20 years ahead could be very difficult to predict. 

If an insurer does not lock into the forward rates at inception, there is a 
risk that interest rates will move, resulting in premiums that are either too 
low or too high. The risk that interest rates are lower than those expected in 
the premium calculation is an example of non-diversifiable risk. Suppose an 
insurer has a large portfolio of whole life insurance policies issued to lives 
aged 40, with level premiums payable throughout the term of the contract, and 
that mortality risk can be considered diversified away. The insurer decides to 
invest all premiums in 10-year bonds, reinvesting when the bonds mature. The 
price of 10-year bonds at each of the future premium dates is unknown now. 
If the insurer determines the premium assuming a fixed interest rate of 6% per 
year, and the actual interest rate earned is 5% per year, then the portfolio will 
make a substantial loss, and in fact each individual contract is expected to make 
a loss. Writing more contracts will only increase the loss, because each policy 
experiences the same interest rates. The key point here is that the policies are 
not independent of each other with respect to the interest rate risk. 

Previous chapters in this book have focused on the mortality risk in 
insurance, which, under the conditions discussed in Section 12.4.1 can be 
considered to be diversifiable. However, non-diversifiable risk is, arguably, 
even more important. Most life insurance company failures occur because of 
problems with non-diversifiable risk related to assets. Note also that not all 
mortality risk is diversifiable. In Example 12.4 below, we look at a situation 
where the mortality risk is not fully diversifiable. First, in Example 12.3 we 
look at an example of non-diversifiable interest rate risk. 


Example 12.3 An insurer issues a whole life insurance policy to (40), with 
level premiums payable continuously throughout the term of the policy, and 
with sum insured $50 000 payable immediately on death. The insurer assumes 
that an appropriate survival model is given by Makeham’s law with parameters 
A = 0.0001, B = 0.00035 and c = 1.075. 
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(a) Suppose the insurer prices the policy assuming an interest rate of 5% per 
year effective. Show that the annual premium rate is P = $1010.36. 

(b) Now suppose that the effective annual interest rate, i, is modelled stochas- 
tically, with the following distribution: 


4% with probability 0.25, 
i= 45% with probability 0.5, 
6% with probability 0.25. 


Calculate the expected value and the standard deviation of the present 
value of the future loss on the contract. Assume that the future lifetime 
is independent of the interest rate. 


Solution 12.3 (a) At 5% we have d49 = 14.49329 and Aao = 0.29287 giving 
a premium of 


A 
P = 50000 —” = $1010.36. 
a40 
(b) Let S = 50000, P = 1010.36 and T = T40. The present value of the future 
loss on the policy, Lo, is given by 
Io =S» — Panis 


To calculate the moments of Lo, we condition on the value of i and 
then use iterated expectation (see Appendix A for a review of conditional 
expectation). As 


Loli = Sy? — Pap;, (12.6) 
E[Loli] = (SA40 — P Ggo)|i 


1587.43 with probability 0.25 (i = 4%), 
= O with probability 0.50 (i = 5%), (12.7) 
—1071.49 with probability 0.25 (i = 6%), 


and so 


E[Lo] = E[E[Loli]] = 0.25 (1 587.43) + 0.5 (0) + 0.25 (—1 071.49) 
= $128.99. (12.8) 


For the standard deviation, we use 
VIZo] = E[V[Loli]] + VIE[Zolil]. (12.9) 


We can interpret the first term as the risk due to uncertainty over the future 
lifetime and the second term as the risk due to the uncertain interest rate. 
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Now 
P P 
: f a T 
Loli = Sv; — Pay, = (s+ =) vi = 3 
so 
, ae 
V[Loli] = (s+ =) ("Aao — Ady), 
i i 
14675? with probability 0.25 (i= 4%), 
= { 14014? with probability 0.5- (i = 5%), 
13316? with probability 0.25 (i= 6%). 
Hence 


E[V[Lolil] = $196 364 762. 


Also, from equation (12.7), 
V[E[Loli]] = q 587.437) 0.25 + (0) 0.5 + (—1 071.49?) 025) — 128.99? 


= 900371 
= $948.88. 
So 


V[Lo] = 196 364762 + 900371 = 197265 133 = $14 045°. 


Comments 
This example illustrates some important points. 


(1) The fixed interest assumption, 5% in this example, is what is often called 
the ‘best estimate’ assumption — it is the expected value, as well as the 
most likely value, of the future interest rate. It is tempting to calculate the 
premium using the best estimate assumption, but this example illustrates 
that doing so may lead to systematic losses. In this example, using a 5% 
per year interest assumption to price the policy leads to an expected loss 
of $128.99 on every policy issued. 


(2) Breaking the variance down into two terms separates the diversifiable risk 


wa 


from the non-diversifiable risk. Consider a portfolio of, say, N contracts. 
Let Lo; denote the present value of the loss at inception on the jth policy 
and let 
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N 
bay boj 
j=! 


so that L denotes the total future loss random variable. 

Following formula (12.9), and noting that, given our assumptions at the 
start of this section, the random variables {Lo j| iy , are independent and 
identically distributed, we can write 


VIL] = E[V[LIi]] + VEELLIi] 


N 


N 
=E/V] > Loli] | +V]E| J Loli 
j=l j=l 


= E[N V[Lolil] + VIN E[Lolil] 
= 196364762 N + 900371 N°. 


Now consider separately each component of the variance of L. The first 
term represents diversifiable risk since it is a multiple of N and the second 
term represents non-diversifiable risk since it is a multiple of N*. We can 
see that, for an individual policy (V = 1), the future lifetime uncertainty 
is very much more influential than the interest rate uncertainty, as the first 
term is much greater than the second term. But, for a large portfolio, the 
contribution of the interest uncertainty to the total standard deviation is far 
more important than the future lifetime uncertainty. 


The conclusion above, that for large portfolios, interest rate uncertainty is 
more important than mortality uncertainty relies on the assumption that the 
future survival model is known and that the separate lives are independent with 
respect to mortality. The following example shows that if these conditions do 
not hold, mortality risk can be non-diversifiable. 


Example 12.4 A portfolio consists of N identical one-year term insurance 
policies issued simultaneously. Each policy was issued to a life aged 70, has 
a sum insured of $50000 payable at the end of the year of death and was 
purchased with a single premium of $1300. The insurer uses an effective 
interest rate of 5% for all calculations but is unsure about the mortality of 
this group of policyholders over the term of the policies. The probability of 
dying within the year, regarded as a random variable q7o, is assumed to have 
the following distribution: 


0.022 with probability 0.25, 


q70 = į 0.025 with probability 0.5, 
0.028 with probability 0.25. 
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The value of q7ọ is the same for all policies in the portfolio and, given this 
value, the policies are independent with respect to mortality. 


(a) Let D(N) denote the number of deaths during the one year term. Show that 


VV[IDW)] 
#0. 


(b) Let L(V) denote the present value of the loss from the whole portfolio. 
Show that 


i VIL(N)] 
mM. — 
N->00 N 


#0. 


Solution 12.4 (a) We have 
V[D(N)] = VIEID(N)|q70]] + EIVID(N)|q70]]. 
Now 


V[ELD(N)|q70]] = 0.25((0.022 — 0.025)N)? + 0 + 0.25((0.028 — 0.025)N)? 


= 4.5 x 10° °N? 
and 
E[V[D(N)|q70]] = 0.25 x 0.022(1 — 0.022)N 
+ 0.5 x 0.025(1 — 0.025)N 
+ 0.25 x 0.028(1 — 0.028)N 
= 0.0243705N. 
Hence 
V[D(N)] = 4.5 x 10~°N? + 0.0243705N 
and so 
Jim ae = 0.002121. 


(b) The arguments are as in part (a). We have 


V[LW)] = E[V[LW)|q70]] + V[ELLW)|q70]]. 


LW) = 50000vD(N) — 1 300N, 
we have 
VIL(N)|q70] = (50 000v)’ VIDN) |q70] 
= (50000v)*Nq70(1 — q7) 
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and 
E[L(N)|q70] = 50 000vNq7 — 1 300N. 
Thus 
E[VIL(V)|a7o]] = (50000v)?N (Elazo] — Elaz0"1) 
= (50 000v)? (0.025 — 0.0006295) 
and 
V[EIL(N)|a70]] = (50 000v)°N?V [azo] 
= (50000v)*N? x 4.5 x 107°. 
Hence 
lim ae = 50 000r\/Viq7o] = 101.02. 


12.5 Monte Carlo simulation 


Suppose we wish to explore a more complex example of interest rate variation 
than in Example 12.3. If the problem is too complicated, for example if 
we want to consider both lifetime variation and the interest rate uncertainty, 
then the numerical methods used in previous chapters may be too unwieldy. 
An alternative is Monte Carlo, or stochastic, simulation. Using Monte Carlo 
techniques allows us to explore the distributions of present values for highly 
complicated problems, by generating a random sample from the distribution. 
If the sample is large enough, we can get good estimates of the moments of the 
distribution, and, even more interesting, the full picture of a loss distribution. 
Appendix C gives a brief review of Monte Carlo simulation. 

In this section we demonstrate the use of Monte Carlo methods to simulate 
future lifetimes and future rates of interest, using a series of examples based 
on the following deferred annuity policy issued to a life aged 50. 


e Policy terms: 
— An annuity of $10000 per year is payable continuously from age 65 
contingent on the survival of the policyholder. 
— Level premiums of amount P = $4 447 per year are payable continuously 
throughout the period of deferment. 
— If the policyholder dies during the deferred period, a death benefit equal 
to the total premiums paid (without interest) is due immediately on death. 


12.5 Monte Carlo simulation 497 


e Basis for all calculations: 
— The survival model follows Gompertz’ law with parameters B = 0.0004 
and c = 1.07. 
— The force of interest during deferment is ô = 5% per year. 
— The force of interest applying at age 65 is denoted r. 


In the next three examples we assume that r is fixed and known. In the final 
example we assume that r has a fixed but unknown value. 


Example 12.5 Assume the force of interest from age 65 is 6% per year, so that 
r = 0.06. 


(a) Calculate the EPV of the loss on the contract. 
(b) Calculate the probability that the present value of the loss on the policy 
will be positive. 


Solution 12.5 (a) The EPV of the loss on this contract is 


10000 1sEs0 djs + PA). 72 — Paso. 755 


where * denotes calculation using a force of interest 6% per year and all 
other functions are calculated using a force of interest 5% per year. This 
gives the EPV of the loss as 
10000 x 0.34773 x 8.51058 + 4447 x 1.32405 — 4447 x 9.49338 
= —$6735.38. 


(b 


wm 


The present value of the loss, L, can be written in terms of the expected 
future lifetime, 759, as follows 


P Tso v?50 — Pa if Tso < 15, 


10000 a7 v!5 — Pays ifTso > 15. 


By looking at the relationship between L and Tso we can see that the policy 
generates a profit if the life dies in the deferred period, or in the early years 
of the annuity payment period, and that 


Pr{L > 0] = Pr [ 100007" an. sjeo — Paisisq, > 0| 


1 P 15(0.05) - 
= Pr E > 15— > log (1 F’ ©) 71 59, (0.06) 


= Pr [T50 > 30.109] = 30.109P50 = 0.3131. 


Example 12.6 Use the three U(0, 1) random variates below to simulate values 
for Tso and hence values for the present value of future loss, Lo, for the deferred 
annuity contract. Assume that the force of interest from age 65 is 6% per year: 


uy = 0.16025, u2 = 0.51720, u3 = 0.99855. 
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Solution 12.6 Let Fr be the distribution function of Tso. Each simulated uj 
generates a simulated future lifetime t; through the inverse transform method, 
where 


uj = F(t). 
See Appendix C. Hence 


u=Fr(t) 


5 e7 (B/ log.c)c”(c'—1) 


> t= F7 (u) 
4 (log c)Qog(1 — u)) 
re (ioe (1 30 )) (12.10) 


So 

tı = F7 ' (0.16025) = 10.266, 

ty = F} (0.5172) = 24.314, 

tz = F7 ' (0.9985) = 53.969. 
These simulated lifetimes can be checked by noting in each case that ;q50 = uj. 

We can convert the sample lifetimes to the corresponding sample of the 

present value of future loss random variable, Lo, as follows. If (50) dies after 
exactly 10.266 years, then death occurs during the deferred period, the death 


benefit is 10.266P, the present value of the premiums paid is Parpze and so 
the present value of the future loss is 


Lo = 10.266 Pe 976°? — Paryzgg), = —$8383.80. 


Similarly, the other two simulated future lifetimes give the following losses 


Lo = 10 000e! azzi, — Pä, = —$13 223.09, 


Lo = 10000e~!°8 


A353 565],_c, — Pays], = $24 202.36. 


The first two simulations generate a profit, and the third generates a loss. 


Example 12.7 Repeat Example 12.6, generating 5000 values of the present 
value of future loss random variable. Use the simulation output to: 


(a) Estimate the expected value and the standard deviation of the present value 
of the future loss from a single policy. 

(b) Calculate a 95% confidence interval for the expected value of the present 
value of the loss. 
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(c) Estimate the probability that the contract generates a loss. 
(d) Calculate a 95% confidence interval for the probability that the contract 
generates a loss. 


Solution 12.7 Use an appropriate random number generator to produce a 
sequence of 5000 U(0,1) random numbers, {uj}. Use equation (12.10) to 
generate corresponding values of the future lifetime, {tj}, and the present value 
of the future loss for a life with future lifetime tj, Say {Loy}, as in Example 12.6. 

The result is a sample of 5 000 independent values of the future loss random 
variable. Let / and s; represent the mean and standard deviation of the sample. 


(a) The precise answers will depend on the random number generator (and 
seed value) used. Our calculations gave 


1 = —$6 592.74; sı = $15 733.98. 


(b) Let u and o denote the (true) mean and standard deviation of the present 
value of the future loss on a single policy. Using the central limit theorem, 
we can write 


1 5000 
= Lo; ~ N(u, o? /5 000). 
000 2 oj ~ N(u, 07/5000) 
Hence 
o 1 5000 ö 
Pr | u — 1.96 < X` Loj < u +1.96 —— | = 


V¥5000 — 5000 V5 000 


j= 
Since 7 and sı are estimates of u and o, respectively, a 95% confidence 
interval for the mean loss is 


3 S] 3 S] 
I — 1.96 ——., [+19 1). 
( V5 000 V¥5000 


Using the values of l and s; from part (a) gives (—7028.86, — 6156.61) as 
a 95% confidence interval for u. 

Let L~ denote the number of simulations which produce a loss, that is, the 
number for which Lo, is positive. Let p denote the (true) probability that 
the present value of the loss on a single policy is positive. Then 


(c 


wm 


L~ ~ B(5000, p) 
and our estimate of p, denoted p, is given by 
r- 


P = 5000" 
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where {~ is the simulated realization of L~, that is, the number of losses 
which are positive out of the full set of 5000 simulated losses. Using a 
normal approximation, we have 


fog POOP 
= SNI e 
5000 5 000 


and so an approximate 95% confidence interval for p is 


` pa-p) . ÊA — P) 
196). E A a 
( 5000 AT 5000 


where we have replaced p by its estimate p. Our calculations gave a total 
of 1563 simulations with a positive value for the present value of the future 
loss. Hence 


p = 0.3126 
and an approximate 95% confidence interval for this probability is 
(0.2998, 0.3254). 


Different sets of random numbers would result in different values for each 
of these quantities. 


In fact it was not necessary to use simulation to calculate u or p in this 
example. As we have seen in Example 12.5, the values of u and p can 
be calculated as —$6735.38 and 0.3131, respectively. The 95% confidence 
intervals calculated in Example 12.7 parts (b) and (d) comfortably span these 
true values. We used simulation in this example to illustrate the method and to 
show how accurate we can be with 5 000 simulations. 

An advantage of Monte Carlo simulation is that we can easily adapt the 
simulation to model the effect of a random force of interest from age 65, which 
would be less tractable analytically. The next example demonstrates this in the 
case where the force of interest from age 65 is fixed but unknown. 


Example 12.8 Repeat Example 12.7, but now assuming that r is a random 
variable with a N(0.06, 0.0157) distribution. Assume the random variables Tso 
and r are independent. 


Solution 12.8 For each of the 5000 simulations, generate both a value for 
Tso, as in the previous example, and also, independently, a value of r from the 
N(0.06, 0.0157) distribution. Let tj and rj denoted the simulated values of Tso 
and r, respectively, for the jth simulation. The simulated value of the present 
value of the loss for this simulation, Loj, is 
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Ptvi — Paz if < 15, 
Loj = = 15 7 Fa 
IOOUUE Ta] v? — Pay ift; > 15, 


* 


where * now denotes calculation at the simulated force of interest rj. The 


remaining steps in the solution are as in Example 12.7. 
Our simulation gave the following results: 


1 = —$6220.5; sı = $16903.1; L~ = 1502. 
Hence, an approximate 95% confidence interval for the mean loss is 
(—6 689, —5 752). 
An estimated probability that a policy generates a loss is 
p = 0.3004, 
with an approximate 95% confidence interval for this probability of 
(0.2877, 0.3131). 


Note that allowing for the future interest variability has reduced the expected 
profit and increased the standard deviation. The probability of loss is not 
significantly different from the fixed interest case. 


12.6 Notes and further reading 


The simple interest rate models we have used in this chapter are useful for 
illustrating the possible impact of interest rate uncertainty, but developing 
more realistic interest rate models is a major topic in its own right, beyond 
the scope of this text. Some models are presented in McDonald (2009) and a 
comprehensive presentation of the topic is available in Cairns (2004). 

We have shown in this chapter that uncertainty in the mortality experience 
is a source of non-diversifiable risk. This is important because improving 
mortality has been a feature in many countries and the rate of improvement 
has been difficult to predict. See, for example, Willets et al. (2004). In these 
circumstances, the assumptions about the survival model in Section 12.4.1 
may not be reasonable and so a significant aspect of mortality risk is non- 
diversifiable. In Chapter 19 we look at some models of longevity that have 
been used by actuaries to quantify non-diversifiable mortality risk. 

Note that in Examples 12.6—12.8 we simulated the future lifetime random 
variable 759 assuming the survival model and its parameters were known. 
Monte Carlo methods could be used to model uncertainty about the survival 
model; for example, by assuming that the two parameters in the Gompertz 
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formula were unknown but could be modelled as random variables with 
specified distributions. 

Monte Carlo simulation is a key tool in modern risk management. A general 
introduction is presented in e.g. Ross (2013), and Glasserman (2013) offers 
a text more focused on financial modelling. Algorithms for writing your own 
generators are given in the Numerical Recipes reference texts, such as Press 
et al. (2007). 


12.7 Exercises 


Shorter exercises 
Exercise 12.1 You are given the following zero-coupon bond prices: 


Term, t (years) P(t) as % of face value 
1 94.35 
2 89.20 
3 84.45 
4 79.95 
5 75.79 


(a) Calculate the annual effective spot rates for t = 1, 2, 3, 4, 5. 

(b) Calculate the one-year forward rates, at t = 0, 1, 2, 3, 4. 

(c) Calculate the EPV of a five-year term life annuity-due of $1000 per year, 
assuming that the probability of survival each year is 0.99. 


Exercise 12.2 An insurer issues a whole life annuity-due of $10 000 per year 
to (60). Mortality is assumed to follow the Standard Ultimate Life Table. The 
k-year deferred one-year forward rates are denoted f(k, k + 1), and are given 
in the following table. 


fOD fA, f2,3) fG4 fk k+),k> 4 
0.03 0.035 0.04 0.045 0.05 


Calculate the EPV of the annuity. 


Exercise 12.3 An insurer issues a portfolio of identical five-year term insur- 
ance policies to independent lives aged 75. One half of all the policies have 
a sum insured of $10000, and the other half have a sum insured of $100 000. 
The sum insured is payable immediately on death. 
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The insurer wishes to measure the uncertainty in the total present value of 
claims in the portfolio. The insurer uses the Standard Ultimate Survival Model, 
and assumes an interest rate of 6% per year effective. 


(a) Calculate the standard deviation of the present value of the benefit for an 
individual policy, chosen at random. 

(b) Calculate the standard deviation of the total present value of claims for the 
portfolio assuming that 100 contracts are issued. 

(c) By comparing the portfolio of 100 policies with a portfolio of 100000 
policies, demonstrate that the mortality risk is diversifiable. 


Longer exercises 
Exercise 12.4 (a) The coefficient of variation for a random variable X is 
defined as the ratio of the standard deviation of X to the mean of X. Let 
X denote the aggregate loss on a portfolio, so that X = wi 1 Xj. Assume 
that, for each j, X; > 0 and X; has finite mean and variance. 

Show that, if the portfolio risk is diversifiable, then the limiting value of 
the coefficient of variation of aggregate loss X, as N —> on, is zero. 

An insurer issues a portfolio of identical 15-year term insurance policies 
to independent lives aged 65. The sum insured for each policy is $100 000, 
payable at the end of the year of death. 

The mortality for the portfolio is assumed to follow Makeham’s law 
with A = 0.00022 and B = 2.7 x 10~°. The insurer is uncertain whether 
the parameter c for Makeham’s mortality law is 1.124, as in the Standard 
Ultimate Survival Model, or 1.114. The insurer models this uncertainty 
assuming that there is a 75% probability that c = 1.124 and a 25% 
probability that c = 1.114. Assume the same mortality applies to each 
life in the portfolio. The effective rate of interest is assumed to be 6% per 
year. 

(i) Calculate the coefficient of variation of the present value of the benefit 
for an individual policy. 
(ii) Calculate the coefficient of variation of the total present value of 
benefits for the portfolio assuming that 10 000 policies are issued. 
(iii) Demonstrate that the mortality risk is not fully diversifiable, and find 
the limiting value of the coefficient of variation. 


(b 


wm 


Exercise 12.5 An insurer issues a 25-year endowment insurance policy to 
(40), with level premiums payable continuously throughout the term of the 
policy, and with sum insured $100 000 payable immediately on death or at the 
end of the term. The insurer calculates the premium assuming an interest rate 
of 7% per year effective, and using the Standard Ultimate Survival Model. 
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(a) Calculate the annual net premium payable. 
(b) Suppose that the effective annual interest rate is a random variable, i, with 
the following distribution: 


5% with probability 0.5, 
i= 4 7% with probability 0.25, 
11% with probability 0.25. 


Write down the EPV of the net future loss on the policy using the mean 
interest rate, and the premium calculated in part (a). 

(c) Calculate the EPV of the net future loss on the policy using the modal 
interest rate, and the premium calculated in part (a). 

(d) Calculate the EPV and the standard deviation of the present value of the 
net future loss on the policy. Use the premium from part (a) and assume 
that the future lifetime is independent of the interest rate. 

(e) Comment on the results. 


Exercise 12.6 An actuary is concerned about the possible effect of pandemic 
risk on the term insurance portfolio of her insurer. She assesses that in any year 
there is a 1% probability that mortality rates at all ages will increase by 25%, 
for that year only. 


(a) State, with explanation, whether pandemic risk is diversifiable or non- 
diversifiable. 

(b) Describe how the actuary might quantify the possible impact of pandemic 
risk on her portfolio. 


Excel-based exercises 
Exercise 12.7 Consider an endowment insurance with sum insured $100 000 
issued to a life aged 45 with term 15 years under which the death benefit 
is payable at the end of the year of death. Premiums, which are payable 
annually in advance, are calculated using the Standard Ultimate Survival 
Model, assuming a yield curve of effective annual spot rates given by 
~t 


= 0.035 + 2. 
a t 300 


(a) Show that the net premium for the contract is $4207.77. 

(b) Calculate the net premium determined using a flat yield curve with 
effective rate of interest i = yj5 and comment on the result. 

(c) Calculate the net policy value for a policy still in force three years 
after issue, using the rates implied by the original yield curve, using the 
premium basis. 
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Exercise 12.8 An insurer issues 15-year term insurance policies to lives aged 
50. The sum insured of $200000 is payable immediately on death. Level 
premiums of $550 per year are payable continuously throughout the term of the 
policy. The insurer assumes the lives are subject to Gompertz’ law of mortality 
with B = 3 x 107% and c = 1.125, and that interest rates are constant at 5% 
per year. 


(a) Generate 1000 simulations of the future loss. 

(b) Using your simulations from part (a), estimate the mean and variance of 
the future loss random variable. 

(c) Calculate a 90% confidence interval for the mean future loss. 

(d) Calculate the true value of the mean future loss. Does it lie in your 
confidence interval in part (c)? 

(e) Repeat the 1000 simulations 20 times. How often does the confidence 
interval calculated from your simulations not contain the true mean future 
loss? 

(f) If you calculated a 90% confidence interval for the mean future loss a large 
number of times from 1000 simulations, how often (as a percentage) would 
you expect the confidence interval not to contain the true mean? 

(g) Now assume interest rates are unknown. The insurer models the interest 
rate on all policies, J, as a lognormal random variable, such that 


1 +Z ~ LN(0.0485, 0.0241). 


Re-estimate the 90% confidence interval for the mean of the future loss 
random variable, using Monte Carlo simulation. Comment on the effect of 
interest rate uncertainty. 


Answers to selected exercises 


12.1 (a) (0.05988, 0.05881, 0.05795, 0.05754, 0.05701) 
(b) (0.05988, 0.05774, 0.05625, 0.05629, 0.05489) 
(c) $4395.73 
12.2 155413 
12.3 (a) $19784 (b) $193 054 
12.4 (b)(i) 2.2337 (ii) 0.2204 Gii) 0.2192 
12.5 (a) $1608.13 (b) $O (c) $7325.40 (d) $2129.80, $8489.16 
12.7 (b) $4319.50 (c) $13 548 
12.8 (d) —$184.07 (f) 10% 
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Emerging costs for traditional life insurance 


13.1 Summary 


In this chapter we introduce emerging costs, or cash flow analysis, for 
traditional insurance contracts. This is often called profit testing when applied 
to life insurance. 

We introduce profit testing in two stages. First we consider only those cash 
flows generated by the policy, then we introduce reserves to complete the cash 
flow analysis. 

We define several measures of the profitability of a contract: internal rate of 
return, expected present value of future profit (net present value), profit margin 
and discounted payback period. We show how cash flow analysis can be used 
to set premiums to meet a given measure of profit. 

We restrict our attention in this chapter to deterministic profit tests, ignoring 
uncertainty. We introduce stochastic profit tests in Chapter 15. 


13.2 Introduction 


Traditionally, actuarial analysis has focused on determining the EPV of a cash 
flow series, usually under a constant interest rate assumption. This emphasis 
on the EPV was important in an era of manual computation, but with powerful 
computers available we can do better. In this chapter, we look at techniques for 
projecting the cash flows emerging from an individual contract in each time 
period, using some specified assumptions about the interest and demographic 
experience. The use of cash flow projections offers much more flexibility 
in the input assumptions than the EPV approach — for example, it is easy 
to incorporate yield curves, or more sophisticated models of policyholder 
behaviour — and provides actuaries with a better understanding of the liabilities 
under their management and the relationship between the liabilities and the 
corresponding assets. For modern contracts, with variable premiums and 
complex financial guarantees, traditional valuation techniques are not very 
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useful. Profit testing techniques offer the flexibility to explore risk and return 
for a wide range of modern and traditional contracts. 

The purpose of a profit test is to identify the profit which the insurer can 
expect from a contract at the end of each time period. There are many reasons 
why this might be valuable. Some of the ways in which profit tests are applied 
in practice are described here. 


1. To set premiums 
The traditional approach to premium calculation in Chapter 6 does not 
explicitly allow for profit, nor for yield curves. Even when a profit loading is 
explicitly introduced, the methods of Chapter 6 do not give a picture of how 
the profit might emerge over time, and do not allow the insurer to determine 
return on capital from the contract. Profit testing allows premiums to be 
set to meet specified profit measures, and allows the insurer to stress test 
the assumptions to consider how sensitive the emerging profit would be to 
different assumptions. 

2. To set reserves 
We use the term ‘reserve’ to indicate the assets that the insurer holds (or 
is projected to hold in the future), to meet the future net liabilities of a 
contract. As we discussed in Chapter 7, the term ‘reserve’ has often been 
used interchangeably with ‘policy value’, which was defined, for a policy 
in force at time t, say, as the expected value at t of the present value of the 
future loss random variable, L;. 

The traditional approach to the reserve calculation has been to use a 
policy value. However, it is not necessary to do so. Reserves can be 
determined arbitrarily, or by evaluating the capital required to support the 
liabilities under specified assumptions. Profit test analysis allows reserves 
to be determined and tested under a range of more complex assumptions 
for interest rates and policyholder behaviour than is feasible using the 
traditional calculations described in earlier chapters. 

3. To measure profitability 
The insurer will be interested in projecting emerging cash flows to assess 
liquidity needs. For example, new business strain for new contracts creates a 
need for capital, which may be available from surplus emerging from more 
mature business. Developing cash flow models allows the insurer to manage 
portfolios taking different maturities and cash flow patterns into account. 
The insurer may use cash flow emergence and profitability measures to 
determine strategies for marketing and product development. 

4. To stress test profitability 
The assumptions used to project future cash flows can be adjusted to explore 
the impact of adverse experience. Usually, the insurer would profit test 
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contracts using a range of assumptions to get a feel for the sensitivity of 
the cash flows to different adverse scenarios. 
5. To determine distributable surplus 

Policyholders of participating or with-profit contracts will be entitled to 
a share of the profits generated within a specified fund. Universal life 
policyholders will share the investment profits generated by the funds 
supporting their contracts. It is apparent that in order to plan strategies for 
profit distribution, it would be helpful to have an idea of how the surplus 
will emerge. We may also use profit testing to explore risks associated with 
different methods for distributing surplus. 


In this chapter, we look at how profit tests can be used for premium 
setting, reserve calculations and for measuring profitability, all in the context 
of traditional insurance. In Chapters 14 and 15 we consider applications to 
non-traditional insurance. 


13.3 Profit testing a term insurance policy 


We introduce profit testing by studying in some detail a 10-year term insurance 
issued to a life aged 60. The details of the policy are as follows. The sum 
insured, denoted S, is $100 000, payable at the end of the year of death. Level 
annual premiums, denoted P, of amount $1500 are payable throughout the 
term. 


13.3.1 Time step 


We will project the cash flows from this policy at discrete intervals throughout 
its term. It would be very common to choose one month as the interval 
since premiums are often paid monthly, and the profit test would be regularly 
updated through the term of the contract. However, to illustrate more clearly 
the mechanics of profit testing, we use a time interval of one year for this 
example, taking time 0 to be the moment when the policy is issued. 


13.3.2 Profit test basis 


To estimate the future cash flows, the insurer needs to make assumptions about 
the expenses which will be incurred, the survival model for the policyholder, 
the rate of interest to be earned on cash flows within each time period before the 
profit is released and possibly other items such as an assessment of the 
probability that the policyholder surrenders the policy. For ease of presentation, 
we ignore the possibility of surrender in this example. 

The set of assumptions used in the profit test is called the profit test basis. 
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Survival probabilities 
We project cash flows using expected values for mortality costs. For example, 
the expected cost of a death benefit of S paid at the end of the first year, for a 
life aged 60 at the start of the year is q6o S. 
In this example, we assume a survival model for the profit test following 


g60+t = 0.01+0.001t fort=0,1,...,9. 


The survival model used in a profit test may be different to the premium 
basis. For example, the insurer may incorporate margins in the premium 
basis — meaning, adopt more conservative assumptions — to allow for adverse 
experience. In the profit test, the insurer may be interested in a ‘best estimate’ 
picture of the emerging profits, in which case the survival model should not 
incorporate any margins. 


Expenses 
In Chapter 6 we discussed how expenses are incorporated into the calculation 
of the premium for a policy. Typically, the acquisition expenses, incurred at the 
start of the contract, are high, and the later expenses, associated with record 
maintenance and premium collection, tend to be smaller. 

In profit testing, it is necessary to be more specific about the acquisition 
expenses. As we project cash flows, we assume that some expenses arise even 
before the first premium is collected. These expenses are treated as being 
incurred at the start of the contract, at time t = 0. This differs from the 
treatment of expenses allocated to subsequent time periods, where expenses 
are combined with all the other sources of income and outgo for the period, 
and values accumulated to the year end. 

The reason for treating the acquisition expenses differently is that prudent 
capital management requires us to recognize losses as early as possible; surplus 
may be carried forward, but losses should be accounted for as soon as they are 
incurred. In this example we are projecting cash flows to the year end before 
analysing the surplus emerging. It would not generally be prudent to combine 
the high acquisition costs with the other first year income and outgo, as that 
would delay recognition of those expenses, and lessen their impact. 

In our examples we will identify, specifically, the initial expenses which 
should be allocated to time 0, as distinct from the expenses which arise at 
inception, but may be accounted for with the other first year cash flows. The 
time 0 expenses will be identified as pre-contract expenses; other expenses 
that arise during the first policy year are intended to be included in the first 
year cash flows. If no distinction is made, it should be assumed that all initial 
expenses should be allocated to the time O cash flows. This is a common 
approach, because it gives the most conservative result. 
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For this example, we use the following expense assumptions basis. 


Pre-contract expenses: $400 plus 20% of the first premium. 
Renewal expenses: 3.5% of premiums, including the first. 


Interest on insurer assets 
In each year that the policy is still in force, the cash flows contributing 
to the surplus emerging at the end of that year include the premiums, less 
any premium-related expenses, interest earned on the invested assets, less 
the expected cost of claims at the end of the year. We therefore require an 
assumption about the interest rate earned on insurer assets during the projection 
year. Often, this will be a best estimate, which will differ from the interest 
assumptions for premiums and reserves which typically incorporate margins 
for adverse experience, or for implicit profit loading. 

The step-by-step process for profit testing makes it very simple to allow 
for different interest rates in different projection periods, so that a yield curve 
could easily be accommodated. In this example though, we will assume a 
constant interest rate of 5.5% per year. 


Emerging surplus for the term insurance example, without reserves 
The calculations of the emerging surplus, called the net cash flows for the 
policy, are summarized in Table 13.1. 

For time ¢ = 0 the only entry is the acquisition expense for the policy, 
which is 400 + 0.2 P = 700. This expense is assumed to occur and to be paid 
at time 0, so no interest accrues. In all our profit test tables throughout this and 
subsequent chapters, the first row will account for costs (not income) at t = 0, 
and will not be accumulated. In the table, and in the examples following in 
this and subsequent chapters, we let Eo denote the pre-contract, acquisition 
expenses, assumed incurred at time 0, and we let E; denote the tth year 
expenses, incurred at the start of the year from f—1 to t, fort = 1,2,..., 10. 

After the time 0 row for pre-contract costs, each subsequent row shows the 
income and outgo cash flows for the specified policy year. 

The second row refers to cash flows in the first policy year, which we label 
as t = 1, and which runs from time 0 (after the acquisition expenses already 
accounted for in the time 0 row) to time 1. 

There is a premium of 1500 payable at time 0; there are premium expenses 
of 0.035P = 52.5 that are not included in the time 0 acquisition expenses. 
Interest is earned at 5.5% through the year, so the interest income over the year 
is 0.055(1500 — 52.5) = 79.61. At the year end, the expected cost of death 
benefits is 


EDB; = qoo S = 0.01 x 100000 = 1000. 
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Hence the emerging surplus, or net cash flow, at time 1 is 
1500 — 52.5 + 79.61 — 1000 = 527.11. 


For subsequent policy years, we will adopt the convention that the net cash 
flows are calculated assuming the policy is still in force at the start of the 
year. This means that we are starting each time step with a new assumption. 
For example, considering the second year of the policy, we project all cash 
flows assuming the policy is in force at the start of the year, at t = 1, but 
by the end of the year, the policy may be in force (with probability p,+1), or 
the policyholder may have died (with probability qx+1). When we move to the 
third policy year, we assume the policy is in force at the start of the year. We 
discuss this convention in more detail after we work through the examples. 

Using this convention, consider, for example, the seventh year of the projec- 
tion. We assume the policy is in force at the start of the year, and the insurer 
receives the premium then due, of P = 1500; at the same time, the insurer 
incurs expenses of 3.5% of the premium, E7 = 52.5. The balance is invested 
for the year at the assumed interest rate of 5.5%, generating investment income 
of 77 = 0.055(P — E7) = 79.61. At the year end, the expected cost of death 
benefits is EDB7 = q66 S = 1600. Hence, the expected value at time 7 of the 
net cash flows received during the 7th year, for a policy in force at the start of 
the year, is 


P — E1 + h — EDB = —72.89. 


13.3.3 Incorporating reserves 


Table 13.1 reveals a typical feature of net cash flows, in that several of the net 
cash flows in later years are negative. This occurs because the level premium 


Table 13.1 Net cash flows for the 10-year term insurance in Section 13.3. 


Time Premium Expenses Interest Claims Surplus 

t att—1 Er I EDB; emerging at t 
0 700.00 —700.00 
1 1500 52.50 79.61 1000 527.11 
2 1500 52.50 79.61 1100 427.11 
3 1500 52.50 79.61 1200 327.11 
4 1500 52.50 79.61 1300 227.11 
5 1500 52.50 79.61 1400 127.11 
6 1500 52.50 79.61 1500 27.11 
7 1500 52.50 79.61 1600 —72.89 
8 1500 52.50 79.61 1700 —172.89 
9 1500 52.50 79.61 1800 —272.89 

10 1500 52.50 79.61 1900 —372.89 
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is more than sufficient to pay the expected death claims and expenses in 
the early years, but, with an increasing probability of death, the premium is 
not sufficient in the later years. The expected cash flow values in the final 
column of Table 13.1 show the same general features as the values illustrated 
in Figures 6.1 and 6.2. 

In Chapter 7 we explained why the insurer needs to set aside assets to cover 
negative expected future cash flows. The policy values that we calculated in 
that chapter represented the amount that would, in expectation, be sufficient 
with the future premiums to meet future benefits. In modelling cash flows, 
we use reserves rather than policy values. The reserve is the actual amount of 
money held by the insurer to meet future liabilities. The reserve may be equal 
to a policy value, but does not need to be. For traditional insurance such as the 
term policy in this example, it is common to use a policy value calculation to 
set reserves, perhaps using conservative assumptions, or using a net premium 
approach with a different (hypothetical) premium to the actual gross premium 
for the contract. 

Note that the negative cash flow at time 0 in Table 13.1 does not require a 
reserve since it will have been paid as soon as the policy was issued. 

Suppose that the insurer sets reserves for this policy equal to the net 
premium policy values on the following (reserve) basis. 


Interest: 4% per year effective on all cash flows. 
Survival model: qgoo+r = 0.011 + 0.001 ¢ for t = 0,1,...,9. 


Then the reserve required at the start of the (t + 1)th year, i.e. at time ¢, is 


i 
1000004 0 soc P” 46040707 


where the net premium, P”, is calculated as 


1 


P” = 100000 920! = $1447.63, 
460-10] 


and all functions are calculated using the reserve basis. The values for the 
reserves are shown in Table 13.2. We now include in our profit test the cost of 
capital arising from the need to allocate the reserves to the policies in force. 
We do this by following (loosely) the accounting approach, where reserves 
brought forward are treated as income at the start of each year, and reserves 
carried forward are treated as a cost at the end of each year. 

To illustrate this, consider, for example, the reserve required at time 1, 
1V = 410.05. This amount is required for every policy still in force at time 
1. The cost to the insurer of setting up this reserve is assigned to the previous 
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Table 13.2 Reserves for the 10-year 
term insurance in Section 13.3. 


t V t V 
0 0.00 5 1219.94 
1 410.05 6 1193.37 
2 740.88 7 1064.74 
3 988.90 8 827.76 
4 1150.10 9 475.45 


Table 13.3 Emerging surplus, per policy in force at the start of each year, for 
the 10-year term insurance in Section 13.3. 


t t—1 V P E; Ir EDB; EV Pr; 
a) (2) (3) (4) (5) (6) (7) (8) 
0 700.00 0.00 —700.00 
1 0.00 1500 52.50 79.61 1000 405.95 121.16 
2 410.05 1500 52.50 102.17 1100 732.73 126.99 
3 740.88 1500 52.50 120.36 1200 977.04 131.70 
4 988.90 1500 52.50 134.00 1300 1135.15 135.26 
5 1150.10 1500 52.50 142.87 1400 1202.86 137.61 
6 1219.94 1500 52.50 146.71 1500 1175.47 138.68 
7 1193.37 1500 52.50 145.25 1600 1047.70 138.41 
8 1064.74 1500 52.50 138.17 1700 813.69 136.72 
9 827.76 1500 52.50 125.14 1800 466.89 133.52 
10 475.45 1500 52.50 105.76 1900 0.00 128.71 


time period and the expected cost is 
1V poo = 410.05 x (1 — 0.01) = 405.95. 


The cost includes the factor peg since all costs relating to the previous time 
period are per policy in force at the start of that time period, that is, at time 0. 
The expected proportion of policyholders surviving to the start of the following 
time period, i.e. to age 61, is poo. Note that peo is calculated on the profit test 
basis, not the reserve basis which is used solely for determining the ;V values. 
In general, the cost at the end of the year from f—1 to t of setting up a reserve 
of amount ;V at time t for each policy still in force at time t is ¿V pen+:-1- 

The profit test calculations, including reserves, are set out in Table 13.3, and 
the individual calculations are described in more detail below. 


Column (1) labels the rows. The first row, labelled t = 0, is for the cash 
flows required immediately before the inception of the contract. For 
subsequent rows, the cash flows in the fth year are those from t—1 to 
t. In each row, we assume the contract is in force at the start of the year. 

Column (2) shows the reserve brought forward at the start of each year, 
at time t—1, assuming the contract is in force at that time. The reserve 
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brought forward is treated as an item of income in the cash flows for the 
tth year. 

Column (3) shows the premium paid at the start of the year, assuming the 
policy is in force at that time, P = 1500. 

Column (4) shows the expenses. Eg denotes the initial expenses incurred at 
time 0 and for t = 1,2,..., 10, E; denotes the renewal expenses incurred 
at the start of the year from t—1 to t. 

Column (5) shows /;, which denotes the interest earned in the year from 
t—1 to ft on the assets invested at the start of the year. In this case, for 
t= 1,2,...,10, with an assumed interest rate of 5.5%, we have 


L => 0.055 G-1V+P- Ep) . 


Column (6) shows the expected cost of death benefits in the tth year, EDB,, 
assuming the policy is in force at time t—1. So, with a sum insured of 
S = 100000, the expected death benefit at time ¢ for a contract in force 
at time t—1 is 


EDB; = S q60+1-1- 


Column (7) shows the expected cost of the reserve carried forward at time 
t, denoted E;,V, for a policy in force at time t—1, that is, 


EV = poott-1 tV. 


Note that, if oV > O then there is an initial reserve requirement. In 
this case, the initial reserve, 9 V, would be included in the first row, t = 0, 
in column (7), and would be treated as an acquisition cost. Then, in the 
second row, 9V would be in column (2) as an item of income for the 
year from 0 to 1. Initial reserves can arise if the reserve basis is different 
from the premium basis, or if premiums are not calculated using the 
equivalence principle. 
Column (8) shows the expected profit emerging at time ¢ given that the 
policy is in force at time t—1, except for the first row, where Pro 
represents the acquisition costs. That is, 


Pro = —Eo — oV = —700 
and for t = 1,2,..., 10, 


Pr; =,1V+P E+ I EDB, ELV. (13.1) 


Equation (13.1) is sometimes expressed slightly differently, as 


Pr; = (P— E) + i) + AV — EDB, 


13.3 Profit testing a term insurance policy 515 


where A ;V is called the change in reserve in year ¢ and is defined as 
AV = (1 +i) 1V — tV pooti-t- 


This alternative version reflects the difference between the reserves and the 
other cash flows. The incoming and outgoing reserves each year are not real 
income and outgo in the same way as premiums, claims and expenses; they are 
accounting transfers. It also allows for the use of a different return on assets 
underlying reserves than on other cash flows. 


13.3.4 Profit signature 


We have used an important convention in the construction of the Tables 13.1 
and 13.3, that is worth emphasizing. The entries in each row are calculated 
assuming the policy is in force at the start of the year. We use this convention 
because it is very convenient; it makes the profit test more flexible, and (once 
you are used to it) easier to construct. However, it also means that we cannot 
simply gather together all the Pr, entries from the table to analyse the future 
profits on a contract, since each entry is based on a different assumption about 
the probability that the policy is still in force. 

The vector Pr = (Pro, .. . , Prio)’ is called the profit vector for the contract. 
So, the elements of Pr denote the expected profit emerging at the end of 
each year, given that the policy is in force at the start of the year. For an 
overall, unconditional projection of the emerging surpluses from a newly 
issued contract, we need to adjust the Pr; values to remove the conditioning. 

Let I;, represent the expected profit emerging at time f from the cash flows 
in the year ż—1 to ż, given that the contract is in force at time tf = 0 (i.e. 
unconditionally). The relationship between IT, and Pr, for t = 1,2,..., 10, is 


I; = Pr; x Pr [in force at time t—1 | in force at time 0]. 


The vector TI is called the profit signature for the contract. We have, for 
the current example, 


Ilo = Pro and Il; =;-1peoPr fort = 1,2,...,10. 


The profit signature is the key to assessing the profitability of a new contract. 
The profit signature for the 10-year term example is given alongside the profit 
vector Pr in Table 13.4. We show them together to emphasize the difference 
between the two vectors, which is important in applying and interpreting the 
profit test. In the profit vector, Pr; represents the profit emerging at time rf from 
the cash flows in the year t—1 to f, given that the contract is in force at time t—1, 
for t = 1,2,...,10. In the profit signature, II, represents the unconditional 
profit emerging at time t for a newly issued contract. 
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Table 13.4 Profit vector and profit signature for the 10-year term insurance. 


t Pry Tl; f Pr; Tl; 

0 —700.00 —700.00 6 138.68 130.56 
1 121.16 121.16 7 138.41 128.35 
2 126.99 125.72 8 136.72 124.75 
3 131.70 128.95 9 133.52 119.76 
4 135.26 130.84 10 128.71 113.37 
5 137.61 131.39 


13.4 Profit testing principles 
13.4.1 Assumptions 


In this section we generalize the process described in the example of the 
previous section. In this description we calculate the emerging profit assuming 
annual time steps, but the method can be very easily adapted to other 
frequencies. 

We assume a contract with a term of n years, issued to (x), with cash flows 
dependent on whether the policyholder dies, surrenders or continues in force 
through to the end of the policy year. 

We assume that a policyholder whose policy is in force at time t — 1, dies 
in the year t — 1 to f with probability Pew withdraws or surrenders the 


contract with probability ee , and remains in force at time ¢ with probability 
00 zis 0d — pw 
Prtt-1 = Prat 1 Prt . 


13.4.2 The profit vector 


The profit vector is 
Pr = (Pro, Pri ,... , Prp)’. 


The profit vector elements Pr,, for t£ > 1, represent the expected surplus 
emerging at each year end for a contract in force at time ¢ — 1, i.e. at the 
start of the year. The first element of the vector, Pro, has a slightly different 
interpretation. It represents the value at time t = 0 of the pre-contract cash 
flows, including the acquisition expenses, Eo, and the cost of setting up initial 
reserves, oV, where required. So 


Pro = —Eo — oV 


and fort = 1,2,...,n, 


Pr; = ?t-1 V + P; E; + L EDB, ESB; EEB, ELV, 
where 


tV is the reserve required at time ¢ for a policy in force at that time. 
P, is the tth premium, paid at time ¢ — 1, for a policy in force at time t — 1. 
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E; is the premium expense incurred at time ¢ — 1 for a policy in force at time 
r= 1. 

I, is the investment income earned on the insurer’s funds over tf — 1 tot fora 
policy in force at time t — 1. That is, I = i; G-1V + P; — Ep) where i; is 
the yield on investments from time t — 1 to t. 

EDB, is the expected cost of death benefits at time ¢ for a policy in force at 
time t — 1. That is, EDB, = ae (S; + et), where S; is the sum insured 

and e; is the claim expense. 

ESB, is the expected cost of surrender benefits at time ¢ for a policy in force 
at time t—1. That is, ESB; = Psi CV, where CV; is the cash or surrender 
value payable for surrenders at time t. 

EEB, is the expected cost of endowment or survivor benefits at time ¢ for a 
policy in force at time t—1. This would be applicable for a maturity benefit 
under an endowment policy, or for end-year annuity benefits. 

E,V is the expected cost of setting the reserve at time t for a policy in force 
at time t — 1. That is, EV = Poi tV. 


13.4.3 The profit signature 


The profit signature is 
I = (Io, Hi,..., M)’. 


The profit signature elements I];, for t > 1, represent the expected surplus 
emerging at the tth year-end for a contract in force at the issue date, i.e at 
time t = 0. The first term of the vector, To, represents the value at time t = 0 
of the pre-contract cash flows. So 


IIo = Pro 


and fort = 1,2,...,n, we multiply Pr;, which is the expected surplus 
conditional on the contract being in force at time t — 1, by the probability 
of being in force at time f— 1, to get the unconditional expected surplus at time 
t for a new contract, so 


Il, = 1p% Pry. 


13.4.4 The net present value 


Having developed the projected expected year-end emerging surplus for a new 
contract, it is often convenient to express the values in a single metric. The 
net present value (NPV) of the contract is the present value of the projected 
emerging surplus values. To determine the present values, we discount at 
an appropriate rate of interest, which is normally higher than the assumed 
yield on assets which is specified in the profit testing basis. The interest 
rate for discounting surplus represents the return on capital required by the 
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shareholders, since the emerging surplus can be considered as the return to 
shareholders on capital supplied to support the contract liability. The rate is 
sometimes called the risk discount rate or hurdle rate. 

Assuming a risk discount rate of r per year effective, the net present value 
of a policy is 


n 
NPV =) T; vi. 
t=0 


13.4.5 Notes on the profit testing method 


(1) For a large portfolio of similar policies, the profit signature describes 
the expected surplus emerging at each year end for each contract issued. 
This is clearly useful information, and begs the question: why take the 
intermediate step of calculating the profit vector, for which each term is 
conditional on the contract being in force at successive policy anniver- 
saries? The answer is that the profit vector is also useful, particularly for a 
portfolio of in-force contracts at different durations. 

Suppose an insurer has a portfolio of 10-year term insurance policies, all 
issued to lives aged 60 at different times in the previous ten years, and all 
represented by the policy terms and assumptions used for the example in 
Section 13.3. The profit vector can be used to analyse expected emerging 
surplus from each cohort. For example, for each contract still in force after 
k > 1 complete years (at age 60 + k), the profit signature from future 
surplus can be calculated as 


/ 
00 00 00 
(Pres, 1P60+k PIk+2>  2P60+k Prk+3,--->9-kP60+4 PLIO ) 


and the NPV of the future surplus is 


10—k 
00 u 
5 u—1P60+k Pritu Vy- 


u=1 


(2) We have been rather loose about random variables and expectation in this 
chapter. In practice, profit testing would be carried out on large portfolios, 
rather than on individual contracts. Aggregating makes the individual cash 
flows relatively more predictable, and it may be reasonable to assume that 
death benefits and reserve costs will be quite close to the expected values. 
The approach used here is described as deterministic, which is loosely used 
to mean that we project cash flows without allowing for random variation. 

(3) An aspect of profit testing that can be confusing is that we are often 
working with several different sets of assumptions. For example, we may 
have a Premium Basis, a Reserve Basis and a Profit Testing Basis that all 
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use different mortality, interest rate and expense assumptions for the same 
policy. The reason is that each basis plays a different role; the reserve basis 
may be constrained by regulation; the premium basis may include implicit 
or explicit profit loadings; the profit test basis may be a best estimate 
basis, implying no margins (typically using a median value for variables 
such as interest or expense inflation), or it may use a series of different 
assumptions (or scenarios) to assess the impact on profit emergence of 
more adverse experience. The key is to be clear of the role of each set 
of assumptions, and to ensure that the correct basis is used for each 
calculation. 

(4) The process described in this section can be used with traditional style 
contracts, allowing for multiple decrements or multiple states, but assumes 
that the contract is in force in only one state. When there are two or more 
states representing the in force contracts, the process requires some extra 
steps, which we describe in Section 13.9 below. 


13.5 Profit measures 


Once we have projected the cash flows, we need to assess whether the emerging 
profit is adequate. There are a number of ways to measure profit, all based on 
the profit signature. 

The net present value is a commonly used measure of profit for project 
appraisals in all fields. For the example in Section 13.3, if the insurer uses 
a risk discount rate of 10% per year, then the NPV of the contract is $74.13. 

We also define the partial net present value, NPV(t), for t < n, as the net 
present value of all cash flows up to and including time ¢, so that 


t 
NPV(t) = $ Mx vy. 
k=0 
Often the partial NPV is negative in the early years of a contract, reflecting the 
acquisition costs, and has a single sign change at some point of the contract, 
assuming the NPV of the contact is positive. The partial NPV values for t = 
0,1,...,10 for the 10-year term insurance example are given in Table 13.5, 
showing this typical pattern for emerging profit. The NPV for the contract is 
the final value in the partial NPV vector. 

The NPV is closely related to the internal rate of return (IRR), which is 
the interest rate j such that the net present value is zero. That is, given a profit 
signature (IIo, M1, ..., I) for an n-year contract, the internal rate of return 
is j where 


n 
> Ty = 0. (13.2) 
t=0 
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Table 13.5 Partial NPVs for Section 13.3 
example, 10% risk discount rate. 


t NPV(1) t NPV(2) 
0 —~700.00 6 144.43 
1 —589.85 7 ~78.56 
2 —485.95 8 —20.37 
3 —389.07 9 30.42 
4 —299.70 10 74.13 
5 —218.12 


The IRR is commonly used as a metric for assessing profitability, with insurers 
setting a minimum value (the hurdle rate) for the IRR. However, there are 
several well-documented problems with the IRR as a measure of profit. One 
is that there may be no real solution to equation (13.2), or there may be many. 
However, a quick check on the IRR can be determined by using the hurdle rate 
to calculate the NPV. If the NPV is greater than zero, and if the partial NPV has 
a single sign change, then there is a unique real solution to the IRR equation, 
and the IRR is greater than the hurdle rate. If the NPV is negative, then the 
IRR, if it exists, is less than the hurdle rate. 

For the policy in Section 13.3, we know that the IRR is greater than 10%, 
as, at 10% risk discount rate, the NPV is greater than zero, and the partial 
NPV has a single sign change. In fact, the internal rate of return in this case is 
j= 12.4%. 

The partial NPV is useful for another profit measure, the discounted 
payback period (DPP), also known as the break-even period. This is defined 
as the first time at which the partial NPV is greater than zero, using the risk 
discount rate. In other words, the DPP is m where 


m = min{t : NPV(t) > 0}. 


The DPP represents the time until the insurer starts to make a profit on the 
contract, based on the hurdle rate of return. For the example in Section 13.3, 
the DPP is nine years. 

The profit margin is the NPV expressed as a proportion of the EPV of 
the premiums, evaluated at the risk discount rate. For a contract with level 
premiums of P per year payable annually throughout an n year contract issued 
to a life aged x, the profit margin is 


Profit Margin = ———— (13.3) 


using the risk discount rate for all calculations. 
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For the example in Section 13.3, the profit margin using a risk discount rate 
of 10% is 


NPV 74.13 


— = = 0.77%. 
På) 9684.5 


Another profit measure is the NPV as a proportion of the acquisition costs. 
For the example in Section 13.3, the acquisition costs are $700, so the NPV is 
10.6% of the total acquisition costs. 

None of these measures of profit explicitly takes into consideration the risk 
associated with the contract. Most of the inputs we have used in the emerging 
surplus calculation are, in practice, uncertain. If the experience is adverse, the 
profit will be smaller, or there could be significant losses. 


13.6 Using the profit test to calculate the premium 


Setting a premium using the profit test can be achieved by finding the minimum 
premium that satisfies the insurer’s required profit measure. 

For example, suppose the insurer requires a profit margin of 5% for the 
10-year term insurance from Section 13.3, using the same 10% per year risk 
discount rate, and the same basis for the profit test and reserves as before. 
With the premium tested, P = $1500, the profit margin is only 0.77%. 
Increasing the premium to $1575.21 gives a NPV of $508.50 at the 10% per 
year risk discount rate, and an EPV of premiums of $10 170.03, which gives 
the profit margin required. 

The revised profit signature is 


(—715.0, 197.7, 201.5, 203.9, 204.9, 204.5, 202.6, 199.4, 194.6, 188.4, 180.8), 


which gives a DPP of five years, at 10% risk discount rate, and an IRR of 
25.0% per year. 

In this example, we can solve the equation for the unknown premium, given 
a profit margin, because the equation is a linear function of the premium. This 
will not always be the case, but numerical methods, or appropriate software 
such as Solver in Excel, usually work well. 


13.7 Using the profit test to calculate reserves 


In the first part of the example in Section 13.3, we saw that if the insurer 
holds no reserves, negative surplus emerges in later years of the contract, 
which is unacceptable under risk management or accounting principles. In the 
second part of the example, it was assumed that the insurer held net premium 
reserves, which resulted in positive emerging surplus in each year after the 
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initial outgo from acquisition expenses. This result is acceptable, but using 
capital to support the liabilities is expensive. The NPV of the emerging profit 
for the 10-year term insurance example is $270.39 without reserves, compared 
with $74.13 with the net premium reserves from Table 13.2. This means that, 
even though term insurance is not very demanding on capital (as reserves are 
relatively small), the NPV without reserves is more than three times the NPV 
when reserves are taken into account. 

Because holding capital reduces profitability, the insurer will not want to 
hold more than necessary. The objective of the capital is to avoid negative 
surpluses in later contract years. We can use the profit test to determine the 
minimum reserve that would be required at each year end to eliminate negative 
surpluses emerging in any year, after the initial outgo. 

We demonstrate this process using the same 10-year term insurance exam- 
ple. We work backwards from the final contract year; for each year, we 
calculate the reserve required at the start of the year to match exactly the 
expected outgo in that year with no excess surplus emerging. 

Consider the final year of the term insurance contract, t = 10. At the start of 
the year the insurer receives $1500 premium, of which 3.5% is immediately 
spent on renewal expenses, leaving $1447.50. This sum, together with the 
reserve, and with interest earned on the premium plus reserve less expenses 
(at 5.5% according to the profit test basis), must be exactly enough to meet the 
expected year end outgo of $1900. 

Suppose the reserve at the start of the year (i.e. at time t = 9) which exactly 
eliminates a negative emerging cash flow in the final year is denoted 9 VŽ. Then 
we have 


1.055 (9V7 + 1447.5) = qopS= 1900 = oV” = 353.45. 


In other words, putting 9V = 353.45 into the profit test, in place of the net 
premium policy value of $475.45, generates a value of Prio = 0. Now, this 
is smaller than the value of Prio in Table 13.3, so it might look as if this is 
not going to help, but what is actually happening is that surplus will emerge 
sooner, which should increase the profitability. 

We then move back to the ninth policy year. Now the reserve at the start 
of the year, together with the premium, net of expenses, and with the interest 
income, must be sufficient to meet the expected cost of death benefit for a 
contract in force at the start of the year (EDBo = 1800) and also to support the 
cost of carrying forward the final year reserve (oV = $353.45). Hence, the 
reserve equation for the minimum reserve at time t = 8 is 


1.055 (3V% + 0.965P) = gos S + pos 9V” 
= gV” =(1800+0.982 x 353.45) /1.055 — 0.965P = 587.65. 
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Table 13.6 Zeroized Reserves. 


t VZ t VZ 

9 353.45 5 658.32 
8 587.65 4 494.78 
7 711.42 3 247.62 
6 732.63 2 —78.17 


Table 13.7 Emerging profit after zeroization. 


t Pr, Ty NPV) 
0  —700.00  —700.00 —700.00 
1 527.11 527.11 —220.81 
2 427.11 422.84 128.65 
3 82.47 80.74 189.31 
4 0.00 0.00 189.31 
5 0.00 0.00 189.31 
6 0.00 0.00 189.31 
7 0.00 0.00 189.31 
8 0.00 0.00 189.31 
9 0.00 0.00 189.31 

10 0.00 0.00 189.31 


Continuing back, at time t = 7, we need a reserve of qVZ where 
1.055 (7V + 0.965P) = qo7 S + por 8V” 
=> qv = (1700 + 0.983 x 587.65) /1.055 — 0.965P =711.42. 


Continuing in this way we obtain the values in Table 13.6. 

We see that 2V7 is negative, but reserves cannot be negative. Policy values 
can be negative, as expected values, but the capital held for future liabilities 
cannot be negative (see Section 7.7 for more discussion of this). Rather than 
allow a negative reserve, we set 2 VZ = 0. Repeating the process for t = 1 
and t = 0 generates negative values in both cases, so we set both ọVŽ and ; VŽ 
equal to 0. 

Now we re-do the profit test to see the impact of using these minimum 
reserves on the profit signature and the NPV. The results are shown in 
Table 13.7, using a 10% per year risk discount rate for the partial NPVs. 

We have set the reserve to be exactly sufficient, together with the premium 
and interest income, to meet the projected outgo, leaving emerging surplus of 
zero, for the years from t = 4 onwards. This process for determining reserves 
is called zeroization, and the resulting reserves are called zeroized reserves. 
By comparing the partial NPVs using the higher reserves (from Table 13.5) 
with the zeroized reserves, we have a higher ultimate NPV using the zeroized 
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reserves — increased from $74.13 per policy to $189.31. We also see a faster 
emergence of surplus, with a DPP of two years, down from nine years with the 
higher reserves. 

Holding less capital increases the NPV here, because, as is typical, the 
interest assumed to be earned on the capital, at 5.5% per year, is less than the 
risk discount rate, at 10% per year. The risk discount rate indicates the return 
required on the equity invested. Within the profit test, assets are earning only 
5.5% per year, but the high risk discount rate means that (loosely) the capital 
required for the contract needs to earn 10% per year. If less capital is required, 
the cost of that capital is lower, allowing more profit in the form of NPV. 

We may generalize the algorithm in the example, to develop an expression 
for the zeroized reserves in principle. Using the assumptions and notation of 
Section 13.4 above, and given the zeroized reserve at t, v , then the zeroized 
reserve at time t— 1 > 0 is 


1 VŽ = max ( (EDB, + ESB, + EEB, + E, V”) /(1 + i) — (P, — Ep, 0). 


So, given that at the maturity of the contract, we can assume nVZ = Q, it is 
possible to work backwards through the cash flows to determine the schedule 
of zeroized reserves for any policy. 


13.8 Profit testing for participating insurance 


Participating, or with-profit insurance was introduced in Section 1.3.3. In this 
section we show how a profit test can be used to determine distributable surplus 
for participating whole life policies. There are no new principles involved. 

A traditional participating policy would have level premiums and benefits, 
similar to a non-participating (non-par or without profit) contract. The pre- 
mium would be set on a fairly conservative basis, meaning that it is designed to 
be more than adequate to pay the fixed benefits. As surpluses emerge, a portion 
is returned to the policyholders, and the rest is retained by the company. The 
policyholders’ share of profits can be distributed in different ways, including 
cash payments, or through increasing the sum insured. 


Example 13.1 A life aged 60 purchases a participating whole life contract. 
The sum insured is $100 000, payable at the end of the year of death. Premiums 
of $2 300 are payable annually in advance. 
Reserves are calculated using net premium policy values, modified using the 
full preliminary term approach, assuming an interest rate of 5% per year. 
Cash values are $0 for the first four years, 10% of the year end reserve for 
surrenders in the fifth year, 20% in the sixth year, 30% in the seventh year, and 
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Table 13.8 Profit vector calculation for the participating whole life policy, 
with cash dividends; Example 13.1 


t isi V P— Er I; EDB,- ECV;- EV Pr; Divs Pr; 
Gd) @) (3) (4) (5) (6) (7) (8) (9) (0) 


0 - —1 800 1800 0 —1800 
1 O0 2200 132 340 0 O 1992 0 1992 
2 0 2200 132 379 0 1699 254 228 25 
3 1795 2200 240 423 0 3448 364 327 36 
4 3645 2200 351 473 0 5246 477 429 48 
5 5548 2200 465 529 37 7091 556 500 56 
6 


7504 2200 582 591 95 8983 618 556 62 


28 58149 2200 3621 7224 3780 51800 1166 1049 120 
29 60361 2200 3754 8080 3879 53157 1199 1079 120 
30 62518 2200 3883 9033 52901 0 6667 6001 667 


continue increasing at the same rate to 90% of the year end reserve in the 13th 
year. All policies surrendering after the 13th year receive a surrender benefit of 
90% of the year end reserve. In addition, all surrendering policyholders receive 
the cash dividend due for their final contract year. 

Construct the profit test and determine the NPV and the profit margin of this 
contract to the insurer, using the following assumptions. 


e The survival model is the Standard Ultimate Survival Model. 

e For the first nine years, 5% of the surviving in force policyholders are 
assumed to surrender their contracts at each year end; from the 10th to 
the 29th years, 7.5% of survivors surrender at each year end. All surviving 
policyholders are assumed to surrender at the end of the 30th year. 

e Premiums and reserves earn an investment return of 6% per year. 

e 90% of surplus emerging each year from the second policy anniversary 
onwards is distributed to the policyholders as a cash dividend. No dividend 
is payable in the first policy year. No dividend is declared if the surplus 
emerging is negative. 

e Initial, pre-contract expenses are $1 800, assumed incurred at time t = 0. 

e Premium expenses of $100 are incurred with each premium payment, 
including the first. 

e The risk discount rate for determining the NPV is 10% per year. 


Solution 13.1 We show the first and last few rows of the profit test in 
Table 13.8. Details of the column calculations are given below. Some numbers 
in the table are rounded for presentation. 
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Column (1) ¢ denotes the tth policy year, from time t — 1 to time t, except 
that t = 0 denotes time 0 when pre-contract expenses are incurred. 

Column (2) gives the reserve brought forward each year. The full prelim- 
inary term policy value has pV = V = 0, and for t = 2,3,... is 
calculated as the net premium policy value for a contract issued one year 
later (in this case to a life aged 61). So, letting S = 100000: 


461 


tV = S A6041 — P*ä6041 where P* = = 2064.47. 
All annuity and insurance functions are calculated at 5% per year, using 
the Standard Ultimate Survival Model. Hence, for example 


4V = SA64 — P*ä64 = 0.34113 S — 13.8363 P* = 5 548. 


Column (3) shows P — E;, the premium received less expenses incurred at 
the start of the year. 

Column (4) shows J/;, the interest on funds invested in the tth year. The 
assumed return is 6% per year, so, for example, 


I4 = 0.06 (3V + P — E4) = 0.06 (3 644.88 + 2 300 — 100) = 350.69. 


Column (5) shows the expected death benefit at time t, denoted EDB,-, 
for a policy in force at the start of the year, i.e. at time t — 1. We use 
the subscript t- because the expected death benefit does not include the 
dividend payable in the ¢th year, which (according to the terms of the 
example) would be added to the sum insured at the year end payment. 
So the actual death benefit paid would be S + Div;, but the cost of the 
additional payment of dividend is included in Column (9). We have 


EDB,- =S x p% p 


BoE is the probability of a death benefit claim in the tth year, 


given that the policy is in force at the start of the year. In this case, this is 
equal to the mortality rate g,+;~-1 under the Standard Ultimate Survival 
Model, as all withdrawals are assumed to take place at the year end. 

Column (6) shows the expected cash value payment at time ¢, denoted 
ECY,-, for a policy in force at the start of the year. Again, this excludes 
the dividend paid to surrendering policyholders, the cost of which is 
included in Column (9). The probability of surrender is 


where p 


Ow — 0d *W 
Prot = (l - Prp) a > 


where pi is as above, and qž™ is the probability of surrender for a 


policy that is in force at the end of the tth year — that is, q}” = 0.05 for 
t= 1,2,...,9, Ge = 0.075 for t = 10,11,...,29 and gi, = 1. 
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The cash value is, say, h; ¿V for surrenders at time t, where 
h; = 0 for 1, 2,3, 4; 


hs = 0.1, h6 = 0.2,. as hi2 = 0.8; 
h; = 0.9 for t > 13. 


The expected cash value is the product of the probability of surrender 
and the cash value paid on surrender under the profit test assumptions, 
so, for example, 


ECVs- = pet x 0.1 x 5V = (0.99471 x 0.05) x 0.1 x 7504.02 = 37.32 
and 
ECV309- =p% x 0.9 x 30V = 0.90967 x 0.9 x 64615 = 52901. 


Note that policyholders who surrender at the year end will be eligible for 
a share of the profit emerging during the year. 

Column (7) shows the expected cost of the reserve carried forward, 
denoted E;V, for policies remaining in force at the year end, given the 
policy was in force at the start of the year. For example, the probability 
that a policy is in force at time 5 given that it is in force at time 4 is 


p% =1 — p% — p% = 0.94498 
so that 
EsV = p% 5V = 0.94498 x 7504.02 = 7091.12. 


Column (8) shows Pr;-, the profit emerging at time t for a policy in force 
at time f—1, before sharing the profits between the insurer and the 
policyholder. Hence, for example, 


Prs- = 4V + P — E; + I5 — EDB; — ECV; — E5 V = 555.68. 


Column (9) shows Div;, the share of profits (or dividend) distributed to 
policyholders, per policy in force at time t—1, which is 90% of the pre- 
dividend profit, or 0 if greater. Hence, for example, 


Divs = 0.90 x 555.68 = 500.11. 


Column (10) shows Pr;, the insurer’s surplus emerging at time t per 
policy in force at time t—1, which is the balance of surplus after the 
policyholder’s dividend. Hence, for example, 


Prs = Prs- — Divs = 55.57. 
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We calculate the NPV and profit margin from the profit vector, Pr, fol- 
lowing the usual procedure, giving a NPV of $303.79, and a profit margin 
of 1.96%. 


Where the profits of a participating insurance policy are paid as a reversion- 
ary bonus, that is, as an addition to the sum insured, we proceed exactly as 
above, but treat the dividend each year as a single premium for the additional 
insurance. That is, if S; is the sum insured in the fth year, and Div; is the 
(hypothetical) cash dividend payable, then, for a whole life insurance with 
sum insured payable at the end of the year of death, the bonus would be 
B; = Div;/Ax+1, where the insurance function would typically be calculated 
using the reserve assumption. For continuing policyholders, the sum insured 
in the (t + 1)th year would be S;+1 = S; + Br, and the reserve carried forward 
would include the additional reserve for the bonus, i.e. B; Ay+/. 


13.9 Profit testing for multiple state-dependent insurance 


We need to adapt the profit testing methodology for insurance where in-force 
policies may be in different states of a multiple state model. 

In Chapter 8 we saw how policy values for these contracts are state- 
dependent, where ,V” denotes the policy value at time t for a policy in State 
j at that time. Similarly, when we project the cash flows for the contracts, we 
create different, state-dependent profit vectors for each in-force state, and we 
can then use transition probabilities to determine the overall profit signature 
for the contract. 

What this means is that for each in-force state j, and for each time period, 
we generate a profit vector of elements, Pr? ) representing the expected surplus 
at time ¢ per policy in State j at time t—1. Generally, all policies start in State 0, 
so we calculate Pr® for all ¢, including t = 0 and t = 1; for other states j 4 0, 
we need Pr’ ) fort > 2. 

The profit signature entry for the tth year is the unconditional expected 
surplus, so we combine all the profit vectors using the appropriate probabilities, 
to get 


Ty = rap Pr. 


J 


In this section we illustrate the process through an example of a partially 
accelerated critical illness (CI) and term insurance policy. The policy is in force 
in the healthy state (State 0) and also after CI diagnosis (State 1), and expires 
when the policyholder dies. 
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Table 13.9 Reserves for Example 13.2. 


t VO Vv t VO VV 
0 0 0 5 2000 40.000 
1 700 43 000 6 1600 38 000 
2 1200 43 000 7 1200 34 000 
3 1600 42 000 8 1000 27 000 
4 2000 42 000 9 500 17000 
Healthy CI Diagnosed 
0 1 
Dead, no CI Dead after CI 
3 2 


Figure 13.1 Multiple state model for Example 13.2. 


Example 13.2 A 10-year partially accelerated CI and term insurance policy is 
issued to (x). The multiple state model used to analyse the policy is shown in 
Figure 13.1. 

The benefits payable under the contract are 


e $50000 at the end of the year if (x) is diagnosed with a CI during the year, 
and survives to the year end. 

e $100000 at the end of the year if (x) dies during the year, having been 
healthy at the start of the year. 

e $50000 at the end of the year if (x) dies during the year, having been 
diagnosed with a CI before the start of the year. 


Premiums of $2500 are payable annually in advance, whilst in the healthy state. 
Reserves at each year end are conditional on whether the policyholder is in 
State 0 or State 1, and are given in Table 13.9. 
One-year transition probabilities for the model are, for t = 0, 1,2,...,9, 


pol, = 0.01, pox, = 0.005 + 0.0011, 


p% , =0.002+0.0017, ple, = 0.35. 


Other profit test assumptions: 

Acquisition expenses: $250 

Premium expenses: 5% of each premium 
Renewal expenses in State 1: $25 
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Interest on investments: 6% per year 
Risk discount rate: 12% per year 


(a) Calculate the profit vector conditional on being in State 0 at the start of the 
policy year, Pr, and the profit vector conditional on being in State 1 at 
the start of the policy year, Pr”. 

(b) Comment on the two profit vectors. Do you see any problem with the 
conditional emerging cash flows? 

(c) Calculate the profit signature and partial net present value vector for a new 
policy. Does the policy meet a requirement that the IRR exceeds 12%? 

(d) Calculate the profit margin for the policy. 


Solution 13.2 (a) The profit test table for Pr© is given in Table 13.10, where 
numbers (other than the elements of Pr ) are rounded for presentation. We 
give a general description of principles here, followed by a more detailed 
derivation of each column in the description below. 

In this table, each row is calculated assuming that the policy is in State 0 
at the start of the year. The policy could move to State | by the year end, in 
which case there will be a cash flow corresponding to the CI diagnosis 
benefit, and it will also be necessary to carry forward a reserve to the 
following year, which is appropriate for a policy in State 1 at that time. The 
policy could move to State 2 by the year end, resulting in a benefit payment 
of $100 000, and no further cash flows. The policy could move to State 3 
by the year end, with the same outcome as for State 2, and the policy could 
be still in State 0 at the year end, in which case there must be a reserve 
carried forward for the following year, appropriate for a policy in State 0. 


Table 13.10 Example 13.2 profit vector calculation conditional on the policy 
being in State 0 at the start of each year. 


t .1V P-E, i EB% pepo? EB Ev” Ew” PrO 
(1) (2) (3) (4) © (6) (7) (8) (9) (10) 


0 —250 0 0 —250.00 
0 2375 143 500 500 200 430 688 199.40 

700 2375 185 500 600 300 430 1177 252.30 
1200 2375 215 500 700 400 420 1566 203.10 
1600 2375 239 500 800 500 420 1954 39.50 
2375 263 500 900 600 400 1950 287.50 
2000 2375 263 500 1000 700 380 1557 500.70 
1600 2315 239 500 1100 800 340 1165 308.30 
1200 2375 215 500 1200 900 270 969 —49.50 
1000 2375 203 500 1300 1000 170 483 124.00 

500 2375 173 500 1400 1100 0 0 47.50 
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Column (1) shows the time at the year end, except for t = O which 
represents the timing of pre-contract cash flows. 

Column (2) shows the reserve brought forward at the start of the tth 
year, for a policy in State O at that time. These numbers are taken 
from Table 13.9. 

Column(3) shows the premiums minus expenses at the start of each 
year, and shows the acquisition expenses at t = 0. 

Column (4) shows the interest earned on reserves and premiums net 
of expenses in each year, with interest at 6% per year. That is, for 
t= 1,2,2.03,10; 


L = 0.06(-1V + P, — Ep. 


Column (5) shows the expected cost of paying the benefit for a life 
who moves from State 0 to State 1 in the time period from t — 1 to 
t, and remains in State 1 at the year end. The benefit is $50 000 and 
the transition probability is p?! = 0.01, so 


EB?! = 50000 p°! ,_; = 500. 


Column (6) shows the expected cost of paying the benefit for a 
life who moves from State 0 to State 2 in the time period from 
t — 1 to t. The benefit is $100 000 and the transition probability is 
p°% 1 = 0.005 + 0.001(t — 1), so 


EB}? = 100000p°s.,_. 


Column (7) shows the expected cost of paying the benefit for a 
life who moves from State 0 to State 3 in the time period from 
t—1 to t. The benefit is $100000 and the transition probability is 
po}, = 0.002 + 0,001(¢ — 1), so 


EB}? = 100000p°3.,_;. 


Column (8) shows the expected cost of the reserve carried forward at 
the end of the tth year, for a life who is in State 1 at time t, given that 
the life was in State 0 at time t — 1, fort = 1,2,...,9. That is 


1 1) 01 
EV! = VO Pe 


Column (9) shows the expected cost of the reserve carried forward 
from time ¢ to time f+ 1 for a life who is in State 0 at time ¢, given 
that the life was in State 0 at time t — 1, fort = 1,2,...,9. That is 


0 0) „00 
E,V° = ,V' sone 
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Table 13.11 Example 13.2 profit vector calculation conditional on the policy 
being in State I at the start of each year. 


t VO) E; I EB}? E,vil pr) 
(1) (2) (3) (4) (5) (6) (7) 
2 43 000 25 2578.5 17500 27950 103.5 
3 43 000 25 2578.5 17500 27300 753.5 
4 42.000 25 2518.5 17500 27300 —306.5 
5 42.000 25 2518.5 17500 26 000 993.5 
6 40000 25 2398.5 17 500 24700 173.5 
7 38 000 25 2278.5 17 500 22100 653.5 
8 34.000 25 2038.5 17500 17550 963.5 
9 27000 25 1618.5 17500 11050 43.5 
10 17000 25 1018.5 17500 0 493.5 


Column (10) shows Pr , which is the emerging profit at time f for a 
policy which is in State 0 at time t — 1. So, for t = 1,2,..., 10, 


Pr® = V+ P,—E,+1,— EB?! EB? — EB E, V” — E, V™. 


The calculations for Pr“, which is the profit vector for policies in State 1 
at the start of each year, are given in Table 13.11, and a more detailed 
explanation is given below. 


Column (1) shows the policy year. Note that there are no policies in 
State 1 at the start of the first year, so the profit vector calculation 
starts in the second policy year. 

Column (2) shows the reserve (from Table 13.9) brought forward for a 
contract in State 1 at time t— 1, i.e. -1V, This is the same amount 
whether the policy holder was in State 0 or State 1 in the previous 


year. 

Column (3) shows the renewal expenses for the th year for a policy 
in State 1. 

Column (4) shows the interest income, for a policy in State | at time 
t=1, 


L = 0.06 (-1 y E;) 


Column (5) shows the expected cost of benefits paid on death during 
the year t — | to ¢, for a policy in State 1 at time ¢ — 1. The benefit 


payable is $50 000, and the probability of payment is p!? 


x+t—1? so 


EB}? = 50000 pi; = 17500. 


(b) 


(c) 
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Column (6) shows the expected cost of the reserve carried forward at 
the year end, for those policies still in State 1 at time f, so 


11 1) 81 
EV = V Sener 


Column (7) shows the profit emerging at time t for a policy in State 1 
at time t—1, so 


Pr® = 4V = 2,4 = EB? ay", 


We note that there are some negative expected emerging cash flows, both 
for the State 1 conditional emerging profit and for the State 0 conditional 
emerging profit. For each policy in State 1 at time t = 3, the expected 
surplus emerging at the year end is —$306.50. Similarly, for each policy in 
State 0 at the start of the eighth year, the expected surplus emerging at the 
year end is —$49.50. A negative emerging profit indicates that inadequate 
capital is allocated to meet the outgo in those years. Thus, the reserves 
should be adjusted to avoid the negative values arising. 

In Table 13.12 we show the calculation of the profit signature and the 
partial NPV. More detailed explanations of each column follow. 


Column (1) shows the time at the year end, except for t = 0 which 
represents the timing of pre-contract cash flows. 

Column (2) shows the State 0 survival probability. Since there are no 
return transitions to State 0 in this model, we have op% = 1, and we 
can calculate subsequent probabilities recursively as 


00 _ 00 00 
tPx = t-1P, Pyst-1- 


Column (3) shows the probability that a policy which is in State 0 at 
age x is in State | at age x+ t. We have ope! = 0, and we can use the 


Table 13.12 Profit signature and NPV function for Example 13.2 


t tp spo! Pr) Pr) T NPV 
(1) 2) (3) (4) (5) (6) (7) 

0 1.00000 0.00000 ~=—- — 250.00 0.00 —250.00  —250.00 
1 0.98300 0.01000 199.40 0.00 199.40 —71.96 
2 0.96432 0.01633 252.30 103.50 249.05 126.57 
3 0.94407 0.02026 203.10 753.50 208.16 274.74 
4 0.92236 0.02261 39.50 —306.50 31.08 294.49 
5 0.89930 0.02392 287.50 993.50 287.64 457.70 
6 0.87502 0.02454 500.70 173.50 454.43 687.93 
7 0.84964 0.02470 308.30 653.50 285.81 817.22 
8 0.82330 0.02455 —49.50 963.50 —18.26 809.84 
9 0.79614 0.02419 124.00 43.50 103.16 847.04 
10 0.76827 0.02369 47.50 493.50 49.76 863.06 
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Chapman—Kolmogorov equations to calculate a recursively, as 
01 00 „01 O1 11 
tPx = t-1Px Px+t—1 F t-1Px Px+t-1' 
Columns (4) and (5) show the conditional profit vectors from part (a). 
Column (6) is the profit signature vector. TI, represents the expected 
profit emerging at time ¢ for a policy issued (and therefore in State 0) 
at time 0. 
Recall that Pr is the emerging profit at time t conditional on 


being in State 0 at time t— 1, and pri?) is the emerging profit at time t 
conditional on being in State 1 at time ¢— 1, so the profit signature is 


0 1 
M, = pe Pri ) + ips Prt . 


Column (7) is the partial NPV, at a risk discount rate of r = 12%. So 


t 


NPV(t) = $ Myvi. 
k=0 


We note that the final NPV, at 12%, is $863.06, which is greater than 0, 
and also that there is only one sign change in the partial NPV, so the IRR 
is uniquely determined, and is greater than 12%. 

(d) The profit margin is the NPV divided by the EPV of premiums. As 
premiums are payable only if the life is in State 0, the EPV of premiums is 


9 
2500 $` ip? vi = 14655.31, 
tal 


which gives a profit margin of 5.89%. 


13.10 Notes 


For each of the policies considered in this chapter, benefits are payable at the 
end of a time period. However, in practice, benefits are usually payable on, 
or shortly after, the occurrence of a specified event. For example, for the term 
insurance policy considered in Section 13.3, the death benefit is payable at 
the end of the year of death. If, instead, the death benefit had been payable 
immediately on death, then we could allow for this in our profit test by 
assuming all deaths occurred in the middle of the year. Taking this approach, 
the expected death claims in Table 13.1 would all be adjusted by multiplying 
by a factor of 1.055!/?. 

In practice, as we have mentioned, it would be normal to use monthly steps 
in a profit test, and the assumption that benefits are paid at the end of the month 
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of claim is less artificial than the assumption of payment at the end of the year 
of death. 

Throughout this chapter we have used deterministic assumptions for all the 
factors. By doing this we gain no insight into the effect of uncertainty on the 
results. In Chapter 15 we describe how we might use stochastic scenarios for 
emerging cost analysis for equity-linked contracts. Stochastic scenarios can 
also be used for traditional insurance. 


13.11 Exercises 


Shorter exercises 
Exercise 13.1 A profit test of a 20-year term insurance issued to (40) is to be 
carried out on the following basis: 


Survival model: g4o+r = 0.001 + 0.0001 

Interest: 6% effective per year 

Pre-contract expenses: 25% of the first premium 

Renewal expenses: 1.5% of each premium after the first 
Claim expenses: $60 


The annual premium is $270 and the sum insured, payable at the end of the 
year of death, is $150 000. Calculate the emerging surplus at the end of the 10th 
policy year, per policy in force at the start of that year, given that the insurer 
holds reserves of $300 per policy in force at the start of each year. 


Exercise 13.2 A profit test of a 20-year endowment insurance issued to (45) 
is to be carried out on the following basis: 


Survival model: g45+1 = 0.0015 + 0.0001t 

Interest: 5% effective per year 

Pre-contract expenses: 20% of the first premium 

Renewal expenses: 2.5% of each premium after the first 
Claim expenses: $40 


The annual premium is $8400 and the sum insured, payable at the end of the 
year of death, or at maturity, is $250 000. Calculate the emerging surplus for 
the following two cases: 


(a) at the end of the 10th policy year, per policy in force at the start of that 
year, and 

(b) at the end of the 20th policy year, per policy in force at the start of that 
year, 


given that 9 V = 88 129, 19V = 100001 and joV = 232012. 
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Exercise 13.3 A profit test of a deferred annuity issued to (45) is to be carried 
out on the following basis: 


Survival model: Standard Ultimate Survival Model 
Interest: 5% effective per year 

Pre-contract expenses: 20% of the first premium 
Renewal expenses: $25 on each policy anniversary 


Annuity payment expenses: $15 each time an annuity payment is made 


The annuity is payable annually from age 65; the first annuity payment 
is $50000, and payments increase by 2% each year. The annual premium, 
payable throughout the deferred period, is $26 100. 


(a) Calculate the emerging surplus at the end of years 1 and 2, per policy in 
force at the start of each year, and hence calculate NPV(2) using a risk 
discount rate of 10% per year. 

(b) Calculate the emerging surplus in the 30th policy year, per policy in force 
at the start of that year. Assume the annuity is payable at the start of each 
policy year. 


You are given that 1V = 26845, 2V = 54924, 29V = 768919 and 
30 V = 753 464. 


Exercise 13.4 An insurer is profit testing a fully discrete whole life insurance 
issued to a select life aged 50, with sum insured $1000000. The annual 
premium is $12 000. Death benefits are assumed to be payable in the middle 
of the year of death. 

The reserves at times t = 9 and t = 10 for policies in force are 9V = 100 800 
and 10V = 115500. Policyholders who surrender during the 10th year receive 
a cash value of $85 000. Other profit testing assumptions are: 


Renewal expenses: 7% of premiums 


Interest: 6% per year on the insurer’s funds 
Mortality: Standard Select Life Table 
Surrenders: 5% of surviving policyholders at each year end 


Calculate IT. 


Exercise 13.5 A five-year term insurance policy with annual cash flows issued 
to a life (x) produces the profit vector 


Pr = (—310, 436, 229, 94, —55, —217)’, 


where Pro is the profit at time 0 and Pr; (t = 1,2,...,5) is the profit at time t 
per policy in force at time r—1. This profit vector has been calculated without 
allowance for reserves. 


13.11 Exercises 537 


The survival model used in the profit test is given by px++ = 0.987 — 0.0011, 
and the interest rate is 5% per year. 

The insurer determines reserves by zeroization. Calculate the revised profit 
vector after allowance for reserves. 


Longer exercises 
Exercise 13.6 A five-year policy with annual cash flows issued to a life (x) 
produces the profit vector 


Pr = (—360.98, 149.66, 14.75, 273.19, 388.04, 403.00)’, 


where Pro is the profit at time 0 and Pr; (t = 1,2,...,5) is the profit at time t 
per policy in force at time ¢—1. 
The survival model used in the profit test is given by q,4;=0.0085+0.0005r. 


(a) Calculate the profit signature for this policy. 

(b) Calculate the NPV for this policy using a risk discount rate of 10% per 
year. 

(c) Calculate the NPV for this policy using a risk discount rate of 15% per 
year. 

(d) Comment briefly on the difference between your answers to parts (b) 
and (c). 

(e) Calculate the IRR for this policy. 


Exercise 13.7 An insurer issues a four-year term insurance contract to a life 
aged 60. The sum insured, $100 000, is payable at the end of the year of death. 
The gross premium for the contract is $1100 per year. The reserve at each year 
end is 30% of the gross premium. 

The company uses the following assumptions to assess the profitability of 
the contract: 


Survival model: qso = 9.008, geo1 = 0.009, q62 = 0.010, G63 =0.012 
Interest: 8% effective per year 

Pre-contract expense: 30% of the first gross premium 

Renewal expenses: 2% of each gross premium after the first 

Claim expenses: $60 

Lapses: None 


(a) Calculate the profit vector for the contract. 

(b) Calculate the profit signature for the contract. 

(c) Calculate the net present value of the contract using a risk discount rate of 
12% per year. 

(d) Calculate the profit margin for the contract using a risk discount rate of 
12% per year. 
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(e) Calculate the discounted payback period using a risk discount rate of 12% 
per year. 

(f) Determine whether the internal rate of return for the contract exceeds 50% 
per year. 

(g) Ifthe insurer has a hurdle rate of 15% per year, is this contract satisfactory? 


Exercise 13.8 An insurer issues a special three-year insurance contract to a 
life aged 60. The death benefit is $10 000, and is payable at the end of the year 
of death. The gross premium for the contract is $75 per year, payable annually 
in advance. 

A benefit of $120 is payable on survival to the maturity date. 

Policyholders who surrender at the end of the first or second year receive a 
50% refund of their premiums paid, without interest. 

The company uses the following assumptions to analyse the emerging 
surplus of the contract. 


Interest: 7% per year 

Pre-contract expenses: $5 immediately before first premium 

Renewal expenses: $2 incurred on each premium date, including the first 
Mortality: Standard Ultimate Life Table 

Surrenders: 5% of policyholders in force at the end of the first and 


second years are assumed to surrender 


Assume first that the insurer sets reserves of ọV = 5, 1V = 40, 2V = 80 for 
each policy in force. 


(a) Calculate the profit vector for the contract. 

(b) Calculate the profit signature for the contract. 

(c) Calculate the NPV assuming a risk discount rate of 10% per year. 

(d) The insurer is considering a different reserving method. The reserves 
would be set by zeroizing the emerging profits under the profit test 
assumptions. 

Calculate 1VZ for t = 0, 1,2. 
(e) Calculate the revised NPV using the zeroized reserves. 
(f) Explain why the NPV has increased. 


Exercise 13.9 A life aged 40 holds a participating, paid-up whole life insur- 
ance contract. The sum insured is $100 000, payable at the end of the year of 
death. The insurer distributes a cash dividend to holders of policies which are 
in force at the year end (after surrender and death exits). The cash dividend is 
determined using 80% of the emerging surplus at each year end, if the surplus 
is positive. 
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(a) Calculate the cash dividend projected for this policy at the end of the 
current policy year, assuming the policy is in force at the year end, and 
using the following additional assumptions and information. 

(i) The mortality probability for the year is 0.0004, and 8% of surviving 
policyholders surrender their policies at the year end. 

(ii) Reserves are held equal to the policy value calculated assuming 
mortality rates from the Standard Ultimate Survival Model, and an 
interest rate of 4%, ignoring expenses. 

(iii) Surrender values are held equal to the policy value calculated assum- 
ing mortality rates from the Standard Ultimate Survival Model, and 
an interest rate of 5%, ignoring expenses. 

(iv) Interest at 6% per year is earned on the insurer’s assets. 

(v) Expenses of $20 are incurred at the start of each year. 

(b) Your colleague suggests that policyholders should not participate in profits 
arising from surrenders. Calculate the revised dividend ignoring surrender 
profits, and critique this approach. 


Excel-based exercises 
Exercise 13.10 A 10-year term insurance issued to a life aged 55 has sum 
insured $200000 payable immediately on death, and monthly premiums of 
$100 payable throughout the term. 

Initial, pre-contract expenses are $500 plus 50% of the first monthly 
premium; renewal expenses are 5% of each monthly premium after the first. 
The insurer earns interest at 6% per year on all cash flows and assumes the 
policyholder is subject to the Standard Ultimate Survival Model. 

Calculate the profit vector at monthly intervals for this policy, assuming 
deaths occur at the mid-point of each month. 


Exercise 13.11 A life insurer issues a 20-year endowment insurance policy to 
a life aged 55. The sum insured is $100 000, payable at the end of the year 
of death or on survival to age 75. Premiums are payable annually in advance 
for at most 10 years. The insurer assumes that initial expenses will be $300, 
and renewal expenses, which are incurred at the beginning of the second and 
subsequent years in which a premium is payable, will be 2.5% of the gross 
premium. The funds invested for the policy are expected to earn interest at 
7.5% per year. The insurer holds net premium reserves, using an interest rate 
of 6% per year. The Standard Ultimate Survival Model is used for the premium 
and the net premium reserve calculations. 

The insurer sets premiums so that the profit margin on the contract is 15%, 
using a risk discount rate of 12% per year. 

Calculate the gross annual premium. 
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Exercise 13.12 Repeat Exercise 13.11 assuming that the sum insured is 
payable immediately on death, premiums are payable monthly for at most 10 
years and expenses are $300 initially and then 2.5% of each monthly premium 
after the first. 


Exercise 13.13 A life insurance company issues a special 10-year term insur- 
ance policy to two lives aged 50 at the issue date, in return for the payment of 
a single premium. The following benefits are payable under the contract. 


e In the event of either of the lives dying within 10 years, a sum insured of 
$100 000 is payable at the year end. 

e In the event of the second death within 10 years, a further sum insured of 
$200 000 is payable at the year end. (If both lives die within 10 years and in 
the same year, a total of $300 000 is payable at the end of the year of death.) 


The basis for the calculation of the premium and the reserves is as follows. 


Survival model: Assume the two lives are independent with respect to survival 
and the model for each follows the Standard Ultimate Survival 


Model 
Interest: 4% per year 
Expenses: 3% of the single premium at the start of each year that the 


contract is in force 


(a) Calculate the single premium using the equivalence principle. 
(b) Calculate the reserves on the premium basis assuming that 
(i) only one life is alive, and 
(ii) both lives are still alive. 
(c) Using the premium and reserves calculated, determine the profit signature 
for the contract assuming: 


Survival model: As for the premium basis 
Interest: 8% per year 
Expenses: 1.5% of the premium at issue, increasing at 4% per year 


Exercise 13.14 A life insurance company issues a reversionary annuity policy 
to a husband and wife, both of whom are aged exactly 60. The annuity 
commences at the end of the year of death of the wife and is payable 
subsequently while the husband is alive, for a maximum period of 20 years 
after the commencement date of the policy. The annuity is payable annually 
at $10 000 per year. The premium for the policy is payable annually while the 
wife and husband are both alive and for a maximum of five years. 
The basis for calculating the premium and reserves is as follows. 


Survival model: Assume the two lives are independent with respect to survival 
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and the model for each follows the Standard Ultimate Survival 


Model 
Interest: 4% per year 
Expenses: Initial expense of $300 and an expense of 2% of each annuity 


payment whenever an annuity payment is made 


(a) Calculate the annual premium. 
(b) Calculate the NPV for the policy assuming: 


e arisk discount rate of 15% per year, 
e expenses and the survival model are as in the premium basis, and 
e interest is earned at 6% per year on cash flows. 


Exercise 13.15 A life aged 60 purchases a deferred life annuity, with a five- 
year deferred period. At age 65 the annuity vests, with payments of $20 000 
per year at each year end, so that the first payment is on the 66th birthday. 
All payments are contingent on survival. The policy is purchased with a single 
premium. 

If the policyholder dies before the first annuity payment, the insurer returns 
her gross premium, with interest of 5% per year, at the end of the year of her 
death. 


(a) Calculate the single premium using the following premium basis: 


Survival model: Standard Ultimate Survival Model 


Interest: 6% per year before vesting; 5% per year thereafter 
Expenses: $275 at issue plus $20 with each annuity payment 

(b) Gross premium reserves are calculated using the premium basis. Calculate 
the year end reserves (after the annuity payment) for each year of the 
contract. 

(c) The insurer conducts a profit test of the contract assuming the following 
basis: 


Survival model: Standard Ultimate Survival Model 
Interest: 8% per year before vesting; 6% per year thereafter 
Expenses: $275 at issue plus $20 with each annuity payment 


(i) Calculate the profit signature for the contract. 
(ii) Calculate the profit margin for the contract using a risk discount rate 
of 10% per year. 


Exercise 13.16 A special 10-year endowment insurance is issued to a healthy 
life aged 55. The benefits under the policy are 
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Healthy Disabled 
0 1 
Withdrawn Dead 
2 3 


Figure 13.2 Multiple state model for Exercise 13.16. 


e $50000 if at the end of a month the life is disabled, having been healthy at 
the start of the month, 

e $100000 if at the end of a month the life is dead, having been healthy at the 
start of the month, 

e $50 000 if at the end of a month the life is dead, having been disabled at the 
start of the month, 

e $50000 if the life survives as healthy to the end of the term. 


On withdrawal at any time, a surrender value equal to 80% of the net premium 
policy value is payable, and level monthly premiums are payable throughout 
the term while the life is healthy. 

The survival model used for profit testing is shown in Figure 13.2. The 
transition intensities pe pe, pe and pel? are constant for all ages x with 
values per year as follows: 


u% =0.01, u® =0.015, »%=0.01, ul? = 0.03. 


Other elements of the profit testing basis are as follows. 


Interest: 7% per year. 

Expenses: 5% of each gross premium, including the first, together with an 
additional initial expense of $1 000. 

The benefit on withdrawal is payable at the end of the month of withdrawal 
and is equal to 80% of the sum of the reserve held at the start of the month 
and the premium paid at the start of the month. 


Reserves are set equal to the net premium policy values. 


The gross premium and net premium policy values are calculated using the 
same survival model as for profit testing except that withdrawals are ignored, 
so that u% = 0 for all x. 

The net premium policy values are calculated using an interest rate of 5% 


per year. 
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The monthly gross premium is calculated using the equivalence principle on 
the following basis: 


e Interest: 5.25% per year. 
e Expenses: 5% of each premium, including the first, together with an 
additional initial expense of $1000. 


(a) Calculate the monthly premium on the net premium policy value basis. 
(b) Calculate the reserves at the start of each month for both healthy lives and 
for disabled lives. 
(c) Calculate the monthly gross premium. 
(d) Project the emerging surplus using the profit testing basis. 
(e) Calculate the internal rate of return. 
(f) Using a risk discount rate of 15% per year, calculate 
(i) the NPV, 
(ii) the profit margin (using the EPV of gross premiums), 
(iii) the NPV as a percentage of the acquisition costs, and 
(iv) the discounted payback period for the contract. 


Answers to selected exercises 


13.1 $15.36 
13.2 (a) $773.86 (b) $2172.10 
13.3 (a) $580.70, $688.11, —$4067.02 (b) $3503.74 
13.4 $1185.08 
13.5 (—310, 436, 89.68, 0, 0, 0)’ 
13.6 (a) (—360.98, 149.66, 14.62, 268.43, 377.66, 388.29)’ 
(b) $487.88 (c) $365.69 (e) 42.7% 
13.7 (a) (—330.00, 60.16, 293.07, 193.34, 319.92)’ 
(b) (—330.00, 60.16, 290.73, 190.07, 311.36)’ 
(c) $288.64 (d) 7.8% (e)3 years (f) No (The IRR is 42%.) 
(g) Yes 
13.8 (a) (—10, 9.74, 3.55, 1.88)’ 
(b) (—10, 9.74, 3.36, 1.69)’ 
(c)2.89 (d)0O, 35.13, 78.24 (e)3.18 
13.9 (a) $700.32 (b) $299.56 
13.10 Selected values are Pr3g = 54.53 and Prg4 = 28.75, measuring time in 
months 
13.11 $4553.75 
13.12 $394.27 (per month) 
13.13 (a) $4180.35 
(b) Selected values are (i) 4V = $3126.04, and (ii) 4V = $3146.06 
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(c) Selected values are Ilo = —$62.71, IIs = $177.03 and Hig = 
$62.52 
13.14 (a) $1832.79 (b) $779.26 
13.15 (a) $192 805.84 
(b) Selected values are 4V = $243 148.51 and ¡oV = $226 245.94 
(c) (i) Selected values are T4 = $4538.90 and Iio = $2429.55 
(ii) 14.8% 
13.16 (a) $452.00 
(b) Selected values are 4V =15 613.44 and 4V“!) =7157.17, and 
gV) =36 761.39 and gV“)=2769.93 (time in years) 
(c) $484.27 
(d) Selected values are $35.48 and $11.43 at time 4 years, and $72.27 
and $4.54 at time 8 years, for States 0 and | respectively 
(e) 32.7% (® (i) $992.29 (ii) 3.84% (iti) 97% (iv) 5 years and 
5 months 
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Universal life insurance 


14.1 Summary 


Universal life insurance is a form of whole life (or endowment) insurance, 
with some profit sharing incorporated in the design, and which also has more 
flexible payment schedules than traditional insurance. 

We demonstrate how to use the profit testing techniques from Chapter 13 
to analyse a universal life insurance contract, and we consider the impact of 
different types of death and surrender benefits. 


14.2 Introduction 


To create insurance policies that can compete with the flexibility and upside 
potential of mutual fund type investments, insurers have devised a range of 
new style, variable contracts, with greater flexibility, greater transparency, and 
with profit sharing integrated in the policy design. These modern contracts 
can be placed in two broad categories. The first, which we might call flexible 
insurance, is developed from the traditional insurance model, with added 
flexibility in premiums and benefits, and increased emphasis on the investment 
returns, compared with traditional insurance. The second category, which we 
call equity-linked insurance, or separate account insurance, uses the mutual 
fund investment as a starting point, and adds in elements of insurance, such 
as additional life insurance benefits, and guaranteed minimum payments. We 
discuss equity-linked insurance in subsequent chapters. In this chapter we 
describe the form of flexible insurance known as Universal Life insurance, 
which is a very popular product in North America, and we show how profit 
testing can be used to analyse the policy design. 
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14.3 Universal life insurance 
14.3.1 Introduction 


Universal life (UL) insurance is generally issued as a whole life contract, but 
with transparent account balances allowing policyholders to view the policy, to 
some extent, as a savings account with built-in life insurance. The policyholder 
may vary the amount and timing of premiums, within some constraints. The 
premium is deposited into a notional account, which is used to determine 
the death and survival benefits. The account is notional because assets are 
not actually segregated from the insurer’s general funds (unlike, equity-linked 
insurance, which we discuss in Chapter 15). 

The insurer shares the profits through the credited interest rate which is 
declared and applied by the insurer at regular intervals (typically monthly). 
The policy contract specifies a minimum value for the credited interest rate, 
regardless of the investment performance of the insurer’s assets. The notional 
account, made up of the premiums and credited interest, is subject to monthly 
deductions (also notional); there is a charge for the cost of life insurance 
cover, and a separate charge to cover expenses. The account value or account 
balance is the balance of funds in the notional account. Note that the cost 
of insurance and expense charge deductions are set by the insurer, and need 
not be the best estimate of the anticipated expenses or insurance costs. In the 
profit test examples that follow in this section, the best estimate assumptions 
for incurred expenses and for the cost of death benefits are quite different to 
the charges set by the insurer for expenses and the cost of insurance. The 
account value represents the insurer’s liability, analogous to the reserve under 
a traditional contract. The account value also represents the cash value for a 
surrendering policyholder, after an initial period (typically 7-10 years) when 
surrender charges are applied to ensure recovery of the acquisition costs. 

In this section we consider the basic UL policy, which may be viewed as a 
variation of the traditional participating contract. We have simplified the terms 
of a standard UL policy to demonstrate the key principles. The most obvious 
simplification is that we have assumed annual cash flows where monthly would 
be more common. We have also assumed a fixed term for the UL contracts 
in the examples, even though UL contracts are generally whole life policies. 
However, it would be common for policyholders to use the contracts for fixed 
horizon planning, and the policy design assumes that most policies will be 
surrendered as the policyholder moves into retirement. 


14.3.2 Key design features 


Death Benefit 
On the policyholder’s death the total death benefit payable is the account value 
of the policy, plus an additional death benefit (ADB). 
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The ADB is required to be a significant proportion of the total death 
benefit, except at very advanced ages, to justify the policy being considered 
an insurance contract. The corridor factor requirement sets the minimum 
value for the ratio of the total death benefit (i.e. account value plus ADB) to 
the account value at death. In the USA the corridor factor is around 2.5 up to 
age 40, decreasing to 1.05 at age 90, and to 1.0 at age 95 and above. 

There are two types of death benefit, Type A and Type B. 

Type A offers a level total death benefit, which comprises the account value 
plus the additional death benefit. As the account value increases, the ADB 
decreases. However the ADB cannot decline to zero, except at very old ages, 
because of the corridor factor requirement. For a Type A UL policy, the level 
death benefit is the face amount of the policy. 

Type B offers a level ADB. The amount paid on death would be the account 
value plus the level ADB selected by the policyholder, provided this satisfies 
the corridor factor requirement. 


Premiums 
Premiums may be subject to some minimum level and payment term, but 
otherwise are highly flexible. 


Expense Charges 
Expense charges are expressed as a percent of account value, or of premiums, 
and may also include a flat fee. It may be referred to as the MER, for Man- 
agement Expense Rate, a term used more widely for mutual fund investment. 
The expense charge is deducted from the account value, at rates which are 
variable at the insurer’s discretion, subject to a maximum which is specified in 
the original contract. 


Credited Interest Rate 
The interest rate applied to the policyholder’s account balance is usually 
determined at the insurer’s discretion, but may be based on published rates, 
such as yields on government bonds. A minimum guaranteed annual credited 
interest rate is specified in the policy document. 


Cost of Insurance 
This is the charge deducted from the policyholder’s account balance to cover 
the cost of the additional death benefit cover. Usually, the Col is calculated 
using an estimate (perhaps conservative) of the mortality rate for that period, 
which is known as the Col rate. As the policyholder ages, the mortality charge 
(per $1 of ADB) increases, so the Col can be interpreted as the single premium 
for a one-year term insurance with sum insured equal to the ADB, assuming 
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mortality equal to the Col rate discounted to the start of the period of insurance. 
The rate of interest used to determine the Col may differ from the credited rate. 

Policyholders may be offered the option of a “Level Cost of Insurance’ 
charge. In this case, the death benefit cover is treated as a traditional term 
or whole life insurance for the purpose of determining the Col, and the Col 
deduction is constant through the term of the policy. 


Surrender Charge 

If the policyholder chooses to surrender the policy, the surrender value paid 
will be the policyholder’s account balance reduced by a surrender charge. 
The main purpose of the surrender charge is to ensure that the insurer 
receives enough to pay its acquisition expenses. The total sum available to 
the policyholder on surrender is the account value minus the surrender charge 
(or zero if greater), and is referred to as the cash value of the contract at each 
duration. 


No Lapse Guarantee 

An additional feature of some policies is the no lapse guarantee, under which 
the death benefit cover continues even if the account value declines to zero, 
provided that the policyholder pays a pre-specified minimum premium at each 
premium date. This guarantee could apply if expense and mortality charges 
increase sufficiently to exceed the minimum premium. The policyholder’s 
account value would support the balance until it is exhausted, at which time 
the no lapse guarantee would come into effect. 


14.3.3 Projecting account values 


The insurer must determine appropriate schedules for expense charges and cost 
of insurance charges to create a contract that is marketable and profitable. An 
important objective of the UL policy is transparency; the policyholder can see 
their account value growing, and can identify the expense and cost of insurance 
deductions. They will see the credited interest rate and will therefore have some 
measure of the success of the contract as an investment. 

We will illustrate how account values accumulate with the simplifying 
assumption of annual cash flows. First, we introduce some notation. 


AV, denotes the policyholder’s account value at time t. 


EC, denotes the expense charge deducted from the account value at the 
beginning of the tth year. 


Col, denotes the Cost of Insurance deducted from the account value at the 
beginning of the tth year. 
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iy denotes the credited interest rate applied to investments during the tth 
year. 


P, denotes the premium paid at the start of the tth year. 
DB, denotes the death benefit cover in the tth year. 


CV; denotes the cash value paid on surrender at the end of the tth year. 
Then the fundamental equation of a UL policy is the following recursion: 
(AVi + P, = EC; = Col;) qd + iv) = AV;. (14.1) 


It is interesting to consider the insurer’s perspective here. The account value 
represents a reserve for the policy — it is a measure of the capital the insurer 
needs to hold in respect of the policy liabilities. The expense charge, Col 
and credited interest rate are factors used in the development of the account 
value, but otherwise do not represent real cash flows. That is, it would make no 
difference to any of the contract cash flows if the insurer charged $50 less in 
expense charges and $50 more in Col. In fact, EC;, Col; and if can be changed, 
jointly, in innumerable ways, but if they generate the same account values it 
would make no difference to any of the cash flows of the policy. The only 
important numbers in the contract cash flows are the premiums, the account 
values, the death benefits and the cash surrender values. The only purpose of 
specifying EC;, Col; and if is to derive the account values. 

An analogy with traditional insurance is that we may assume a premium 
basis to determine premiums and a policy value basis to determine the reserves. 
Once the premiums and reserves are calculated, the assumptions in these 
two bases do not impact the policy cash flows. In fact, when we profit test 
a traditional product, we generally use different assumptions for mortality, 
expenses, surrender rates and interest than we use in either the premium basis 
or the reserve basis. Similarly, here, the expense charges, Col and credited 
interest impact the cash flows only through the account values. They do not 
represent actual cash flows into or out of the insurer’s funds. 


14.3.4 Profit testing Universal life policies 


Universal life policies are best analysed using profit testing. The process is 
similar to profit testing traditional insurance, even though the contracts appear 
different. 

For the first step, before the profit test, we project the annual account values 
of the policy assuming the policy remains in force to the final projection 
date, just as, for traditional insurance, we have to calculate reserves at each 
time point, assuming the policy is still in force at that time, before we can 
profit test the policy. 
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To project the account values, we need an assumed schedule of premiums, 
P,, a specification of the expense charges, EC;, and we need to calculate the 
cost of insurance charges, Col;. 

The additional death benefit in the fth year is the total death benefit minus 
the year end account value (similar to the sum at risk for a traditional policy), 
that is 


ADB, = DB, = AV;. 


The Col charge is a single premium for a one-year term insurance for a death 
benefit of ADB;. The Col basis will be specified. Let q}, denote the Col 
mortality rate and i, denote the Col interest rate. Expenses are ignored. Then 


Col; = G44, Y4 ADB;. (14.2) 


The Col pays for the Additional Death Benefit; it is not based on the full Death 
Benefit. This is because the account value is available to fund the balance, as 
DB, — ADB, = AV;. 

For Type B policies the ADB is fixed. For Type A policies, the total death 
benefit is fixed (except for corridor factor adjustments), which means the ADB 
is a function of the account value, which makes the Col calculation a little 
more complicated. 

Once the AV; values are determined through the account value projection, 
the profit test proceeds, very similarly to a traditional policy, except that AV; 
takes the role of the reserve, and the sum insured (DB;) is variable, depending 
on the account values. 

In the following sections we demonstrate profit testing for some UL policies. 
The first is a Type B policy, which is the simpler case. The second is a Type A 
policy, which is the more common contract design in practice. 


14.3.5 Universal life Type B profit test 


Example 14.1 (Step 1: account value projection) A UL policy is sold to a 
45-year-old man. The initial premium is $2250 and the ADB is $100 000. The 
policy charges are: 


Cost of Insurance: 120% of the Standard Select Survival Model, 
ig = 5% per year interest. 


Expense Charges: $48 + 1% of premium at the start of each year. 


Surrender penalties at each year end are the lesser of the full account value 
and the following surrender penalty schedule: 
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Year of surrender 1 2 3—4 5-7 8-10 > 10 
Penalty $4500 $4100 $3500 $2500 $1200 $0 
Assume 


(i) the policy remains in force for 20 years, 

(ii) interest is credited to the account at 5% per year, 
(iii) all cash flows occur at policy anniversaries, and 
(iv) there is no corridor factor requirement for the policy. 


Project the account value and the cash value at each year end for the 20-year 
projected term, given that the policyholder pays the full premium of $2250 for 
six years, and then pays no further premiums. 
Solution 14.1 The key formulae for UL account values are (14.1) and (14.2): 
(AV;-1 + P, = EC; = Col;) (1 + iv) = AV; 
and 
Col, = dt vq ADB. 


Applying these formulae give the projected account values in Table 14.1. 
Specifically, the columns in Table 14.1 are calculated as follows: 


Column (1) denotes the term at the end of the policy year. 


Column (2) is the th premium, P;, assumed paid at time t — 1. 


Table 14.1 Projected account values for the Type B UL policy in 
Example 14.1, assuming level premiums for six years. 


Year Pr EC; Col; Credited AV; CV; 

t interest 

(1) (2) (3) (4) (5) (6) (7) 
1 2250 70.50 75.34 105.21 2 209.37 0.00 
2 2250 70.50 91.13 214.89 4512.63 412.63 
3 2250 70.50 104.71 329.37 6916.79 3416.79 
4 2250 70.50 114.57 449.09 9 430.80 5 930.80 
5 2250 70.50 125.66 574.23 12 058.87 9 558.87 
6 2250 70.50 138.12 705.01 14 805.27 12305.27 
7 0 48.00 152.12 730.26 15335.41 12 835.41 

19 0 48.00 540.59 1034.47 21 723.82 21 723.82 


20 0 48.00 604.34 1053.57 22 125.05 22 125.05 
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Column (3) is the tth year expense charge deduction, EC; = 48 + 0.01 P;. 

Column (4) is the Col for the year from time t — 1 to time t, assumed 
to be deducted at the start of the year. The mortality rate (or Col rate) 
assumed is 


d 
diasj+t—1 =1.2 di45]+1-—1 


where dey + ÍS taken from the Standard Select Survival Model. Multiply 
by the ADB, and discount from the year end payment date, to get the 
Col as 


Col, = 100 000 gi45141-1 ¥5%- 


Note that the interest rate is specified in the Col pricing assumptions — 
in this case it is the same as the crediting rate, but it may be different. 
Column (5) is the credited interest at time t, assuming a 5% level crediting 
rate applied to the account value from the previous year, plus the 
premium, minus the expense loading and Col. 

Column (6) is the year end account value, from recursion formula (14.1) 
for AV;. 

Column (7) is the year end cash value, which is the account value minus 
the applicable surrender penalty, with a minimum value of $0. 


In more detail, the first two rows are calculated as follows: 


First Year 

AVo: 0 

Py: 2250 

EC: 48 + 0.01 x 2250 = 70.50 

Col rate: dias] = 1.2 x 0.000659 

Col: 100000 x qias] xX vs% = 75.34 

Credited interest: 0.05 (2250 — 70.50 — 75.34) = 105.21 

AVı: 2250 — 70.50 — 75.34 + 105.21 = 2209.37 

CV: max(2209.37 — 4500, 0) = 0 

Second Year 

AV\: 2209.37 

Po: 2250 

EC: 48 + 0.01 x 2250 = 70.50 

Col rate: dias}+1 = 1-2 x 0.000797 

Col: 100000 x qi4sj+1 x v5% = 91.13 

Credited interest: 0.05 (2209.37 + 2250 — 70.50 — 91.13) = 214.89 
AV2: 2209.37 + 2250 — 70.50 — 91.13 + 214.89 = 4512.63 


CV2: 4512.63 — 4100 = 412.63 
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Example 14.2 (Step 2: the profit test) For the scenario described below, 
calculate the profit signature, the discounted payback period and the net present 
value, using a hurdle interest rate of 10% per year effective, for the UL policy 
described in Example 14.1. 

Assume 


e Policies remain in force for a maximum of 20 years. 

e Premiums of $2250 are payable for six years, and no premiums are payable 
thereafter. 

e The insurer does not change the Col rates or expense charges from the values 
given in Example 14.1. 

e Interest is credited to the policyholder’s account value in the tth year using 
a 2% interest spread, with a minimum credited interest rate of 2%. In other 
words, if the insurer earns more than 4%, the credited interest will be the 
earned interest rate less 2%. If the insurer earns less than 4%, the credited 
interest rate will be 2%. 

e The ADB remains at $100 000 throughout. 

Interest earned on all insurer’s funds at 7% per year. 

Mortality experience is 100% of the Standard Select Survival Model. 

Incurred expenses are $2000 at inception, $45 plus 1% of premium at 

renewal, $50 on surrender (even if no cash value is paid), $100 on death. 

e Surrenders occur at year ends. The surrender rate given in the following table 
is the proportion of in force policyholders surrendering at each year end. 


Duration at year end Surrender rate q45 +t-1 
1 5% 
25 2% 
6-10 3% 
11 10% 
12-19 15% 
20 100%. 


e The insurer holds the full account value as reserve for this contract. 


Solution 14.2 We use the account values from Example 14.1, as the credited 
interest rate of 5% used there corresponds to the profit test assumption for the 
credited rate (7% earned rate, minus the 2% spread, with a 2% minimum). 
Note that the expense charge, Col and credited interest rate used in the AV 
calculation are not needed in the profit test. The expenses, mortality and earned 
interest rate assumptions for the profit test are different to the expense charge, 
Col mortality, and credited interest rate used in the AV projection, much as 
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the profit test assumptions for a traditional contract usually differ from the 
premium basis. 

The cash flows for the profit test in the tth year, t > 1, assuming the policy 
is in force at the start of the year, are as follows. 


AV;—ı is the account value (reserve) brought forward. 

P, is the premium payable at the start of the tth year. 

E, is the incurred expenses at the start of the tth year. 

I, is the interest earned through the year on the invested funds. 

EDB, is the expected cost of death benefits paid at the end of the tth year. 
If Psi 4-1 18 the profit test mortality rate assumed, and DB; is the total 
death benefit payable, then 


DB, = AV,+ADB and EDB, = pis), (DB; + 100), 


where ADB = $100000 is the fixed additional death benefit, and the 
$100 allows for claims expenses. 
ESB, is the expected cost of surrender benefits at time t: 


ESB, = p4s,,-, (CV; + 50), 


where pps.) = (1 — Peisjyr—1) C541 is the probability that the life 
survives the year, and then withdraws at the year end; CV; is the cash 
value in the ¢th year, which is AV; minus the surrender penalty at time f, 
and $50 is the associated expense. 

EAV, is the expected cost of the account value carried forward at the year 
end for policies that continue in force. The probability that a policy 
which is in force at time t—1 remains in force at time f is 


00 Od Ow 
Pt4sj+t—1 = 1 = Plas}+t-1 — Prasyst—1 


and 
EAV, = piasj41—1 AVe- 


The net surplus at the end of each year, assuming the policy is in force at the 
start of the year, is the profit vector entry 


Pr; = AV;-1 + P; E; + I; EDB, ESB, EAV;. 


The profit test table is presented (partially) in Table 14.2. As usual, the first 
row represents the pre-contract outgo, given in the example as $2000. The 
subsequent rows are determined using the formulae described above. 

In Table 14.3 we show the profit signature and partial NPV calculations, 
exactly following the methodology of Chapter 12. To help understand the 
derivation of these tables, we show here the detailed calculations for the first 
two years’ cash flows. 
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Table 14.2 UL Type B policy from Example 14.2: calculating the profit vector. 


Yeart AV; P; E; I, EDB, ESB, EAV; Pr; 
0 0 0 2000 ~2000 
1 0 2250 0 158 67 2 2098 240 
2 2209 2250 68 307 83 9 4419 188 
3 4513 2250 68 469 98 69 6772 224 
4 6917 2250 68 637 110 119 9233 274 
5 9431 2250 68 813 123 192 11805 306 
6 12059 2250 68 997 139 370 14344 385 
7 14805 0 45 1033 154 386 14856 398 

18 20797 0 45 1453 514 3186 18010 495 

19 21278 0 45 1486 576 3251 18378 514 

20 21724 0 45 1518 646 22058 = 492 


Table 14.3 UL Type B policy from Example 14.2: profit signature, NPV 


and DPP at 10% per year risk discount rate. 


t 1-1P P45] Pr, Ty NPV(t) 
0 1.00000 —2000.00 —2000.00 —2000.00 
1 1.00000 240.04 240.04 —1781.78 
2 0.94937 187.79 178.28 —1634.44 
16 0.34500 457.56 157.86 —6.29 
17 0.29225 475.98 139.11 21.23 
18 0.24747 494.96 122.49 43.26 
19 0.20946 514.47 107.76 60.88 
20 0.17720 492.22 87.22 73.84 
At time ¢t = 0 
Initial Expenses, Eo: 2000 
Profit Vector, Pro: —2000 
Profit Signature, IIo: © —2000 
Partial NPV, NPV (0): + —2000 
First Year 
AVo: 0 
Pi: 2250 
Ey: 0 (all accounted for in Pro) 


I: 0.07 x 2250 = 157. 


50 
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EDB, 0.000659 x (100000 + 2209.37 + 100) = 67.44 
ESB: 0.999341 x 0.05 x (0 + 50) = 2.50 

EAV}: 0.999341 x 0.95 x 2209.37 = 2097.52 

Pry: 2250 + 157.50 — 67.44 — 2.50 — 2097.52 = 240.04 
Ti: 240.04 

NPV(1): —2000 + 240.04 vio» = —1781.78 


Second Year 


AV): 2209.37 

Po: 2250 

E>: 45 + 0.01 x 2250 = 67.50 

b: 0.07 x (2209.37 + 2250 — 67.50) = 307.43 

EDB: 0.000797 x (100000 + 4512.63 + 100) = 83.41 

ESB»: 0.999203 x 0.02 x (412.63 + 50) = 9.25 

EAV: 0.999203 x 0.98 x 4512.63 = 4418.85 

Pro: 2209.37 + 2250 — 67.50 + 307.43 — 83.41 — 9.25 — 4418.85 
= 187.79 

Th: 0.999341 x 0.95 x 187.79 = 178.28 

NPV(2):  —1781.78 + 178.28 v29q, = — 1634.44 


From the final column of Table 14.3, we see that the NPV of the emerging 
profit, using the 10% per year risk discount rate, is $73.84. The table also 
shows that the discounted payback period is 17 years. 


14.3.6 Universal life Type A profit test 


The Type A contract is a little more complicated than Type B. The total 
death benefit is set at the face amount (FA), so the ADB is the excess of the 
face amount over the account value (AV); however, there is also, generally, a 
corridor factor requirement. The corridor factor is a guaranteed minimum ratio 
of the total death benefit to the account value. Given a corridor factor of y, say, 
the total death benefit is the greater of FA and y AV. The ADB is the difference 
between the total death benefit and the account value, that is, 


ADB = max (FA — AV;, (%—I)AV;) . 


So the ADB depends on the account value at the end of the year, and the 
account value at the end of the year depends on the ADB. How we solve this 
is to calculate the account value, and therefore the ADB, assuming first that 
ADB = FA — AV,, and second that ADB = (y—1)AV;, and choose the one that 
generates a higher ADB, or, equivalently, the lower account value. 

Let ADB! and AV! denote the additional death benefit and end-year account 
value assuming that the ADB is the excess of the face amount over the account 
value, that is 


14.3 Universal life insurance 557 
ADB! = FA — AVE 


and let ADB," and AV; denote the additional death benefit and end-year account 
value based on the corridor factor, so that 


ADB! = (7-1) AVS. 


Then ADB, = max(ADB?, , ADB’) and because AV, is a decreasing function of 
the ADB, we also have AV; = min(AV!, AV‘). 
Using equations (14.1) and (14.2), 


AVE = (AV, PP BC Gt aa (FA = AV} )) (+i) 


(AV;-1 + P, — EC; — q1 vq FAV + 89) 


if 
> AV = - (14.3) 
f 1— y1 Ya +i) 
and similarly, 
AV; = (AV +P; — EC; — gai va(yı— DAV;) (+ i) 
AV;—1 + P; — EC;)(1 + if 
= Ave _ ( t—1 t +) ( re) (14.4) 


L+qt,, iva DA H i) 


We illustrate with a simple example. Suppose a Type A UL contract, issued 
some time ago to a life now aged 50, has face amount FA = $100 000. The 
assumed AV credited rate is if = 5%, the Col (mortality) rate for the year 
is gi) = 0.004, and the Col interest rate is ig = 0%. The account value at 
the start of the year is AV;_, = $50000. The corridor factor for the year is 
yı = 2.2. There is no premium paid and no expense deduction from the account 
value in the year. From formulae (14.3) and (14.4) we obtain AV! and AV; 
respectively as 

f _ (50000 — 0.004 x 100000) 1.05 _ 
on 1 — 0.004 x 1.05 ae 
_ 50000 x 1.05 
~ 140.004 x 1.2 x 1.05 


Ave = 52237. 


So the two possible values for the ADB are ADB! = $100 000—AV! = $47 700 
and ADBS = 1.2 x $52237 = $62 684. Since the ADB is the larger of these 
two values, we have ADB = $62 684 and AV; = $52 237, which means that 
the corridor factor has come into play. 

Although we have derived formulae for AVf and Av! , the resulting equations 
are not the main point here. Minor changes to the standard UL premium and 
benefit conditions will result in different formulae. The important message here 
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is how the formulae are derived — assuming either the face amount total death 
benefit, or the corridor factor total death benefit, solving the AV; equation in 
both cases, and selecting whichever is smaller. 


Example 14.3 (Type A UL profit test) Consider the following UL policy 
issued to a life aged 45: 


e Face amount $100 000. 


e Type A death benefit with corridor factors (y,;) applying to benefits payable 
in respect of deaths in the rth year, as follows: 


t 1 2 3 4 5 6 T 8 9 10 
yt 215 2.09 2.03 1.97 191 1.85 1.78 1.71 1.64 1.57 


t 11 12 13 14 15 16 17 18 19 20 
Vt 150 146 142 1.38 1.34 1.30 1.28 1.26 1.24 1.24 


e Col based on: 120% of mortality rates from the Standard Select Survival 
Model, and 4% interest; the Col is calculated assuming the fund earns 4% 
interest during the year. 

e Expense charges: 20% of the first premium plus $200, 3% of subsequent 
premiums. 

e Initial premium: $3500. 

e Surrender penalties: 


Year of surrender 1 2 3-4 5-7 >8 


Penalty $2 500 $2 100 $1200 $600 $0 


(a) Project the account and cash values for this policy assuming level pre- 
miums of $3500 are paid annually in advance, that the policyholder 
surrenders the contract after 20 years, and that the credited interest rate 
is 4% per year. 

Profit test the contract using the basis below. Use annual steps, and 
determine the NPV and DPP using a risk discount rate of 10% per year. 
Assume 


(b 


wm 


e Level premiums of $3 500 paid annually in advance. 

e Insurer’s funds earn 6% per year. 

e Policyholders’ accounts are credited at 4% per year. 

e Surrender rates are as in Example 14.2 above. All surviving policyhold- 
ers surrender after 20 years. 
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e Mortality follows the Standard Select Survival Model. 
e Incurred expenses are: 
— pre-contract expenses of 60% of the premium due immediately before 
the issue date, 
— maintenance expenses of 2% of premium at each premium date 
including the first, 
— $50 on surrender, 
— $100 on death. 
e The insurer holds reserves equal to the policyholder’s account value. 


Solution 14.3 (a) Following the same methodology as for the Type B policy, 
we first project the AV; and CV; values, assuming that the policy stays in 
force throughout the term. The results are shown in Table 14.4. 

We describe the calculations for the first two years and the last year in 
more detail to clarify the table. 


First Year 

Py: 3 500 

EC\: 200 + 20% x 3500 = 900 

dias] : 0.000791 

From formulae (14.3) and (14.4), we obtain 


3500 — 900 — 0.000791v(100 000)) 1.04 
a) = DIO 2160697, 
1 — 0.000791 
(3500 — 900) 1.04 
~ 1+0.000791(1.15) 


So, taking the smaller value as AV}, 


AVS = 2701.54. 


AV, = 2626.97, DB, = FA = 100000, CV, = 2626.97—2500 = 126.97. 


Table 14.4 Type A UL account value and cash value 
projection for Example 14.3. 


t AVi-| Pi EC; AV; DB; CV; 
1 0 3 500 900 2 626.97 100 000.00 126.97 
2 2626.97 3 500 105 6 173.08 100 000.00 4073.08 
3 6 173.08 3 500 105 9 851.68 100 000.00 8 651.68 
4 9 851.68 3 500 105 13 672.70 100 000.00 12 472.70 


86 055.68 3 500 105 92902.15 115 198.67 92 902.15 
20 92 902.15 3 500 105 99 996.75 123 995.97 99 996.75 


= 
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Second Year 

Po: 3 500 

EC): 3% x 3500 = 105 
dias] d 0.000957 


Again using formulae (14.3) and (14.4), we obtain 


2626.97 + 3500 — 105 — 0.000957 v (100 000)) 1.04 
TE ia A aE 26173 08, 
1 — 0.000957 
2626.97 + 3500 — 105) 1.04 
avs = § = ee are 


1 + 0.000957(1.09) 


Taking the smaller value as AV2, 
AV2 = 6173.08, DB2 = FA = 100000, CV2 = 6173.08 — 2100 = 4073.08. 


Twentieth Year 
AV19: 92 902.15 


P09: 3 500 
ECy0: 105 
Gea: 0.006346 


Again using formulae (14.3) and (14.4), 


vo (92 902.15 + 3500 — 105 — (0.006346) v (100 000)) 1.04 
20 1 — 0.006346 
= 100 149.99, 
92 902.15 + 3500 — 105) 1.04 
AVS) = ( T ) = 99 996.75. 


1 + 0.006346 (0.24) 


Proceeding as for the first and second years, 


AV29 = 99 996.75, DB20 = y20 AV29 = 123 995.97, 
CV29 = AV29 = 99 996.75. 


The profit test results are presented in Tables 14.5 and 14.6. In Table 14.5, 
we derive the profit vector, and in Table 14.6 we show the profit signature 
and the emerging NPV using the 10% per year risk discount rate. 

Given the Standard Select Survival Model mortality rate gj45}+;-1, and 
qf, the probability that a life aged 45 + t surrenders at the end of the tth 
year, given that the policy is still in force at that time, the probabilities for 
mortality, surrender and surviving in force in the tth year are 


p Od 
Mortality: pp4sji+—1 = Q145]}+1-1, 


Surrender: Pasji = (1 — qyasj4r—1) q7. 


‘ing: p00 = Od Ow 
Surviving: Piysjir—1 = 1 — Plasjee—1 T Pisi 
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The profit vector is, as in the previous example, 


Pr; = AV}-1 + P; = E; + L EDB, ESB; EAV; 


where 
EDB, = pr4sj41-1 (DB; + 100), 


ESB, = Prtsy41-1(CV: + 50), 


EAV, = pi4sp1-1 AVe 


tl 


For a more detailed explanation, we show here the calculations for the 
cash flows in the final two years, represented by the final two rows in 
Table 14.5. Values for AV; and CV; are taken from Table 14.4. Values 
in Table 14.5 have been rounded to the nearest dollar for presentation 
only. 


Table 14.5 Emerging profit for Type A UL policy in Example 14.3. 


AVı Pi Er I EDB; ESB; EAV; Pr; 

0 2100 —2100 
1 0 3500 70 206 66 9 2494 1067 
2 2627 3500 70 363 80 82 6045 213 
3 6173 3500 70 576 92 174 9 646 268 
4 9852 3500 70 797 100 250 13386 342 
19 86056 3500 70 5369 545 13877 78593 1839 
20 92902 3500 70 5780 656 99518 = 1938 


Table 14.6 Profit signature and emerging NPV at 10% per 
year risk discount rate for Type A UL policy in Example 14.3. 


t M, NPV, 
0 ~2100.00 2100.00 
1 1066.99 —1130.01 
3 202.59 —962.58 
3 249.02 —775.49 
4 311.49 —562.73 
19 385.26 2159.49 
20 343.44 2210.54 
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19th Year 

AV: 86 055.68 (from Table 14.4) 

Pio: 3500 

E\9: 0.02 x 3500 = 70 

Iig: 0.06 x (86056 + 3500 — 70) = 5369.14 


EDB\9:  pe4 x (DBi9 + 100) (DB from Table 14.4) 
= 0.004730 x (115 199 + 100) = 545.38 
ESB jo: py x (CVi9 +50) (CV from Table 14.4) 
= 0.995270 x 0.15 x 92952.15 = 13 876.87 
EAV19: 0.995270 x 0.85 x 92902.15 = 78 593.30 
Prio: 86 055.68 + 3 500 — 70 + 5369.14 
—545.38 — 13 876.87 — 78 593.30 = 1839.27 


20th Year 

AV 9: 92 902.15 (from Table 14.4) 

Pr: 3500 

En: 0.02 x 3500 = 70 

Ino: 0.06 x (92 902 + 3500 — 70) = 5779.93 


EDB»: pe} x (DB2) + 100) (DB from Table 14.4) 
= 0.005288 x (123996 + 100) = 656.22 
ESB: py x (CV29 + 50) (CV from Table 14.4) 
= 0.994712 x 1 x 100046.75 = 99 517.70 
EAV: 0 
Proo: 92 902.15 + 3500 — 70 + 5779.93 
—656.22 — 99 517.70 = 1938.16 


From Table 14.6, we see that the NPV of the contract is $2210. The DPP 
is seven years. 


14.3.7 No lapse guarantees 


UL policies are often offered with ‘secondary guarantees’, a term that refers to 
a range of benefits additional to the basic contract terms, sometimes offered as 
optional riders. The most common secondary guarantee for a UL policy is the 
no lapse guarantee. With this benefit, once a specified number of premiums 
have been paid in full, the death benefit cover remains in place even if no 
further premiums are paid, and even if the account value is insufficient to 
support the Col in any future year. 

For a Type A policy, ignoring corridor factors, the value of the no lapse 
guarantee can be considered by analogy with a traditional paid-up whole life 
insurance, as discussed in Chapter 7. 

Suppose the UL policy has been issued to (x), and has been in force for t 
years. The policyholder has the right to cease premiums and maintain their 
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death benefit insurance. Suppose that the face value is S and the account 
value is AV;. Assuming annual cash flows, the EPV of the death benefit is 
SAx+r. If this is less than the account value, then the assets of the policy are 
sufficient to support the no lapse guarantee. If SAx++ is greater than the account 
value, then the insurer must set aside additional reserves to cover the additional 
costs. 

It follows that the reserve for the no lapse guarantee at time ¢ can be set as 


1V"! = max(SA,+; — AV;, 0). 


Note that the expense charges and Col are not needed for this calculation. 

The no lapse guarantee may have an expiry date — that is, the death benefit 
continues up to a specified age, say x+n, without further premiums. In this 
case the reserve would be calculated using a term insurance factor 

V's = max(SA |, pag AVe O). 

In the UL profit tests above we have assumed that the insurer holds the 
full account value of the policy, but does not hold any additional reserve. The 
account value takes the role of the reserve in the profit test, with the account 
value brought forward entering the profit test as an item of income at the start 
of each time step, and the expected cost of the account value carried forward 
as an item of outgo at the end of each time step. When there are potential costs 
in excess of the account value, then there will be additional reserves brought 
forward and carried forward. 


14.3.8 Comments on UL profit testing 


As discussed in the previous section, we assume that UL reserves are the 
Account Values, together, if necessary, with additional reserves for no lapse 
guarantees or other ancillary benefits. Additional reserves will be required if 
the cost of insurance is set at a level amount. 

If there are no secondary guarantees, it might be possible to hold a reserve 
less than the full account value, to allow for the reduced payouts on surrender, 
and perhaps to take advantage of future profits from the interest spread. 

From a risk management perspective, allowing for the surrender penalty 
in advance by holding less than the account value is not ideal; surrenders 
are notoriously difficult to predict. History does not always provide a good 
model, as economic circumstances and variations in policy conditions have a 
significant impact on policyholder behaviour. In addition, surrenders are not as 
diversifiable as deaths; that is, the impact of the general economy on surrenders 
is a systematic risk, impacting the whole portfolio at the same time. 

The worked examples in this chapter are simplified to provide a better illus- 
tration of the key features of a UL contract. In particular, we have not addressed 
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the fact that the expense charge, Col and credited interest are changeable at the 
discretion of the insurer. However, there will be maximum, guaranteed rates set 
out at issue for expense and Col charges, and a minimum guaranteed credited 
interest rate. The profit test would be conducted using several assumptions for 
these charges, including the guaranteed rates. However, it may be unwise to 
set the reserves assuming the future charges and credited interest are at the 
guaranteed level. Although the insurer has the right to move charges up and 
interest down, it may be difficult, commercially, to do so unless other insurers 
are moving in the same direction. When there is so much discretion, both for 
the policyholder and the insurer, it would be usual to conduct a large number of 
profit tests with different scenarios to assess the full range of potential profits 
and losses. 


14.4 Notes and further reading 


We have assumed annual time steps for the examples in this chapter. As in 
Chapter 13, this is a simplification, applied to make the examples easier to 
follow. Typically, UL expense and Col charges would be deducted monthly. 

For UL insurance, the insurer has significant discretion about the crediting 
rate (for UL). It is common for the insurer to apply some smoothing, so 
that changes in crediting rates are not sudden or dramatic. The methods and 
impact of smoothing are beyond the scope of this text, but some information is 
available, for example, in Atkinson and Dallas (2000). 


14.5 Exercises 


Note: Several of the exercises are adapted from exam questions used by the 
Society of Actuaries (SOA) for their MLC examination. These questions are 
copyrighted to the Society of Actuaries, and are reproduced with permission. 
The convention for the SOA questions is that the ‘Col rate’ refers to the 
mortality rate used in the Col calculation, and that the rate of interest for the 
Col calculation is the same as the credited rate unless otherwise indicated. 


Shorter exercises 
Exercise 14.1 You are calculating asset shares for a portfolio of UL insurance 
policies with a death benefit of $1000 on (x), payable at the end of the year of 
death. 
You are given, for an individual policy in force throughout the fifth year: 


e The account value at the end of year 4 is $30. 
e The asset share at the end of year 4 is $20. 
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During the fifth year: 

— A premium of $20 is paid at the start of the year. 

— Annual cost of insurance charges of $2 and annual expense charges of $7 
are deducted from the account value at the start of the year. 


| 


The insurer incurs expenses of $2 at the start of the year. 

— The mortality rate for the universal life portfolio was 0.1%. 
The withdrawal rate for the portfolio was 5%. 

— The credited interest rate was 6%. 

— The investment return experienced by the insurer was 8%. 


| 


All withdrawals occur at the end of the policy year; the withdrawal benefit is 
the account value less a surrender charge of $20. 


Calculate the asset share at the end of year 5. 
(Copyright 2012. The Society of Actuaries, Schaumburg, Illinois. Repro- 
duced with permission.) 


Exercise 14.2 For a UL insurance policy with a death benefit of $50 000 plus 
the account value, you are given the following information. 


(i) 


Policy Monthly %Premium Col Rate Monthly Surrender 
Year Premium Charge permonth Expense Charge Charge 
1 300 W% 0.2% 10 500 

2 300 15% 0.3% 10 125 


(ii) The credited interest rate is i?) = 0.054. 
(iii) The cash surrender value at the end of month 11 is $1200.00. 
(iv) The cash surrender value at the end of month 13 is $1802.94. 


Calculate W%, the percent of premium charge in policy year 1. 
(Copyright 2012. The Society of Actuaries, Schaumburg, Illinois. Repro- 
duced with permission.) 


Exercise 14.3 You are given the following about a UL insurance policy on 
(60). 


(i) The death benefit equals the account value plus $200 000. 
ü) 


Age x Annual Annual Col Rate Annual Expense 
Premium per 1000 Charges 
60 5000 5.40 100 


61 5000 6.00 100 


566 Universal life insurance 


(iii) Interest is credited at 6% per year. 
(iv) Surrender value equals 93% of account value during the first two years. 
Surrenders occur at the end of the policy year. 
(v) Surrenders are 6% per year of those who survive. 
(vi) Mortality rates are gen = 0.00340 and ge; = 0.00380. 
(vii) i= 7%. 
Calculate the present value at issue of the insurer’s expected surrender 
benefits paid in the second year. 
(Copyright 2012. The Society of Actuaries, Schaumburg, Illinois. Repro- 
duced with permission.) 


Exercise 14.4 A Type A UL policy was issued t—1 years ago to (x). The face 
amount of the policy is $100 000. In the rth year, the corridor factor is 1.95; the 
Col mortality rate is 0.005, the interest rate for the Col is 4%, and the crediting 
rate is 5%. Expense charges of $25+0.4% of the account value are deducted 
from the account value at the start of each year. The account value at the start 
of the year is $49 500. No premium is paid. 

Calculate the cost of insurance charge, the additional death benefit and the 
year end account value in the tth year. 


Exercise 14.5 Fora UL insurance policy with death benefit of $100 000 issued 
to (40), you are given: 


The account value at the end of year 5 is $2 029. 

A premium of $200 is paid at the start of year 6. 

Expense charges in renewal years are $40 per year plus 10% of premium. 
The cost of insurance charge for year 6 is $400. 

Expense and cost of insurance charges are payable at the start of the year. 
Under a no lapse guarantee, after the premium at the start of year 6 is paid, 
the insurance is guaranteed to continue until the insured reaches age 65. 

If the expected present value of the guaranteed insurance coverage is greater 
than the account value, the company holds a reserve for the no lapse 
guarantee equal to the difference. The expected present value is based on 
the Standard Ultimate Survival Model at 5% interest and no expenses. 


Calculate the reserve for the no lapse guarantee, immediately after the 
premium and charges have been accounted for at the start of year 6. 

(Copyright 2012. The Society of Actuaries, Schaumburg, Illinois. Repro- 
duced with permission.) 
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Exercise 14.6 For a Type A UL policy with a death benefit of $500 000, you 
are given: 


(i) The account value at time 5 is $200 000. 
(ii) Premiums of $25 000 are payable annually at the beginning of each year. 
(iii) Expense charges are 2% of premium. 
(iv) The Col rate per $1000 in year 6 is $30. 
(v) ic = ig = 0.05. 
(vi) The policy is subject to a corridor factor of 2.5. 


Calculate the additional death benefit for this policy at time 6. 
(Copyright 2017. The Society of Actuaries, Schaumburg, Illinois. Repro- 
duced with permission.) 


Exercise 14.7 For a Type B UL policy you are given: 


AV4 = 5.000. 

The additional death benefit is $1 000 000. 

The Col rate in year 5 is $10 per $1000 of insurance. 
Expense charges are $50 per year plus 5% of premiums. 
ig = 0.045. 

The policy does not have a no lapse guarantee. 


o oO 0 OO OO 


Calculate the minimum premium to be paid at the beginning of year 5 so that 
the policy does not lapse before the next premium is paid at the beginning of 
year 6. 


Longer exercises 
Exercise 14.8 A life insurance company is profit testing a Type B UL policy 
with an additional death benefit of $150 000, issued to lives aged 35. Some 
policy information is given in the following table, based on a credited rate of 
4% per year. 


Policy Expense Col Col Surrender 
year Premium charge Mortality Interest charge 

1 4800 960 0.00231 4% 2500 

2 4800 240 0.00246 4% 1500 

3 4800 240 0.00262 4% 0 


The profit testing basis is 


568 Universal life insurance 


Mortality: 93541 = 0.0015 for t = 0, 1, 2 

Surrender: 10% of in-force policies at the end of the first year 
20% of in-force policies at the end of the second year 
100% of in-force policies at the end of the third year 


Interest: 8% on the insurer’s funds 

Pre-contract expenses: $800 

Other expenses: 25% of premium in year |, 7% in years 2 and 3; 
$500 on death 

Hurdle rate: 10% per year 


(a) Calculate the projected account value at the end of each of the first three 
years, for a policy that remains in force. 

(b) Calculate the profit vector. 

(c) Calculate the NPV. 

(d) Calculate the profit margin. 


Excel-based exercises 
Exercise 14.9 An insurer issues a Type B UL policy with a death benefit of 
$50 000 plus the account value, to (50). Premiums of $300 per month are 
payable at the start of each month. 

Expense charges in the first year are 20% of premium plus $20 each month. 
In the second year, the charges are reduced to 15% of premium plus $10 each 
month. 

The Col is calculated assuming a mortality rate of i= 0.002 for 50 < 


x< 504, and 14 = 0.003 for 51 < x < 514, and interest of 4% per year 
effective. 

The cash value is determined by deducting a surrender charge from the 
account value, with a minimum cash value of $0. The surrender charge is $500 
for surrenders during the first year, and $125 for surrenders in the second year. 

You are given that the credited interest rate is 0.45% per month throughout 
the first two years, and that the cash value is $860 at the end of the 11th month. 


Calculate the cash value for the policy at the end of the 13th month. 


Exercise 14.10 A life insurance company issues a four-year UL policy to (65). 
The main features of the contract are as follows. 


Premiums: $3 000 per year, payable yearly in advance. 

Expense charges: 4% of premium is deducted at the start of the first year; 
$100 plus 0.4% of the account value (before premium) is deducted at the 
start of each subsequent policy year. 

Col: $25 is deducted from the account value at the start of each year. 
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Death benefit: greater of $12 000 or 1.5 times the account value at the year 
end. 
Maturity benefit: 100% of the account value. 


The company uses the following assumptions in carrying out a profit test of 
this contract. 


Interest rate: 4.5% per year in year 1, 5.5% per year in year 2, and 6.5% 
per year in years 3 and 4. 

Credited interest: Earned rate minus 1%, with a 4% minimum. 

Survival model: Standard Ultimate Survival Model. 

Withdrawals: None. 

Initial expenses: $200 pre-contract expenses. 

Renewal expenses: payable annually at each premium date, initial cost 
(with first premium) $50, increasing with inflation of 2% per year. 

Risk discount rate: 8% per year. 


There are no reserves held other than the account value. 


(a) Calculate the profit signature and NPV of a newly issued contract. 

(b) Calculate the profit signature and NPV for the policy given that the 
policyholder dies in the first year of the contract. 

(c) Calculate the profit signature and NPV for the policy given that the 
policyholder survives to the contract end. 

(d) Calculate the profit signature and NPV for the policy given that the 
policyholder surrenders at the end of the second year, assuming (i) that 
the cash value is 100% of the year end account value, and then (ii) that the 
cash value is 90% of the year end account value. 

(e) Calculate the surrender penalty at time 2, as a proportion of AV2, which 
gives the same profit margin for surrendering policyholders as for policy- 
holders who remain in force throughout. 

(f) Comment on your results. 


Answers to selected exercises 


14.1 $40.96 

14.2 25% 

14.3 $380.01 

14.4 Col: $235.19, ADB: $48919.20, AV: $51 493.90 
14.5 $622.29 

14.6 $338 361 

14.7 $4862.50 
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14.8 (a) AV; = 3647.10, AV2 = 8166.38, AV3 = 12842.44 
(b) (—800, 264.78, 667.40, 572.63)’ 
(c) $245.21 (d) 2.12% 

14.9 $1464.60 

14.10 (a) (—200.00, 60.14, 109.19, 156.20, 182.16)’, $207.19 
(b) (—200, —8 917.25, 0, 0, 0)’, —$8 456.71 
(c) (—200, 113.55, 148.92, 193.14, 239.57)’, $362.23 
(d) G) (—200, 113.55, 148.92, 0, 0)’, $32.82 

(ii) (—200, 113.55, 758.40, 0, 0)’, $555.35 

(e) 3.1% 
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Emerging costs for equity-linked insurance 


15.1 Summary 


In this chapter we introduce equity-linked insurance contracts. We explore 
deterministic emerging costs techniques with examples, and demonstrate that 
deterministic profit testing cannot adequately model these contracts. 

We introduce stochastic cash flow analysis, which gives a fuller picture 
of the characteristics of the equity-linked cash flows, particularly when 
guarantees are present, and we demonstrate how stochastic cash flow analysis 
can be used to determine better contract design. 

Finally we discuss the use of quantile and conditional tail expectation 
reserves for equity-linked insurance. 


15.2 Equity-linked insurance 


In Chapter 1 we described some modern insurance contracts where the main 
purpose of the contract is investment. These contracts generally include 
some death benefit, predominantly as a way of distinguishing them from 
pure investment products, but they are designed to emphasize the investment 
opportunity, with a view to competing with pure investment products sold by 
banks and other financial institutions. Equity-linked insurance can be viewed 
as a natural development from the traditional participating insurance and 
Universal Life products, which offer both insurance and investment benefits. 

The equity-linked insurance which we explore in this chapter differs from 
Universal Life and participating insurance, in that the assets of the policyhold- 
ers are kept separate from the insurer’s main funds. In contrast, Universal Life 
premiums are combined with the general assets of the insurer, and there is 
no identifiable ‘policyholder account’. Essentially, for equity-linked contracts, 
policyholders may select the funds in which they invest, making the policies 
look very similar to collective investment products such as mutual funds in 
North America, and unit trusts in the UK, Australia and elsewhere. 
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The contracts we consider are called unit-linked policies in the UK 
and parts of Europe, variable annuities in the USA (though there is not 
necessarily any annuity component) and segregated fund policies in Canada. 
All fall under the generic title of equity-linked insurance. The basic premise of 
these contracts is that a policyholder pays a single or regular premium which, 
after deducting expenses, is invested on the policyholder’s behalf in specified 
collective investment funds. These form the policyholder’s fund. The value 
of the policyholder’s fund moves up or down each month, just like a mutual 
fund investment. Regular management charges are deducted from the fund by 
the insurer and paid into the insurer’s fund to cover expenses and insurance 
charges. 

On survival to the end of the contract term the benefit may be just the 
policyholder’s fund and no more, or there may be a guaranteed minimum 
maturity benefit (GMMB). 

On death during the term of the policy, the policyholder’s estate would 
receive the policyholder’s fund, possibly with an extra amount — for example, 
a death benefit of 110% of the policyholder’s fund means an additional death 
benefit of 10% of the policyholder’s fund at the time of death. There may also 
be a guaranteed minimum death benefit (GMDB). 

Some conventions and jargon have developed around these contracts, 
particularly in the UK where the policyholder is deemed to buy units in an 
underlying asset fund (hence ‘unit-linked’). One example is the bid-offer 
spread. If a contract is sold with a bid-offer spread of, say, 5%, only 95% of 
the premium paid is actually invested in the policyholder’s fund; the remainder 
goes to the insurer’s fund. There may also be an allocation percentage; if 
101% of the premium is allocated to units at the offer price, and there is a 5% 
bid-offer spread, then 101% of 95% of the premium (that is 95.95%) goes to the 
policyholder’s fund and the rest goes to the insurer’s fund. The bid-offer spread 
mirrors the practice in unitized investment funds that are major competitors for 
policyholders’ investments. 

Because the policyholder’s funds are not mixed with the general assets of the 
company, but are held separately, another general term for this type of contract 
is Separate Account Insurance. The fact that the policyholder’s assets are 
held separately from the insurer’s assets makes a difference to our analysis 
of these policies; the policyholder’s funds do not directly contribute to the 
insurer’s profit or loss; investment gains and losses are all passed straight to 
the policyholder. However, the policyholder’s fund contributes indirectly. The 
insurer receives income from the regular management charges that depend 
on the policyholder’s fund value; the additional death benefit cover will be 
a function of the fund value, and the cost of any guarantees offered will also 
depend on the fund value. 
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15.3 Deterministic profit testing for equity-linked insurance 


Equity-linked insurance policies are usually analysed using emerging surplus 
techniques. The process is similar to the UL profit test, except that we separate 
the cash flows into those that are in the policyholder’s fund and those that are 
income or outgo for the insurer. It is the insurer’s cash flows that are important 
in pricing, reserving, and profit projections, but since the insurer’s income 
and outgo depend on how much is in the policyholder’s fund, we must first 
project the cash flows for the policyholder’s fund and use these to project the 
cash flows for the insurer’s fund. The projected cash flows for the insurer’s 
fund can then be used to calculate the profitability of the contract using the 
profit vector, profit signature, and perhaps the NPV, IRR, profit margin and 
discounted payback period, in the same way as in Chapters 13 and 14. We 
show two examples in this section. The first assumes annual cash flows, to 
make the calculations easier to follow. The second uses monthly time steps, 
which is more realistic. 

Before we present the examples, we introduce some notation and key 
relationships. For annual time steps, the t subscript refers to the cash flows 
in the ¢th policy year. In order to project the emerging profit from the insurer’s 
cash flows, we first need to project the policyholder’s fund through the term of 
the contract, as the insurer’s cash flows depend on the fund values. The relevant 
cash flows, with notation, are described here. 


Policyholder’s fund: F, is the amount in the policyholder’s separate 
account at time f. 

Premium: P, is the total premium paid by the policyholder at time t — 1; 
the insurer will make some deductions for expenses and contingencies. 
The remainder is invested in the policyholder’s fund. 

Allocated premium: AP, is the part of the tth premium that is invested in 
the policyholder’s fund. 

Interest on policyholder’s assets: if is the assumed rate of interest earned 
on the policyholder’s fund in the tth year. It will depend on the type 
of assets available, and in practice is highly variable. In this section we 
adopt simple deterministic assumptions for i, , but in Section 15.4 we 
explore a stochastic approach. 

Management charge: MC; is the management charge deducted from the 
policyholder’s fund during the tth year. The management charge may be 
deducted at the start or the end of the year; we generally assume the year 
end in our examples. This passes to the insurer’s assets. 


So, assuming that the management charge is deducted from the policy- 
holder’s fund at the year end, we have 


F, = (F1 4 AP) 047) |= MC, (15.1) 
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The first step in a profit test of an equity-linked policy is the projection of the 
policyholder’s fund, assuming that the policyholder stays in force throughout 
the contract. This is exactly the process we used for Universal Life profit 
testing in Chapter 14. We are not directly interested in the policyholder’s fund. 
We project the fund values because the insurer cash flows in, say, the tth policy 
year depend on the fund values in respect of policies in force during the tth 
year. 

Following the conventions of profit testing, we first calculate the profit 
vector by projecting the insurer’s cash flows each year, assuming that the policy 
is in force at the start of the year. We use the following notation for the insurer’s 
cash flows and profit. Some of these terms have been introduced in previous 
chapters, and are repeated here for convenience. 


Reserve, ;_;V: Often the policyholder’s funds are sufficient for the policy- 
holder’s benefits, as maturity or surrender values. The insurer’s reserve, 
which is additional to the separate account holding the policyholder’s 
funds is only required if there are potential additional future liabilities 
that need advance reserves. If required, ;—ıV is the reserve brought 
forward to the rth year in respect of a policy in force at the start of the th 
year. 

Unallocated premium, UAP;: This is P; — AP;, which the difference 
between the full premium paid and the allocated premium paid into the 
policyholder’s fund. The unallocated premium is paid into the insurer’s 
funds. 

Expenses, £;: this refers to the projected incurred expenses. Pre-contract 
expenses will be allocated to time 0, as usual. Other expenses are 
assumed to be incurred at the start of each policy year (i.e. at time t — 1). 

Interest, /;: this is the interest income on the insurer’s assets invested 
through the tth year. 

Expected cost of death benefit, EDB,: this covers any additional death 
benefit not covered by the policyholder’s fund. That is, if the benefit paid 
at the end of the year of death is DB;, the policyholder’s fund will cover 
F,, the additional death benefit is DB, — F;. If the mortality probability 
for the tth year is ee then 


EDB, = pe, (DB; — F;). 


Expected cost of cash values, ECV;: this covers any additional cash value 
paid on surrender or at maturity, not covered by the policyholder’s fund. 
If there is a surrender penalty, so that the surrendering policyholder 
receives less than their fund value, then ECV; will be negative, i.e. 
an item of income not outgo. In the final year of the contract, there 
may be a sum payable at maturity, additional to the policyholder’s 
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fund — for example, if a guaranteed minimum maturity benefit applies. If 


the probability of surrender in the tth year is ps 1» then 


ECV, = py", (CV: — Fy), 


where, in the final year, CV; refers to the payment at maturity. 

Expected cost of year end reserve, E;V: as used throughout Chapters 13 
and 14, if Pi is the probability that a policy in force at the start of 
the fth year is still in force at the start of the (t + 1)th year, then 


BV =p% 1V. 


Assuming that the management charge is paid from the policyholder’s fund 
to the insurer at each year end, for a policy in force at the start of the year, we 
have the profit vector calculation, that is, profit emerging at time ¢ for a policy 
in force at time t — 1, 


Pr; = 11V + UAP, — E; + l + MC; EDB, ECV, ELV. (15.2) 


In practice, not all of these terms may be needed. Some policies will not 
carry reserves, and it would be common for the cash value to be equal to the 
policyholder’s fund, which would mean that the cost to the insurer (ECV;,) 
would be zero. Also, formula (15.2) may need some adjustment, for example, 
if management charges are deducted at the start of the year rather than the end. 

Once the profit vector has been calculated, the profit signature, NPV and 
profit margin can all be determined using the techniques from Chapter 13. 

The following two examples illustrate the calculations. 


Example 15.1 A 10-year equity-linked contract is issued to a life aged 55 with 
the following terms. 

The policyholder pays an annual premium of $5000. The insurer deducts 
a 5% expense allowance from the first premium and a 1% allowance from 
subsequent premiums. The remainder is invested into the policyholder’s fund. 

At the end of each year a management charge of 0.75% of the policyholder’s 
fund is transferred from the policyholder’s fund to the insurer’s fund. 

If the policyholder dies during the contract term, a benefit of 110% of 
the value of the policyholder’s year end fund (after management charge 
deductions) is paid at the end of the year of death. 

If the policyholder surrenders the contract, he receives the value of the 
policyholder’s fund at the year end, after management charge deductions. 

If the policyholder holds the contract to the maturity date, he receives the 
greater of the value of the policyholder’s fund and the total of the premiums 
paid. 
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(a) Assume the policyholder’s fund earns interest at 9% per year. Project the 
year end fund values for a contract that remains in force for 10 years. 
(b) Calculate the profit vector for the contract using the following basis. 

Survival model: The probability of dying in any year is 0.005. 

Lapses: 10% of lives in force at the year end surrender in the first year of 
the contract, 5% in the second year and none in subsequent years. All 
surrenders occur at the end of a year immediately after the management 
charge deduction. 

Initial expenses: 10% of the first premium plus $150, incurred before the 
first premium payment. 

Renewal expenses: 0.5% of the second and subsequent premiums. 

Interest: The insurer’s funds earn interest at 6% per year. 

Reserves: The insurer holds no reserves for the contract. 

(c) Calculate the profit signature for the contract. 
(d) Calculate the NPV using a risk discount rate of 15% per year effective. 


Solution 15.1 (a) The first step in a profit test is the projection of F;, assuming 
the policy is in force for the full 10-year contract. We extract from all the 
information above the parts that relate to the policyholder’s fund. 

We are given that the annual premium is $5000; 5% is deducted from 
the first premium, giving an allocated premium of AP} = 4750. In 
subsequent years, the allocated premium is 99% of the premium, so that 
for t = 2,3,...,10, AP; = 4950. 

We are also given the assumption that i = 0.09. 

The management charge in the tth year is 


MC, = 0.0075 x ((F;-1 + AP;) x 1.09), 
and, following equation (15.1), for t = 1,2,3,..., 10, we have 
F; = (F}-1 + AP;) x 1.09 — MC; = (F;_-1 + AP;) x 1.09 x 0.9925. 


The projection of the policyholder’s fund is shown in Table 15.1. The key 

to the columns of Table 15.1 is as follows. 

(1) The entries for t are the years of the contract, from time f— | to time t. 

(2) This shows the allocated premium, AP;, invested in the policyholder’s 
fund at time ¢ — 1. 

(3) This shows the fund brought forward from the previous year end. 

(4) This shows the amount in the policyholder’s fund at the year end, just 
before the annual management charge is deducted. 

(5) This shows the management charge, at 0.75% of the previous column. 

(6) This shows the remaining fund, which is carried forward to the 
next year. 


(b) 


15.3 Deterministic profit testing 577 


The sources of income and outgo for the insurer’s funds, for a contract in 

force at the start of the year, are: 

Unallocated premium: UAP, = 5000 —AP;. This is the amount the insurer 
takes when the premiums are paid. The rest goes into the policyholder’s 
fund. 

Expenses, E;: 


Initial expenses (pre-contract) of Eo = 0.1 x 5000 + 150 = 650. 
First year expenses of E; = 0 (all included in Eo). 
For t = 2,3,..., 10, Æ = 0.005 x 5000 = 25. 


Interest, /;: earned at 6% per year, so for t = 1,2,..., 10, 


Note that there are no reserves required for this policy. 

Management Charge: MC; is assumed to be received at the year end. The 
values are taken from Table 15.1. 

Expected cost of deaths: the death benefit is greater than the policyholder’s 
fund value, which means there is a cost to the insurer if the policyholder 
dies. The death benefit is 110% of F;, so the insurer’s liability if the 
policyholder dies in the tth year is 10% of F; (the rest is paid from the 
policyholder’s fund). The mortality probability is given as 0.005, so the 
expected cost of the additional death benefit is 


EDB, = 0.005 x (1.10F, — F;,) = 0.005 x 0.10F,. 


Expected cost of cash values: There is no cost to the insurer if the 
policyholder surrenders the contract early, but there is a potential cost 


Table 15.1 Projection of policyholder’s fund for Example 15.1. 


t AP; Fy Fie MC; Fi 

(1) (2) (3) (4) (5) (6) 
1 4750 0.00 5177:50 38.83 5138.67 
2 4950 5 138.67 10 996.65 82.47 10914.17 
3 4950 10914.17 17291.95 129.69 17 162.26 
4 4950 17 162.26 24 102.36 180.77 23 921.60 
5 4950 23 921.60 31 470.04 236.03 31 234.01 
6 4750 31 234.01 39 440.58 295.80 39 144.77 
7 4950 39 144.77 48 063.30 360.47 47 702.83 
8 4950 47 702.83 57 391.58 430.44 56 961.14 
9 4950 56 961.14 67 483.15 506.12 66 977.02 

10 4950 66 977.02 78 400.45 588.00 77 812.45 
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from the GMMB at maturity. The fund value at maturity is Fj9 which 
is projected to be $77 812.45. The GMMB requires a final payment of 
at least 10 x 5000. Since this is smaller than F10, there is no projected 
cost from the GMMB. 

Following equation (15.2), we have 


Pr; = UAP, = E; + L + MC; = EDB;. 


The emerging surplus is shown in Table 15.2. 

(c) For the profit signature, we multiply the tth element of the profit vector, 
Pr;, by the probability that the contract is still in force at the start of the 
year for t = 1,2,...,10. (For t = 0, the required probability is 1.) The 
values are shown in Table 15.3. 


Table 15.2 Emerging surplus for Example 15.1. 


Unallocated Management Expected 
premium Expenses Interest charge death benefit 

t UAP, Er I; MC; EDB; Pry 

0 0.00 650.00 0.00 0.00 0.00 —650.00 

1 250.00 0.00 15.00 38.83 2.57 301.26 

2 50.00 25.00 1.50 82.47 5.46 103.52 

3 50.00 25.00 1.50 129.69 8.58 147.61 

4 50.00 25.00 1.50 180.77 11.96 195.31 

5 50.00 25.00 1.50 236.03 15.62 246.91 

6 50.00 25.00 1.50 295.80 19.57 302.73 

7 50.00 25.00 1.50 360.47 23.85 363.12 

8 50.00 25.00 1.50 430.44 28.48 428.46 

9 50.00 25.00 1.50 506.12 33.49 499.14 
10 50.00 25.00 1.50 588.00 38.91 575.60 

Table 15.3 Calculation of the profit signature for Example 15.1. 
Probability Probability 

t in force Tl; t in force Tl; 
0 1.00000 —650.00 6 0.83384 252.43 
1 1.00000 301.26 7 0.82967 301.27 
2 0.89550 92.70 8 0.82552 353.70 
3 0.84647 124.95 9 0.82139 409.99 
4 0.84224 164.50 10 0.81729 470.43 
5 0.83803 206.92 
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(d) The NPV is calculated by discounting the profit signature at the risk 
discount rate of interest, r = 15%, so that 
10 
NPV = È T; (1 +r) = $531.98. 
1=0 


Example 15.2 The terms of a five-year equity-linked insurance policy issued 
to a life aged 60 are as follows. 


The policyholder pays a single premium of $10000. The insurer deducts 
3% of the premium for expenses. The remainder is invested in the 
policyholder’s fund. 

At the start of the second and subsequent months, a management charge 
of 0.06% of the policyholder’s fund is transferred to the insurer’s fund. 

If the policyholder dies during the term, the policy pays out 101% 
of all the money in her fund. In addition, the insurer guarantees a 
minimum benefit. The guaranteed minimum death benefit in the tth year 
is 10000 (1.05'—'), where t = 1,2,...,5. 

If the policyholder surrenders the contract during the first year, she 
receives 90% of the money in the policyholder’s fund. In the second 
year a surrendered contract pays 95% of the policyholder’s fund. If the 
policyholder surrenders the contract after the second policy anniversary, 
she receives 100% of the policyholder’s fund. 

If the policyholder holds the contract to the maturity date, she receives 
the money in the policyholder’s fund with a guarantee that the payout will 
not be less than $10 000. 


The insurer assesses the profitability of the contract by projecting cash flows 
on a monthly basis using the following assumptions. 


Survival model: The force of mortality is constant for all ages and equal to 
0.006 per year. 

Death benefit: This is paid at the end of the month in which death occurs. 

Lapses: Policies are surrendered only at the end of a month. The 
probability of surrendering at the end of any particular month is 0.004 
in the first year, 0.002 in the second year and 0.001 in each subsequent 
year. 

Interest: The policyholder’s fund earns interest at 8% per year effective. 
The insurer’s fund earns interest at 5% per year effective. 

Initial expenses: 1% of the single premium plus $150. 

Renewal expenses: 0.008% of the single premium plus 0.01% of the 
policyholder’s funds at the end of the previous month. Renewal expenses 
are payable at the start of each month after the first. 
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(a) Calculate the probabilities that a policy in force at the start of a month is 
still in force at the start of the next month. 

(b) Construct a table showing the projected policyholder’s fund assuming the 
policy remains in force throughout the term. 

(c) Construct a table showing the projected insurer’s fund. 

(d) Calculate the NPV for the contract using a risk discount rate of 12% 
per year. 


Solution 15.2 (a) The probability of not dying in any month is 
exp{—0.006/12} = 0.9995. 
Hence, allowing for lapses, the probability that a policy in force at the start 
of a month, at time f, say, is still in force at the start of the following month 


is as follows, where h = 4 is the timestep for this example: 


hP% n = (1 — 0.004) exp{—0.006/12} = 0.9955 in the first year, 
hP -n = (1 — 0.002) exp{—0.006/12} = 0.9975 in the second year, 


hP -n = (1 — 0.001) exp{—0.006/12} =0.9985 in subsequent years. 


(b 


wm 


Table 15.4 shows the projected policyholder’s fund at selected durations 
assuming the policy remains in force throughout the five years. Note that in 
this example the management charge is deducted at the start of the month 
rather than the end. The guaranteed minimum death benefit is also given 
in this table — in the first year this is the full premium and it increases by 
5% at the start of each year. 

The projected cash flows for the insurer’s fund are shown in Table 15.5. 
UAP;: the unallocated premium is $300 in the first month, and $0 thereafter, 
as this is a single premium policy. 

MC;: the management charge is taken from Table 15.4. In this example, it 
is assumed to be paid at the start of each month. 

E;: the expenses are described in the example; the pre-contract expenses 
are allocated to time 0. 

I, is calculated as (1.05!/!? — 1)(UAP, + MC, — E;). 

EDB, is the expected cost of additional death benefits. The death benefit at 
time tis DB; = max(1.01 x F;, GMDB,), where GMDB, is the guaranteed 
minimum death benefit shown in Table 15.4. Hence, the additional death 
benefit is 


(c 


Nee 


ADB; = DB; = Fy = max (0.01 x Fy, GMDB, = Fp ; 
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Table 15.4 Deterministic projection of the policyholder’s fund 
for Example 15.2. 


t AP; Fy MC; F; GMDB 
b 970 0.00 0.00 9762.41 10000.00 
5 0 9762.41 5.86 9819.33 10000.00 
b 0 9819.33 5.89 9876.57 10000.00 
5 0 9876.57 5.93 9934.16 10000.00 
Š 0 9934.16 5.96 9992.07 10000.00 
$ 0 9992.07 6.00 10050.33 10000.00 
1 O 10346.74 6.21 10407.07 10000.00 
lt O 10407.07 6.24 10467.74 10500.00 
2 O 11094.29 6.66 11158.97 10500.00 
2b O 11158.97 6.70 11224.03 11025.00 
3 O 11895.85 7.14 11965.20 11025.00 
3b O 11965.20 7.18 12034.96 11576.25 
4 O 12755.32 7.65 12829.68 11576.25 
4b O 12829.68 770 12904.48 12155.06 
5 O 13676.89 8.21 13756.62 12155.06 


and the expected cost of the additional death benefit in the month from 
time t — h to time t is 


EDB, = np% -n max (0.01 x F;,GMDB, — F) , 


where npg sph = 17 e~9.006/12 is the probability of death in the month. 


ECV; is the expected cost of surrender and maturity payments. In this case, 
expected profits on surrenders in the first two years are a source of income 
for the insurer’s fund since, on surrendering her policy, the policyholder 
receives less than the full amount of the policyholder’s fund. Let iB eh es n 
denote the lapse probability for the month, and let CV; denote the total cash 
value paid on surrender at time t. Then 


ECV; = PW pin (CV: — Fi). 
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Table 15.5 Deterministic projection of the insurer’s fund for Example 15.2. 


t UAP; MC; E; I; EDB; ECV; Pr; 
0 0 0.00 250.00 0.00 0.00 0.00 —250.00 
b 300 0.00 0.80 1.22 0.12 —3.90 304.20 
5 0 5.86 1.78 0.02 0.09 —3.93 7.93 
K 0 5.89 1.78 0.02 0.06 —3.95 8.01 
b 0 5.93 1.79 0.02 0.05 —3.97 8.08 
Š 0 5.96 1.79 0.02 0.05 —3.99 8.13 
5 0 6.00 1.80 0.02 0.05 —4,02 8.18 
1 0 6.21 1.83 0.02 0.05 —4.16 8.50 
1b 0 6.24 1.84 0.02 0.05 —1.05 5.42 
2 0 6.66 1.91 0.02 0.06 —1.12 5.83 
2a 0 6.70 1.92 0.02 0.06 0.00 4.74 
3 0 7.14 1.99 0.02 0.06 0.00 51 
35 0 7.18 2.00 0.02 0.06 0.00 5.14 
4 0 7.65 2.08 0.02 0.06 0.00 5.54 
4b 0 7.70 2.08 0.02 0.06 0.00 5.57 
5 0 8.21 2.17 0.02 0.00 0.00 5.99 
In the first year (i.e. for t = t, >: ..., 1), CV; = 0.9 F;, and in the second 


year CV; = 0.95 F;. For t = 22 CV, = F;. For example, for 
t= Wet gg = 0-004 x e70006/12, so 


ECV, = 0.004 x e7®006/12 x (—0.10 F;) . 


There is no projected maturity benefit other than the policyholder’s fund. 
Pr;: the expected profit at the end of the month per policy in force at the 
start of the month is calculated, following equation (15.2), as 


Pr; = UAP, — E: + MC; + l — EDB, — ECV;. 


(d) Table 15.6 shows, for selected durations, the expected profit at the end 
of the month per policy in force at the start of the th month, Pr;, the 
probability that the policy is in force at the start of the month (given only 


15.3 Deterministic profit testing 583 
Table 15.6 Calculation of the profit signature for Example 15.2. 


Probability 
t Pr; in force Tl; 

0 —250.00 1.0000 —250.00 
b 304.20 1.0000 304.20 
5 7.93 0.9955 7.90 
b 8.01 0.9910 7.94 
b 8.08 0.9866 7.97 
Š 8.13 0.9821 7.98 
6 8.18 0.9777 8.00 
1 8.50 0.9516 8.09 
Ib 5.42 0.9492 5.14 
2 5.83 0.9235 5.38 
25 4.74 0.9221 4.37 
3 5.11 0.9070 4.63 
3b 5.14 0.9056 4.66 
4 5.54 0.8908 4.93 
4b 5:57 0.8895 4.96 
5 5.99 0.8749 5.24 


that it was in force at time 0) and the profit signature, IT;, which is the 
product of these two elements. 
The net present value for this policy is calculated by summing the elements 
of the profit signature discounted to time 0 at the risk discount rate, r. 
Hence 
60 
NPV = 2M a+ 


k 


12 = $302.42. 


In both the examples in this section, the benefit involved a guarantee. In the 
first example the guarantee had no effect at all on the calculations, and in the 
second the effect was negligible. This does not mean that the guarantees are 
cost-free. In practice, even though the policyholder’s fund may earn on average 
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a return of 9% or more, the return could be very volatile. A few years of poor 
returns could generate a significant cost for the guarantee. We can explore 
the sensitivity of the emerging profit to adverse scenarios by using stress 
testing. 

In Example 15.1 there is a GMMB - the final payout is guaranteed to be at 
least the total amount invested, $50 000. Assume, as an adverse scenario, that 
the return on the policyholder’s fund is only 5% rather than 9%. The result 
is that the GMMB still has no effect, and the NPV changes from $531.98 
to $417.45. We must reduce the return assumption to 1% or lower for the 
guarantee to have any cost. However, under the deterministic model there is 
no way to turn this analysis into a price for the guarantee. 

Furthermore, the deterministic approach does not reflect the potentially huge 
uncertainty involved in the income and outgo for equity-linked insurance. The 
insurer’s cash flows depend on the policyholder’s fund, and the policyholder’s 
fund depends on market conditions. 

The deterministic profit tests described in this section can be quite mis- 
leading. The investment risks in equity-linked insurance cannot be treated 
deterministically. It is crucial that the uncertainty is properly taken into 
consideration for adequate pricing, reserving and risk management. In the 
next section we develop the methodology introduced in this section to allow 
appropriately for uncertainty. 
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For traditional insurance policies we often assume that the demographic 
uncertainty dominates the investment uncertainty — which may be a reasonable 
assumption if the underlying assets are invested in low-risk fixed interest 
securities of appropriate duration. The uncertainty involved in equity-linked 
insurance is very different. The mortality element is assumed diversifiable and 
is not usually the major factor. The uncertainty in the investment performance 
is a far more important element, and it is not diversifiable. Selling 1000 equity- 
linked contracts with GMMBs to identical lives is almost the same as issuing 
one big contract; when one policyholder’s fund dips in value, they all dip, 
increasing the chance that the GMMB will cost the insurer money for every 
contract. 

Using a deterministic profit test does not reflect the reality of the situation 
adequately in most cases. The EPV of future profit — expected in terms of 
demographic uncertainty only — does not contain any information about the 
uncertainty from investment returns. The profit measure for an equity-linked 
contract is modelled more appropriately as a random variable rather than a 
single number. This is achieved by stochastic profit testing. 
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The good news is that we have done much of the work for stochastic 
profit testing in the deterministic profit testing of the previous section. The 
difference is that in the earlier section we assumed deterministic interest and 
demographic scenarios. In this section we replace the deterministic investment 
scenarios with stochastic scenarios. The most common practical way to do this 
is with Monte Carlo simulation, which we introduced in Section 12.5, and used 
already for this purpose with interest rates in Chapter 12. 

Using Monte Carlo simulation, we generate a large number of outcomes 
for the investment return on the policyholder’s fund. The simulated returns are 
used in place of the constant investment return assumption in the determin- 
istic case. The profit test proceeds exactly as described in the deterministic 
approach, except that we repeat the test for each simulated investment return 
outcome, so we generate a random sample of outcomes for the contract, which 
we can use to determine the probability distribution for each profit measure for 
a contract. 

Typically, the policyholder’s fund may be invested in a mixed fund of 
equities or equities and bonds. The policyholder may have a choice of funds 
available, involving greater or lesser amounts of uncertainty. 

A very common assumption for returns on equity portfolios is the inde- 
pendent lognormal assumption. This assumption, which is very important in 
financial modelling, can be expressed as follows. Let R1, Ro, ... be a sequence 
of random variables, where R, represents the accumulation at time f of a unit 
amount invested in an equity fund at time ¢ — 1, so that R; — 1 is the rate of 
interest earned in the year. These random variables are assumed to be mutually 
independent, and each R; is assumed to have a lognormal distribution (see 
Appendix A). Note that if R, has a lognormal distribution with parameters y, 
and o;, then 


log R; ~ N(urn o2). 


Hence, values for R, can be simulated by simulating values for log R, and 
exponentiating. 

We demonstrate stochastic profit testing for equity-linked insurance by 
considering further the 10-year policy discussed in Example 15.1. In the 
discussion of Example 15.1 in Section 15.3 we assumed a rate of return of 9% 
per year on the policyholder’s fund. This resulted in a zero cost for the GMMB. 
We now assume that the accumulation factor for the policyholder’s fund over 
the tth policy year is R;, where the sequence {R;} a satisfies the independent 
lognormal assumption. To simplify our presentation we further assume that 
these random variables are identically distributed, with R; ~ LN (u, 0o), where 
u = 0.074928 and o = 0.15. Note that the expected accumulation factor each 
year is 
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Table 15.7 A single simulation of the profit test. 


Simulated Simulated Management 


t Zt fi charge Fund c/f Pr; I; 

a) (2) (3) (4) (5) (6) (7) 
0 —650.00 —650.00 
1 0.95518 1.24384 44.31 5 863.94 306.38 306.38 
2 —2.45007 0.74633 60.53 8010.27 83.03 74.35 
3 —1.23376 0.89571 87.07 11521.61 107.80 90.80 
4 0.55824 1.17194 144.78 19 159.03 161.70 135.51 
5 —0.62022 0.98206 {77:57 23 498.89 192.32 160.37 
6 0.01353 1.08000 230.44 30 494.26 241.69 200.52 
7 —1.22754 0.89655 238.33 31 539.16 249.06 205.61 
8 0.07758 1.09042 298.41 39 490.18 305.17 250.66 
9 —0.61893 0.98225 327.38 43 323.89 332.22 27152 

10 = —0.25283 1.03770 375.70 49 717.95 96.71 78.64 


E[R;] = e#*%"/2 = 1.09, 


which is the same as under the deterministic assumption in Section 15.3. 

Table 15.7 shows the results of a single simulation of the investment returns 
on the policyholder’s fund for the policy in Example 15.1. 

The values in column (2), labelled zj,...,z19, are simulated values from a 
N(O, 1) distribution. These values are converted to simulated values from the 
specified lognormal distribution using r; = exp{0.074928 + 0.15z;}, giving 
the annual accumulation factors shown in column (3). The values irott, are 
a single simulation of the random variables {R}. These simulated annual 
accumulation factors should be compared with the value 1.09 used in the 
calculation of Table 15.1. The values in columns (4) and (5) are calculated 
in the same way as those in columns (5) and (6) in Table 15.1, using the annual 
interest rate r; — 1 in place of 0.09. Note that in some years, for example the 
second policy year, the accumulation factor for the policyholder’s fund is less 
than one. The values in column (6) are calculated in the same way as the final 
column in Table 15.2 except that there is an extra deduction in the calculation 
of Prio of amount 


pe max(50000 — F10, 0) 


where F1ọ denotes the final fund value. This deduction was not needed in our 
calculations in Section 15.3 since, with the deterministic interest assumption, 
the final fund value, $77 812.45, was greater than the GMMB. For this 
simulation, F10 is less than the GMMB so there is a deduction of amount 


0.995 x (50000 — 49 717.95) = $280.64. 
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The values for I, are calculated by multiplying the corresponding value of 
Pr; by the probability of the policy being in force, as shown in Table 15.3. 
The values for Pr; and I; shown in Table 15.7 should be compared with 
the corresponding values in Tables 15.2 and 15.3, respectively. Using a risk 
discount rate of 15% per year, the NPV using this single simulation of the 
investment returns on the policyholder’s fund is $232.09. 

To measure the effect of the uncertainty in rates of return, we generate a 
large number, N, of sets of rates of return and for each set carry out a profit 
test as above. Let NPV; denote the net present value calculated from the ith 
simulation, for i = 1,2,...,N. Then the net present value for the policy, NPV, 
is being modelled as a random variable and {NPV} , İs a set of N independent 
values sampled from the distribution of NPV. From this sample we can estimate 
the mean, standard deviation and percentiles of this distribution. We can also 
count the number of simulations for which NPV; is negative, denoted N7, and 
the number of simulations, denoted N*, for which the final fund value is greater 
than $50 000, so that there is no liability for the GMMB. 

Let m and s be the estimates of the mean and standard deviation of NPV. 
Since N is large, we can appeal to the central limit theorem to say that a 95% 
confidence interval (CI) for E[NPV] is given by 


s 5 
m — 1.96 —, m + 1.96 =) ; 
( VN VN 
It is important whenever reporting summary results from a stochastic simula- 
tion to give some measure of the variability of the results, such as a standard 
deviation or a confidence interval. 


Calculations by the authors using N = 1000 gave the results shown 
in Table 15.8. To calculate the median and the percentiles we arrange the 
1 000 


simulated values of NPV in ascending or descending order. Let {NPV (i) };—} 
denote the simulated values for NPV arranged in ascending order. Then 
the median is estimated as (NPV(590) + NPV(s501))/2, so that 50% of the 
observations lie above the estimated median, and 50% lie above. This would 
be true for any value lying between NPV 599) and NPV(s501), and taking the 
mid-point is a conventional approach. Similarly the fifth percentile value is 
estimated as (NPV(59) + NPV,s51))/2 and the 95th percentile is estimated as 
(NPV 950) + NPV (951))/2. 

The results in Table 15.8 put a very different light on the profitability of the 
contract. Under the deterministic analysis, the profit test showed no liability 
for the guaranteed minimum maturity benefit, and the contract appeared to be 
profitable overall — the net present value was $531.98. Under the stochastic 
analysis, the GMMB plays a very important role. The value of N* shows that 
in most cases the GMMB liability is zero and so it does not affect the median. 
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Table 15.8 Results from 1 000 simulations 
of the net present value. 


E[NPV] 380.91 
SD[NPV] 600.61 
95% CI for E[NPV] (343.28, 417.74) 
Sth percentile —859.82 
Median of NPV 498.07 
95th percentile 831.51 

N- 87 

N* 897 


However, it does have a significant effect on the mean, which is considerably 
lower than the median. From the fifth percentile figure, we see that very large 
losses are possible; from the 95th percentile we see that there is somewhat less 
upside potential with this policy. Note also that an estimate of the probability 
that the net present value is negative, calculated using a risk discount rate of 
15% per year, is 


N~/N = 0.087, 


indicating a probability of around 9% that this apparently profitable contract 
actually makes a loss. 

This profit test reveals what we are really doing with the deterministic test, 
which is, approximately at least, projecting the median result. Notice how close 
the median value of NPV is to the deterministic value. 


15.5 Stochastic pricing 


Recall from Chapter 6 that the equivalence principle premium is defined such 
that the expected value of the present value of the future loss at the issue of the 
policy is zero. In fact, the expectation is usually taken over the future lifetime 
uncertainty (given fixed values for the mortality rates), not the uncertainty in 
investment returns or non-diversifiable mortality risk. This is an example of 
an expected value premium principle, where premiums are set considering 
only the expected value of future loss, not any other characteristics of the loss 
distribution. 

The example studied in Section 15.4 above demonstrates that incorporating 
a guarantee may add significant risk to a contract and that this only becomes 
clear when modelled stochastically. The risk cannot be quantified determinis- 
tically. Using the mean of the stochastic output is generally not adequate as it 
fails to protect the insurer against significant non-diversifiable risk of loss. 
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For this reason it is not advisable to use the equivalence premium principle 
when there is significant non-diversifiable risk. Instead we can use stochastic 
simulation with different premium principles. 

The quantile premium principle is similar to the portfolio percentile pre- 
mium principle in Section 6.6. This principle is based on the requirement that 
the policy should generate a profit with a given probability. We can extend this 
principle to the pricing of equity-linked policies. For example, we might be 
willing to write a contract if, using a given risk discount rate, the lower fifth 
percentile point of the net present value is positive and the expected net present 
value is at least 65% of the acquisition costs. 

The example studied throughout Section 15.4 meets neither of these require- 
ments; the lower fifth percentile point is —$859.82 and the expected net present 
value, $380.91, is 58.6% of the acquisition costs, $650. 

We cannot determine a premium analytically for this contract which would 
meet these requirements. However, we can investigate the effects of changing 
the structure of the policy. For the example studied in Section 15.4, Table 15.9 
shows results in the same format as in Table 15.8 for four changes to the policy 
structure. These changes are as follows. 


(1) Increasing the premium from $5 000 to $5 500, and hence increasing the 
GMMB to $55 000 and the acquisition costs to $700. 

(2) Increasing the annual management charge from 0.75% to 1.25%. 

(3) Increasing the expense deductions from the premiums from 5% to 6% in 
the first year and from 1% to 2% in subsequent years. 

(4) Decreasing the GMMB from 100% to 90% of premiums paid. 


In each of the four cases, the remaining features of the policy are as described 
in Example 15.1. 


Table 15.9 Results from changing the structure of the policy in 
Example 15.1. 


Change 
Increase P Increase MC Increase UAP Decrease GMMB 
ad) (2) (3) (4) 
E[NPV] 433.56 939.60 594.68 460.33 
SD[NPV] 660.67 725.97 619.75 384.96 
95% CI (392.61, 474.51) (894.60, 984.60) (556.27, 633.09) (436.47, 484.19) 
5%-ile —930.81 —617.22 —724.40 145.29 
Median of NPV 562.87 1065.66 721.74 500.00 
95%-ile 929.66 1625.44 1051.78 831.51 
N 86 78 80 46 


N* 897 882 894 939 
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Increasing the premium, change (1), makes little difference in terms of 
our chosen profit criterion. The lower fifth percentile point is still negative — 
the increase in the GMMB means that even larger losses can occur — and 
the expected net profit is still less than 65% of the increased acquisition 
costs. The premium for an equity-linked contract is not like a premium for 
a traditional contract, since most of it is unavailable to the insurer. The role of 
the premium in a traditional policy — to compensate the insurer for the risk 
coverage offered — is taken in equity-linked insurance by the management 
charge on the policyholder’s funds and any loading taken from the premium 
before it is invested. 

Increasing the management charge, change (2), or the expense loadings, 
change (3), does increase the expected net present value to the required level 
but the probability of a loss is still greater than 5%. 

The one change that meets both parts of our profit criterion is change 
(4), reducing the level of the maturity guarantee. This is a demonstration of 
the important principle that risk management begins with the design of the 
benefits. 

An alternative, and in many ways more attractive, method of setting a 
premium for such a contract is to use modern financial mathematics to both 
price the contract and reduce the risk of making a loss. We return to this topic 
in Chapter 17. 


15.6 Stochastic reserving 
15.6.1 Reserving for policies with non-diversifiable risk 


In Chapter 7 we defined a policy value as the EPV of the future loss from 
the policy (using a deterministic interest rate assumption). This, like the use 
of the equivalence principle to calculate a premium, is an example of the 
application of the expected value principle. When the risk is almost entirely 
diversifiable, the expected value principle works adequately. When the risk 
is non-diversifiable, which is usually the case for equity-linked insurance, 
the expected value principle is inadequate both for pricing, as discussed in 
Section 15.5, and for calculating appropriate reserves. 

Consider the further discussion of Example 15.1 in Section 15.4. On the 
basis of the assumptions in that section, there is a 5% chance that the insurer 
will make a loss in excess of $859.82, in present value terms calculated using 
the risk discount rate of 15% per year, on each policy issued. If the insurer has 
issued a large number of these policies, such losses could have a disastrous 
effect on its solvency, unless the insurer has anticipated the risk by reserving 
for it, by hedging it in the financial markets (which we explain in Chapter 17) 
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or by reinsuring it (which means passing the risk on by taking out insurance 
with another insurer). 

Calculating reserves for policies with significant non-diversifiable risk 
requires a methodology that takes account of more than just the expected value 
of the loss distribution. Such methodologies are called risk measures. A risk 
measure is a functional that is applied to a random loss to give a reserve value 
that reflects the riskiness of the loss. 

There are two common risk measures used to calculate reserves for non- 
diversifiable risks: the quantile reserve and the conditional tail expectation 
reserve. 


15.6.2 Quantile reserving 


A quantile reserve (also known as Value-at-Risk, or VaR) is defined in terms 
of a parameter a, where 0 < a < 1. Suppose we have a random loss L. 
The quantile reserve with parameter œ represents the amount which, with 
probability a, will not be exceeded by the loss. 

If L has a continuous distribution function, Fz, the w-quantile reserve is Qg, 
where 


Pr[L < Qu] =a, (15.3) 
so that 
Qa = Fy (a). 


If Fz is not continuous, so that L has a discrete or a mixed distribution, Qw 
needs to be defined more carefully. In the example below (which continues in 
the next section) we assume that Fz is continuous. 

To see how to apply this in practice, consider again Example 15.1 as 
discussed in Section 15.4. Suppose that immediately after issuing the policy, 
and paying the acquisition costs of $650, the insurer wishes to set up a 95% 
quantile reserve, denoted oV. In other words, after paying the acquisition costs 
the insurer wishes to set aside an amount of money, ọ V, so that, with probability 
0.95, it will be able to pay its liabilities. 

We need some notation. Let j denote the rate of interest per year assumed 
to be earned on reserves. In practice, j will be a conservative rate of interest, 
probably much lower than the risk discount rate. Let pee denote the probability 
that a policy is still in force at duration t. This is consistent with our notation 
from Chapter 8 since our underlying model for the policy contains three states: 
in force (which we denote by 0), lapsed and dead. 

The reserve, oV, is calculated by simulating N sets of future accumulation 
factors for the policyholder’s fund, exactly as in Section 15.4, and for each 
of these we calculate Pr;,;, the profit emerging at time t, t = 1,2,...,10 for 
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simulation i, per policy in force at duration ¢— 1. For simulation i, we calculate 
the EPV of the future loss, say Lj, as 


10 


00 
t-1P55 Pry. 
L; = ` : 15.4 
d+, met 


t=1 
Note that in the definition of L; we are considering future profits at times 
t= 1,2,...,10, and we have not included Pro, in the definition. 

Then oV is set equal to the upper 95th percentile point of the empirical 
distribution of L obtained from our simulations, provided that the upper 95th 
percentile is positive, so that the reserve is positive. If the upper 95th percentile 
point is negative, ọV is set equal to zero. 

Calculations by the authors, with N = 1000 and j = 0.06, gave a value for 
oV of $1259.56. Hence, if, after paying the acquisition costs, the insurer sets 
aside a reserve of $1259.56 for each policy issued, it will be able to meet its 
future liabilities with probability 0.95 provided all the assumptions underlying 
this calculation are realized. These assumptions relate to 


e expenses, 

e lapse rates, 

e the survival model, and, in particular, the diversification of the mortality risk, 

e the interest rate earned on the insurer’s fund, 

e the interest rate earned on the reserve, 

e the interest rate model for the policyholder’s fund, 

e the accuracy of our estimate of the upper 95th percentile point of the loss 
distribution. 


The reasoning underlying this calculation assumes that no adjustment to this 
reserve will be made during the course of the policy. In practice, the insurer 
will review its reserves at regular intervals, possibly annually, during the term 
of the policy and adjust the reserve if necessary. For example, if after one year 
the rate of return on the policyholder’s fund has been low and future expenses 
are now expected to be higher than originally estimated, the insurer may need 
to increase the reserve. On the other hand, if the experience in the first year has 
been favourable, the insurer may be able to reduce the reserve. The new reserve 
would be calculated by simulating the present value of the future loss from 
time ¢ = 1, using the information available at that time, and setting the reserve 
equal to the greater of zero and the upper 95th percentile of the simulated loss 
distribution. 

In our example, the initial reserve, oV = $1259.56, is around 25% of the 
annual premium, $5000. This amount is expected to earn interest at a rate, 
6%, considerably less than the insurer’s risk discount rate, 15%. Setting aside 
substantial reserves, which may not be needed when the policy matures, will 
have a serious effect on the profitability of the policy. 
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15.6.3 CTE reserving 


The quantile reserve assesses the ‘worst-case’ loss, where worst case is 
defined as the event with a 1 — œ probability. One problem with the quantile 
approach is that it does not take into consideration what the loss will be if that 
1 — a worst-case event actually occurs. In other words, the loss distribution 
above the quantile does not affect the reserve calculation. The Conditional 
Tail Expectation (or CTE) was developed to address some of the problems 
associated with the quantile risk measure. It was proposed more or less 
simultaneously by several research groups, so it has a number of names, 
including Tail Value at Risk (or Tail-VaR), Tail Conditional Expectation (or 
TCE) and Expected Shortfall. 

As for the quantile reserve, the CTE is defined using some confidence level 
a, where 0 < a < 1, and is typically 90%, 95% or 99% for reserving. 

In words, CTE, is the expected loss given that the loss falls in the worst 
1—a part of the distribution of L. The worst 1—« part of the loss distribution 
is the part above the a-quantile, Qx. If Qg falls in a continuous part of the loss 
distribution, that is, not in a probability mass, then we can define the CTE at 
confidence level œ as 


CTE, = E [LIL > Qa]. (15.5) 


If L has a discrete or a mixed distribution, then more care needs to be taken with 
the definition. If Q, falls in a probability mass, that is, if there is some € > 0 
such that Qw+e = Qa, then, if we consider only losses strictly greater than Qg, 
we are using less than the worst 1 — œ of the distribution; if we consider losses 
greater than or equal to Qa, we may be using more than the worst 1 — œ of 
the distribution. We therefore adapt the formula of equation (15.5) as follows. 
Define 6’ = max{B : Qu = Qg}. Then 


_ $ = %)Qa + (1 = p’) EILIL > Qal 


l-a 


CTE, (15.6) 


It is worth noting that, given that the CTE, is the mean loss given that the 
loss lies above the VaR at level œ (at least when the VaR does not lie in a 
probability mass) then CTE, is always greater than or equal to Qg, and usually 
strictly greater. Hence, for a given value of a, the CTE, reserve is generally 
considerably more conservative than the Qg quantile reserve. 

Suppose the insurer wishes to set a CTE 95 reserve, just after paying the 
acquisition costs, for the policy studied in Example 15.1 and throughout 
Sections 15.4, 15.5 and 15.6.2. We proceed by simulating a large number 
of times the present value of the future loss using formula (15.4), with 
the rate of interest j per year we expect to earn on reserves, exactly as in 
Section 15.6.2. From our calculations in Section 15.6.2 with N = 1000 and 
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j = 0.06, the 50 worst losses, that is, the 50 highest values of L;, ranged 
in value from $1260.76 to $7512.41, and the average of these 50 values is 
$3603.11. Hence we set the CTE 95 reserve at the start of the first year equal to 
$3603.11. 

The same remarks that were made about quantile reserves apply equally to 
CTE reserves. 


(1) The CTE reserve in our example has been estimated using simulations 
based only on information available at the start of the policy. 

(2) In practice, the CTE reserve would be updated regularly, perhaps yearly, as 
more information becomes available, particularly about the rate of return 
earned on the policyholder’s fund. If the returns are good in the early years 
of the contract, then it is possible that the probability that the guarantee 
will cost anything reduces, and part of the reserve can be released back to 
the insurer before the end of the term. 

Holding a large CTE reserve, which earns interest at a rate lower than the 
insurer’s risk discount rate, and which may not be needed when the policy 
matures, will have an adverse effect on the profitability of the policy. 


(3 


wm 


15.6.4 Comments on reserving 


The examples in this chapter illustrate an important general point. Financial 
guarantees are risky and can be expensive. Several major life insurance 
companies have found their solvency at risk through issuing guarantees that 
were not adequately understood at the policy design stage, and were not 
adequately reserved for thereafter. The method of covering that risk by holding 
a large quantile or CTE reserve reduces the risk, but at great cost in terms of 
tying up amounts of capital that are huge in terms of the contract overall. This 
is a passive approach to managing the risk and is usually not the best way to 
manage solvency or profitability. 

Using modern financial theory we can take an active approach to financial 
guarantees that for most equity-linked insurance policies offers less risk, 
and, since the active approach requires less capital, it generally improves 
profitability when the required risk discount rate is large enough to make 
carrying capital very expensive. 

The active approach to risk mitigation and management comes from option 
pricing theory. We utilize the fact that the guarantees in equity-linked insurance 
are financial options embedded in insurance contracts. There is an exten- 
sive literature available on the active risk management of financial options. 
In Chapter 16 we review the science of option risk management, at an 
introductory level, and in Chapter 17 we apply the science to equity-linked 
insurance. 
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15.7 Notes and further reading 


A practical feature of equity-linked contracts in the UK which complicates the 
analysis a little is capital and accumulation units. The premiums paid at the 
start of the contract, which are notionally invested in capital units, are subject to 
a significantly higher annual management charge than later premiums, which 
are invested in accumulation units. This contract design has been developed to 
defray the insurer’s acquisition costs at an early stage. 

Stochastic profit testing can also be used for traditional insurance. We would 
generally simulate values for the interest earned on assets, and we might also 
simulate expenses and withdrawal rates. Exercise 15.3 demonstrates this. 

For shorter term insurance, the sensitivity of the profit to the investment 
assumptions may not be very great. The major risk for such insurance is mis- 
estimation of the underlying mortality rates. This is also non-diversifiable risk, 
as underestimating the mortality rates affects the whole portfolio. It is therefore 
useful with term insurance to treat the force of mortality as a stochastic input. 

The CTE has become a very important risk measure in actuarial practice. 
It is intuitive, easy to understand and to apply with simulation output. As a 
mean, it is more robust with respect to sampling error than a quantile. The 
CTE is used for stochastic reserving and solvency testing for Canadian and US 
equity-linked life insurance. 

Hardy (2003) discusses risk measures, quantile reserves and CTE reserves 
in the context of equity-linked life insurance. In particular, she gives full 
definitions of quantile and CTE reserves, and shows how to simulate the 
emerging costs and calculate profit measures when stochastic reserving is used. 


15.8 Exercises 


Shorter exercises 
Exercise 15.1 An insurer used 1 000 simulations to estimate the present value 
of future loss distribution for a segregated fund contract. Table 15.10 shows 
the largest 100 simulated values of Lo. 


(a) Estimate Pr[Zp > 10]. 

(b) Calculate an approximate 99% confidence interval for Pr[Lo > 10]. 
(c) Estimate Qp.99(Lo). 

(d) Estimate CTEp.99(Lo). 


Excel-based exercises 
Exercise 15.2 An insurer sells a one-year variable annuity contract. The 
policyholder deposits $100, and the insurer deducts 3% for expenses and profit. 
The expenses incurred at the start of the year are 2.5% of the premium. 
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Table 15.10 Largest 100 values from 1000 simulations. 


6.255 6.321 6.399 6460 6.473 6.556 6.578 6.597 6.761 6.840 
6.865 6.918 6.949 7.042 7.106 7.152 7.337 7.379 7.413 7.430 
7.585 7.614 7.717 7.723 7.847 7.983 8.051 8.279 8.370 8.382 
8.416 8.508 8.583 8.739 8.895 8.920 8.981 9.183 9.335 9.455 
9477 9.555 9.651 9.675 9.872 9.972 10.010 10.199 10.216 10.268 
10.284 10.814 10.998 11.170 11.287 11.314 11.392 11.546 11.558 11.647 
11.840 11.867 11.966 12.586 12.662 12.792 13.397 13.822 13.844 14.303 
14.322 14.327 14.404 14.415 14.625 14.733 14.925 15.076 15.091 15.343 
15.490 15.544 15.617 15.856 16.369 16.458 17.125 17.164 17.222 17.248 
17.357 17.774 18.998 19.200 21.944 21.957 22.309 24.226 24.709 26.140 


The remainder of the premium is invested in an investment fund. At the end 
of one year the policyholder receives the fund proceeds; if the proceeds are 
less than the initial $100 investment the insurer pays the difference. 

Assume that a unit investment in the fund accumulates to R after 1 year, 
where R ~ LN(0.09, 0.18). 

Let F; denote the fund value at the year end. Let Lo denote the present value 
of future outgo minus the margin offset income random variable, assuming a 
force of interest of 5% per year, i.e. 


Lo = max(100 — 97R, 0) e 9 — (3 — 2.5). 


(a) Calculate Pr[F; < 100]. 

(b) Calculate E[F)]. 

(c) Show that the fifth percentile of the distribution of R is 0.81377. 

(d) Hence, or otherwise, calculate Qo,95 (Lo). 

(e) Let f be the probability density function of a lognormal random variable 
with parameters jz and o. Use the result (which is derived in Appendix A) 


A 


2 logA — u — 0° 
[sfovae= elite" /2 & Gace : 


o 
0 


where ® is the standard normal distribution function, to calculate 
(i) E[Zo], and 
(ii) CTE9.95(Lo). 
(f) Now simulate the year end fund, using 100 projections. Compare the 
results of your simulations with the accurate values calculated in parts 


(a)-(e). 


Exercise 15.3 A life insurer issues a special five-year endowment insurance 
policy to a life aged 50. The death benefit is $10 000 and is payable at the end 
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of the year of death, if death occurs during the five-year term. The maturity 
benefit on survival to age 55 is $20 000. Level annual premiums are payable in 
advance. 

Reserves are required at integer durations for each policy in force, are 
independent of the premium, and are as follows: 


oV =0, 1V = 3000, 2V = 6500, 3V = 10500, 4V = 15000, 5V = 0. 


The company determines the premium by projecting the emerging cash flows 
according to the projection basis given below. The profit objective is that the 
EPV of future profit must be 1/3 of the gross annual premium, using a risk 
discount rate of 10% per year. 


Projection basis 


Initial expenses: 10% of the gross premium plus $100 
Renewal expenses: 6% of the second and subsequent gross premiums 
Survival model: Standard Ultimate Survival Model 


Interest on all funds: 8% per year effective 


(a) Calculate the annual premium. 

(b) Generate 500 different scenarios for the cash flow projection, assuming 
a premium of $3740, and assuming interest earned follows a lognormal 
distribution, such that if 7, denotes the return in the tth year, 


(1+ 1,) ~ LN(0.07, 0.13). 


(i) Estimate the probability that the policy will make a loss in the final 
year, and calculate a 95% confidence interval for this probability. 

(ii) Calculate the exact probability that the policy will make a loss in the 
final year, assuming mortality exactly follows the projection basis, 
so that the interest rate uncertainty is the only source of uncertainty. 
Compare this with the 95% confidence interval for the probability 
determined from your simulations. 

(iii) Estimate the probability that the policy will achieve the profit objec- 
tive, and calculate a 95% confidence interval for this probability. 


Exercise 15.4 An insurer issues an annual premium unit-linked contract with 
a five-year term. The policyholder is aged 60 and pays an annual premium 
of $100. A management charge of 3% per year of the policyholder’s fund is 
deducted annually in advance. 

The death benefit is the greater of $500 and the amount of the fund, payable 
at the end of the year of death. The maturity benefit is the greater of $500 and 
the amount of the fund, paid on survival to the end of the five-year term. 

Mortality rates assumed are: goo = 0.0020, g61 = 0.0028, go2 = 0.0032, 
q63 = 0.0037 and q64 = 0.0044. There are no lapses. 
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(a) Assuming that interest of 8% per year is earned on the policyholder’s 
fund, project the policyholder’s fund values for the term of the contract 
and hence calculate the insurer’s management charge income. 

(b) Assume that the insurer’s fund earns interest of 6% per year. Expenses of 
2% of the policyholder’s funds are incurred by the insurer at the start of 
each year. Calculate the profit signature for the contract assuming that no 
reserves are held. 

(c) Explain why reserves may be established for the contract even though no 
negative cash flows appear after the first year in the profit test. 

(d) Explain how you would estimate the 99% quantile reserve and the 99% 
CTE reserve for this contract. 

(e) The contract is entering the final year. Immediately before the final 
premium payment the policyholder’s fund is $485. 

Assume that the accumulation factor for the policyholder’s fund each year 
is lognormally distributed with parameters u = 0.09 and o = 0.18. Let L4 
represent the present value of future loss random variable at time 4, using 
an effective rate of interest of 6% per year. 
(i) Calculate the probability of a payment under either of the guarantees. 
(ii) Calculate Q99% (L4) assuming that insurer’s funds earn 6% per year as 
before. 


Exercise 15.5 A life insurance company issues a five-year unit-linked endow- 
ment policy to a life aged 50 under which level premiums of $750 are payable 
yearly in advance throughout the term of the policy or until earlier death. 

In the first policy year, 25% of the premium is allocated to the policyholder’s 
fund, followed by 102.5% in the second and subsequent years. The units are 
subject to a bid-offer spread of 5% and an annual management charge of 1% of 
the bid value of units is deducted at the end of each policy year. Management 
charges are deducted from the unit fund before death, surrender and maturity 
benefits are paid. 

If the policyholder dies during the term of the policy, the death benefit of 
$3000 or the bid value of the units, whichever is higher, is payable at the end 
of the policy year of death. The policyholder may surrender the policy only at 
the end of each policy year. On surrender, the bid value of the units is payable 
at the end of the policy year of exit. On maturity, 110% of the bid value of the 
units is payable. The company uses the following assumptions in carrying out 
profit tests of this contract: 


Rate of growth on assets 

in the policyholder’s fund: 6.5% per year 
Rate of interest on 

insurer’s fund cash flows: 5.5% per year 
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Survival model: Standard Ultimate Survival Model 

Initial expenses: $150 

Renewal expenses: $65 per year on the second and subsequent 
premium dates 

Initial commission: 10% of first premium 

Renewal commission: 2.5% of the second and subsequent years’ 
premiums 

Risk discount rate: 8.5% per year 

Surrenders: 10% of policies in force at the end of each 


of the first three years. 


(a) Calculate the profit margin for the policy on the assumption that the 
company does not hold reserves. 

(b) (i) Explain briefly why it would be appropriate to establish reserves for 

this policy. 

(ii) Calculate the effect on the profit margin of a reserve requirement of 
$400 at the start of the second, third and fourth years, and $375 at the 
start of the fifth year. There is no initial reserve requirement. 

(c) An actuary has suggested the profit test should be stochastic, and has 
generated a set of random accumulation factors for the policyholder’s 
funds. The first stochastic scenario of annual accumulation factors for each 
of the five years is generated under the assumption that the accumulation 
factors are lognormally distributed with parameters u = 0.07 and o = 0.2. 
Using the random standard normal deviates given below, conduct the profit 
test using your simulated accumulation factors, and hence calculate the 
profit margin, allowing for the reserves as in part (b): 


—0.71873, —1.09365, 0.08851, 0.67706, 1.10300. 


Answers to selected exercises 


15.1 (a) 0.054 (b) (0.036, 0.072) (c) $17.30 (d) $21.46 
15.2 (a) 0.37040 (b) $107.87 (d) $19.54 

(e) (i)$3.46 (ii) $24.83 
15.3 (a) $3739.59 

(b) Based on one set of 500 projections: 

(i) 0.526, (0.482, 0.570) (41) 0.519 (iii) 0.508, (0.464, 0.552) 

15.4 (a) (3.00, 6.14, 9.44, 12.88, 16.50)’ 

(b) (0.27, 1.37, 2.77, 4.33, 5.76)’ 

(e)(i) 0.114 (ii) $80.50 
15.5 (a) 1.56% (b)(ii) Reduces to 0.51% (c) —1.43% 


16 
Option pricing 


16.1 Summary 


In this chapter we review the basic financial mathematics behind option 
pricing. First, we discuss the no arbitrage assumption, which is the foundation 
for all modern financial mathematics. We present the binomial model of option 
pricing, and illustrate the principles of the risk neutral and real world measures, 
and of pricing by replication. 

We discuss the Black—Scholes—Merton option pricing formula, and, in par- 
ticular, demonstrate how it may be used both for pricing and risk management. 


16.2 Introduction 


In Section 15.4 we discussed the problem of non-diversifiable risk in connec- 
tion with equity-linked insurance policies. A methodology for managing this 
risk, stochastic pricing and reserving, was set out in Sections 15.5 and 15.6. 
However, as we explained there, this methodology is not entirely satisfactory 
since it often requires the insurer to set aside large amounts of capital as 
reserves to provide some protection against adverse experience. At the end 
of the contract, the capital may not be needed, but having to maintain large 
reserves is expensive for the insurer. If experience is adverse, there is no 
assurance that reserves will be sufficient. 

Since the non-diversifiable risks in equity-linked contracts and some pension 
plans typically arise from financial guarantees on maturity or death, and since 
these guarantees are very similar to the guarantees in exchange traded financial 
options, we can use the Black—Scholes—Merton theory of option pricing to 
price and actively manage these risks. When a financial guarantee is a part of 
the benefits under an insurance policy, we call it an embedded option. 

There are several reasons why it is very helpful for an insurance company 
to understand option pricing and financial engineering techniques. The insurer 
may buy options from a third party such as a bank or a reinsurer to offset the 
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embedded options in their liabilities; a good knowledge of derivative pricing 
will be useful in the negotiations. Also, by understanding financial engineering 
methods an insurer can make better risk management decisions. In particular, 
when an option is embedded in an insurance policy, the insurer must make an 
informed decision whether to hedge the products in-house or subcontract the 
task to a third party. 

There are many different types of financial guarantees in insurance con- 
tracts. This chapter contains sufficient introductory material on financial 
engineering to enable us to study in Chapter 17 the valuation and hedging 
of options embedded within insurance policies that can be viewed as relatively 
straightforward European put or call options. 


16.3 The ‘no arbitrage’ assumption 


The ‘no arbitrage’ assumption is the foundation of modern valuation methods 
in financial mathematics. The assumption is more colloquially known as 
the ‘no free lunch’ assumption, and states quite simply that you cannot get 
something for nothing. 

An arbitrage opportunity exists if an investor can construct a portfolio that 
costs zero at inception and generates positive profits with a non-zero probabil- 
ity in the future, with no possibility of incurring a loss at any future time. 

If we assume that there are no arbitrage opportunities in a market, then 
it follows that any two securities or combinations of securities that give 
exactly the same payments must have the same price. For example, consider 
two assets priced at $A and $B which produce the same future cash flows. If 
A + B, then an investor could buy the asset with the lower price and sell the 
more expensive one. The cash flows purchased at the lower price would exactly 
match the cash flows sold, so the investor would make a risk-free profit of the 
difference between A and B. 

The no arbitrage assumption is very simple and very powerful. It enables 
us to find the price of complex financial instruments by ‘replicating’ the 
payoffs. Replication is a crucial part of the framework. This means that if 
we can construct a portfolio of assets with exactly the same payments as the 
investment in which we are interested, then the price of the investment must be 
the same as the price of the ‘replicating portfolio’. 

For example, suppose an insurer incurs a liability, under which it must 
deliver the price of one share in Superior Life Insurance Company in one 
year’s time, and the insurer wishes to value this liability. The traditional way 
to value this might be by constructing a probability distribution for the future 
value — suppose the current value is $400 and the insurer assumes the share 
price in one year’s time will follow a lognormal distribution, with parameters 
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u = 6.07 and o = 0.16. Then the mean value of the share price in one year’s 
time is e”+9°/2 = $438.25. 

The next step is to discount to current values, at, say 6% per year (perhaps 
using the long-term bond yield), to give a present value of $413.45. 

So we have a value for the liability, with an implicit risk management plan 
of putting the $413.45 in a bond, which in one year will pay $438.25, which 
may or may not be sufficient to buy the share to deliver to the creditor. It will 
almost surely be either too much or not enough. 

A better approach is to replicate the payoff, and value the cost of replication. 
In this simple case, that means holding a replicating portfolio of one share in 
Superior Life Insurance Company. The cost of this now is $400. In one year, 
the portfolio is exactly sufficient to pay the creditor, whatever the outcome. 
So, since it costs $400 to replicate the payoff, that is how much the liability 
is worth. It cannot be worth $413.45 — that would allow the company to sell 
the liability for $413.45, and replicate it for $400, giving a risk-free profit (or 
arbitrage) of $13.45. 

Replication does not require a model; we have eliminated the uncertainty in 
the payoff, and we implicitly have a risk management strategy — buy the share 
and hold it until the liability falls due. 

Although this is an extreme example, the same argument will be applied in 
this chapter and the next, even when finding the replicating portfolio is a more 
complicated process. 

In practice, in most securities markets, arbitrage opportunities arise from 
time to time and are very quickly eliminated as investors spot them and trade 
on them. Since they exist only for very short periods, assuming that they do 
not exist at all is sufficiently close to reality for most purposes. 


16.4 Options 


Options are very important financial contracts, with billions of dollars of trades 
in options daily around the world. In this section we introduce the language of 
options and explain how some option contracts operate. European options are 
perhaps the most straightforward type of options, and the most basic forms of 
these are a European call option and a European put option. 

The holder of a European call option on a stock has the right (but not the 
obligation) to buy an agreed quantity of that stock at a fixed price, known as 
the strike price, at a fixed date, known as the expiry or maturity date of the 
contract. 

Let S, denote the price of the stock at time ft. The holder of a European call 
option on this stock with strike price K and maturity date T would exercise the 
option only if Sr > K, in which case the option is worth Sr — K to the option 
holder at the maturity date. The option would not be exercised at the maturity 
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date in the case when Sr < K, since the stock could then be bought for a lower 
price in the market at that time. Thus, the payoff at time T under the option is 


(Sr — K)* = max(Sr — K,0). 


The holder of a European put option on a stock has the right (but not the 
obligation) to sell an agreed quantity of that stock at a fixed strike price, at 
the maturity date of the contract. The holder of a European put option would 
exercise the option only if Sr < K, since the holder of the option could sell the 
stock at time T for K then buy the stock at the lower price of Sr in the market 
and hence make a profit of K — Sr. In this case the option is worth K — Sr to 
the option holder at the maturity date. The option would not be exercised at the 
maturity date in the case when Sr > K, since the option holder would then be 
selling stock at a lower price than could be obtained by selling it in the market. 
Thus, the payoff at time T under a European put option is 


(K — Sr)™ = max(K — S7,0). 


In making all of the above statements, we are assuming that people act 
rationally when they exercise options. We can think of options as providing 
guarantees on prices. For example, a call option guarantees that the holder of 
the option pays no more than the strike price to buy the underlying stock at the 
maturity date. 

American options are defined similarly, except that the option holder has 
the right to exercise the option at any time before the maturity date. The names 
‘European’ and ‘American’ are historical conventions, and do not signify 
where these options are sold — both European and American options are sold 
worldwide. In this book we are concerned only with European options which 
are significantly more straightforward to price than American options. Many 
of the options embedded in life insurance contracts are European-style. 

If, at any time f¢ prior to the maturity date, the stock price S, is such that the 
option would mature with a non-zero value if the stock price did not change, 
we say that the option is ‘in-the-money’; so, a call option is in-the-money when 
S; > K, and a put option is in-the-money when K > S;. When K = S;, or even 
when K is close to S;, we say the option is ‘at-the-money’. Otherwise it is 
‘out-of-the-money’. 


16.5 The binomial option pricing model 
16.5.1 Assumptions 


Throughout Section 16.5 we use the no arbitrage principle together with a 
simple discrete time model of a stock price process called the binomial model 
to price options. 
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Although the binomial model is simple, and not very realistic, it is useful 
because the techniques we describe below carry through to more complicated 
models for a stock price process. 

We make the following assumptions. 


e There is a financial market in which there exists a risk-free asset (such as a 
zero-coupon bond) and a risky asset, which we assume here to be a stock. 
The market is free of arbitrage. 

e The financial market is modelled in discrete time. Trades occur only at 
specified time points. Changes in asset prices and the exercise date for an 
option can occur only at these same dates. 

e In each unit of time the stock price either moves up by a predetermined 
amount or moves down by a predetermined amount. This means there are 
just two possible states one period later if we start at a given time and price. 

e Investors can buy and sell assets without cost. These trades do not impact 
the prices. 

e Investors can short sell assets, so that they can hold a negative amount of an 
asset. This is achieved by selling an asset they do not own, so the investor 
‘owes’ the asset to the lender. We say that an investor is long in an asset if 
the investor has a positive holding of the asset, and is short in the asset if the 
investor has a negative holding. 


We start by considering the pricing of an option over a single time period. 
We then extend this to two time periods. 


16.5.2 Pricing over a single time period 


To illustrate ideas numerically, consider a stock whose current price is $100 
and whose price at time t = 1 will be either $105 or $90. We assume that the 
continuously compounded risk-free rate of interest is r = 0.03 per unit of time. 
Note that we must have 


90 < 100e” < 105 


since otherwise arbitrage is possible. To see this, suppose 100e” > 105. In this 
case an investor could receive $100 by short selling one unit of stock at time 
t = 0 and invest this for one unit of time at the risk-free rate of interest. At 
time tf = 1 the investor would then have $100e", part of which would be used 
to buy one unit of stock in the market to wipe out the negative holding, leaving 
a profit of either $(100e” — 105) or $(100e” — 90), both of which are positive. 
Similarly, if 100e” < 90 (which means a negative risk-free rate) selling the 
risk-free asset short and buying the stock will generate an arbitrage. 

Now, consider a put option on this stock which matures at time tf = | with 
a strike price of K = $100. The holder of this option will exercise the option 
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at time t = 1 only if the stock price goes down, since by exercising the option 
the option holder will get $100 for a stock worth $90. As we are assuming that 
there are no trading costs in buying and selling stocks, the option holder could 
use the sale price of $100 to buy stock at $90 at time t = 1 and make a profit 
of $10. 

The seller of the put option will have no liability at time t = 1 if the stock 
price rises, since the option holder will not sell a stock for $100 when it is 
worth $105 in the market. However, if the stock price falls, the seller of the put 
option has a liability of $10. 

We use the concept of replication to price this put option. This means that 
we look for a portfolio of assets at time tf = 0 that will exactly match the 
payoff under the put option at time t = 1. Since our market comprises only the 
risk-free asset and the stock, any portfolio at time t = 0 must consist of some 
amount, say $a, in the risk-free asset and some amount, $100b, in the stock (so 
that b units of stock are purchased). Then at time t = 1, the portfolio is worth 


ae’ + 105b 
if the stock price goes up, and is worth 
ae’ + 90b 


if the stock price goes down. If this portfolio replicates the payoff under the 
put option, then the portfolio must be worth 0 at time t = 1 if the stock price 
goes up, and $10 at time ¢ = 1 if the stock price goes down. To achieve this we 
require that 


ae’ + 105b = 0, 
ae’ + 90b = 10. 


Solving these equations we obtain b = —2/3 and a = 67.9312. We have 
shown that a portfolio consisting of $67.9312 of the risk-free asset and a short 
holding of —2/3 units of stock exactly matches the payoff under the put option 
at time tf = 1, regardless of the stock price at time t = 1. This portfolio is 
called the replicating, or hedge, portfolio. 

The no arbitrage principle tells us that if the put option and the replicating 
portfolio have the same value at time t = 1, they must have the same value at 
time ¢ = 0, and this then must be the price of the option, which is 


a+ 100b = $1.26. 


We can generalize the above arguments to the case when the stock price at 
time t = 0 is So, the stock price at time f = 1 is uso if the stock price 
goes up and dSo if the stock price goes down, and the strike price for the put 
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option is K. We note here that under the no arbitrage assumption, we must have 
dSo < Soe’ < uSo. Similarly, we must also have dSg < K < uSo for a contract 
to be feasible. 

The hedge portfolio consists of $a in the risk-free asset and $bSo in stock. 
Since the payoff at time t = 1 from this portfolio replicates the option payoff, 
we must have 


ae’ + buSo = 0, 
ae’ + bdSp = K — dSo, 
giving 


ue "(K — dSo) dSo — K 
a = ———— and b = ———. 
u—d Sou — d) 
The option price at time 0 is a + bSọ, the value of the hedge portfolio, which 
we can write as 


e 'q(K — dSo) (16.1) 
where 
u — e" 
= : 16.2 
q= d (16.2) 


Note that, from our earlier assumptions, 
0<q<l1. 


An interesting feature of expression (16.1) for the price of the put option is that, 
if we were to treat q as the probability of a downward movement in the stock 
price and 1 — q as the probability of an upward movement, then formula (16.1) 
could be thought of as the discounted value of the expected payoff under the 
option. If the stock price moves down, the payoff is K — dSo, with discounted 
value e~’(K — dS). If q were the probability of a downward movement in 
the stock price, then ge~'(K — dS) would be the EPV of the option payoff. 
Recall that these parameters, q and 1 — q are not the true ‘up’ and ‘down’ 
probabilities. In fact, nowhere in our determination of the price of the put 
option have we needed to know the probabilities of the stock price moving 
up or down. The parameter g comes from the binomial framework, but it is not 
the ‘real’ probability of a downward movement; it is just convenient to treat it 
as such, as it allows us to use the conventions and notation of probability. It is 
important to remember though that we have not used a probabilistic argument 
here, we have used instead a replication argument. 

It turns out that the price of an option in the binomial framework can always 
be expressed as the discounted value of the option’s ‘expected’ payoff using 
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the artificial probabilities of upward and downward price movements, | —q and 
q, respectively. The following example demonstrates this for a general payoff. 


Example 16.1 Consider an option over one time period which has a payoff 
C,, if the stock price at the end of the period is wSo, and has a payoff C4 if the 
stock price at the end of the period is dSo. Show that the option price is 


e" (Cu — q) + Cag) 
where q is given by formula (16.2). 


Solution 16.1 We construct the replicating portfolio which consists of $a in 
the risk-free asset and $bSọ in stock so that 


ae’ + buSo = Cy, 
ae’ + bdSp = C4, 


giving 


and 


e™ (Cu — q) +Caq). 


In the above example, if we treat g as the probability that the stock price at 
time t = 1 is dSo, then the expected payoff under the option at time ¢ = | is 


Cyd — q) + Ca q, 


and so the option price is the discounted expected payoff. Note that q has not 
been defined as the probability that the stock price is equal to dSọ at time 
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t = 1, and, in general, will not be equal to this probability. We emphasize that 
the probability q is an artificial construct, but a very useful one. 

Under the binomial framework that we use here, there is some real proba- 
bility that the stock price moves down or up. We have not needed to identify 
it here. The true distribution is referred to by different names, the physical 
measure, the real world measure, the subjective measure or nature’s 
measure. In the language of probability theory, it is called the P-measure. 
The artificial distribution that arises in our pricing of options is called the 
risk neutral measure, and in the language of probability theory is called the 
Q-measure. The term ‘measure’ can be thought of as interchangeable with 
‘probability distribution’. In what follows, we use EÊ to denote expectation 
with respect to the Q-measure. The Q-measure is called the risk neutral 
measure since, under the Q-measure, the expected return on every asset in 
the market (risky or not) is equal to the risk-free rate of interest, as if investors 
in this hypothetical world were neutral as to the risk in the assets. We know 
that in the real world investors require extra expected return for extra risk. We 
demonstrate risk neutrality in the following example. 


Example 16.2 Show that if Sı denotes the stock price at time tf = 1, then 
under our model E2[e~"S;] = So. 


Solution 16.2 Under the Q-measure, 


5 uso with probability 1 — q, 
| ™ | dSo with probability q. 


Then 
EL [e™"S1] =e” ((1 — q)uSo + qdS0) 
e’ —d u— e 
=F 
(Fa) (9) ) 


= So. 


The result in Example 16.2 shows that under the risk neutral measure, the 
stock price at time ¢ = 0 is the EPV under the Q-measure of the stock price 
at time ¢ = 1. We also see that the expected accumulation factor of the stock 
price over a unit time interval is e”, the same as the risk-free accumulation 
factor. Under the P-measure we expect the accumulation factor to exceed e” on 
average, as a reward for the extra risk. 
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16.5.3 Pricing over two time periods 


In the previous section we considered a single period of time and priced the 
option by finding the replicating portfolio at time t = 0. We now extend this 
idea to pricing an option over two time periods. This involves the idea of 
dynamic hedging, which we introduce by extending the numerical example 
of the previous section. 

Let us now assume that in each of our two time periods, the stock price can 
either increase by 5% of its value at the start of the time period, or decrease by 
10% of its value. We assume that the stock price movement in the second time 
period is independent of the movement in the first time period. 

As before, we consider a put option with strike price $100, but this time 
the exercise date is at the end of the second time period. As illustrated in 
Figure 16.1, the stock price at time t = 2 is $110.25 if the stock price moves up 
in each time period, $94.50 if the stock price moves up once and down once, 
and $81.00 if the stock price moves down in each time period. This means that 
the put option will be exercised if at time t = 2 the stock price is $94.50 or 
$81.00. 

In order to price the option, we use the same replication argument as in the 
previous section, but now we must work backwards from time t = 2. Suppose 
first that at time t = 1 the stock price is $105. We can establish a portfolio at 
time ¢ = | that replicates the payoff under the option at time t = 2. Suppose 
this portfolio contains $a, of the risk-free asset and b, units of stock, so that 
the replicating portfolio is worth $(a, + 105b,). Then at time t = 2, the value 
of the portfolio should be O if the stock price moves up in the second time 
period since the option will not be exercised, and the value should be $5.50 if 
the stock price moves down in the second time period since the option will be 
exercised in this case. The equations that determine a, and by are 


aye’ + 110.25b, = 0, 
aye’ + 94.5b, = 5.50, 


giving b, = —0.3492 and a, = 37.3622. This shows that the replicating 
portfolio at time t = 1, if the stock price at that time is 105, has value 
Py = dy + 105b, = $0.70. 

Similarly, if at time t = 1 the stock price is $90, we can find the replicating 
portfolio whose value at time t = 1 is $(ag + 90bqa), where the equations that 
determine ag and bg are 


age’ + 94.5bqg = 5.50, 
age’ + 81bg = 19, 
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Time 0 Time 1 Time 2 
110.25 
105 
So = 100 94.50 Stock price 
90 
81.00 
0 
P, 
Po 5.50 Option payoff 
Pa 
19 


Figure 16.1 Two-period binomial model. 


since if the stock price rises to $94.50, the payoff under the put option is $5.50, 
and if the stock price falls to $81, the payoff under the option is $19. Solving 
these two equations we find that by = —1 and ag = 97.0446. Thus, the 
replicating portfolio at time t = 1, if the stock price at that time is $90, has 
value Pg = aq + 90bg = $7.04. 

We now move back to time t = 0. At this time point we want to find a 
portfolio that replicates the possible amounts required at time t = 1, namely 
$0.70 if the stock price goes up to $105 in the first time period, and $7.04 if 
it goes down to $90. This portfolio consists of $a in the risk-free asset and b 
units of stock, so that the equations that determine a and b are 


ae’ + 105b = 0.70, 
ae’ + 90b = 7.04, 
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giving b = —0.4233 and a = 43.8049. The replicating portfolio has value Po 
at time t = 0, where 


Po = a+ 100b = $1.48 


and, by the no arbitrage principle, this is the price of the option. 

There are two important points to note about the above analysis. The first is 
a point we noted about option pricing over a single period — we do not need to 
know the true probabilities of the stock price moving up or down in any time 
period in order to find the option price. The second point is that the replicating 
portfolio is self-financing. The initial portfolio of $43.80 in the risk-free asset 
and a short holding of —0.4233 units of stock is exactly sufficient to provide 
the replicating portfolio at time t = 1 regardless of the stock price movement 
in the first time period. The replicating portfolio at time t = | then matches 
exactly the option payoff at time t = 2. Thus, once the initial portfolio has 
been established, no further injection of funds is required to match the option 
payoff at time t = 2. 

What we have done in this process is an example of dynamic hedging. 
At time t = 1 we established what portfolios were required to replicate the 
possible payoffs at time tf = 2, then at time tf = O we worked out what 
portfolio was required to provide the portfolio values required at time t = 1. 
This process works for any number of steps, but if there is a large number of 
time periods it is a time-consuming process to work backwards through time 
to construct all the hedging strategies. However, if all we want to work out 
is the option price, the result we saw for a single time period, that the option 
price is the discounted value of the expected payoff at the expiry date under 
the Q-measure, also holds when we are dealing with multiple time periods. 

In our analysis we have u = 1.05, d = 0.9 and r = 0.03. From 
formula (16.2), the probability of a downward movement in the stock price 
under the Q-measure is 


— 1.05- 8” 


q= ——— = 0.1303, 
1.05 — 0.9 


and so the expected payoff at the expiry date is 
194? + 5.5 x 2(1 — g)q = $1.5962. 
This gives the option price as 


1.5962e 70% — $1.48. 
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16.5.4 Summary of the binomial model option pricing technique 


e We use the principle of replication; we construct a portfolio that replicates 
the option’s payoff at maturity. The value of the option is the cost of 
purchasing the replicating (or hedge) portfolio. 

e We use dynamic hedging — replication requires us to rebalance the portfolio 
at each time step according to the movement in the stock price in the previous 
time step. 

e We do not use any argument involving the true probabilities of upward or 
downward movements in the stock price. However, there are important links 
between the real world (P-measure) model and the risk neutral (Q-measure) 
model. We started by assuming a two-point distribution for the stock price 
after a single time period in the real world. From this we showed that in 
the risk neutral world the stock price after a single time period also has a 
two-point distribution with the same possible values, uSg and dSo, but the 
probabilities of moving up or down are not linked to those of the real world 
model. 

e Our valuation can be written in the form of an EPV, using artificial 
probabilities that are determined by the possible changes in the stock price. 
This artificial distribution is called the risk neutral measure because the 
mean accumulation of a unit of stock under this distribution is exactly 
the accumulated value of a unit investment in the risk-free asset. Thus, an 
investor would be indifferent between investment in the risk-free asset and 
investment in the stock, under the risk neutral measure. 


The binomial model option pricing framework is clearly not very realistic, 
but we can make it more flexible by increasing the number of steps in a unit 
of time, as discussed below. If we do this, the binomial model converges to the 
Black—Scholes—Merton model, which is described in the following section. 


16.6 The Black—Scholes—Merton model 
16.6.1 The model 


Under the Black—Scholes—Merton model, we make the following assumptions. 


e The market consists of zero-coupon bonds (the risk-free asset) and stocks 
(the risky asset). 

e The stock does not pay any dividends, or, equivalently, any dividends 
are immediately reinvested in the stock. This assumption simplifies the 
presentation but can easily be relaxed if necessary. 

e Portfolios can be rebalanced (that is, stocks and bonds can be bought and 
sold) in continuous time. In the two-period binomial example we showed 
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how the replicating portfolio was rebalanced (costlessly) after the first time 
unit. In the continuous time model the stock price moves are continuous, so 
the rebalancing is (at least in principle) continuous. 

e There are no transactions costs associated with trading the stocks and bonds. 

e The continuously compounded risk-free rate of interest, r per unit time, is 
constant and the yield curve is flat. 

e Stocks and bonds can be bought or sold in any quantities, positive or 
negative; we are not restricted to integer units of stock, for example. Selling 
or buying can be transacted at any time without restrictions on the amounts 
available, and the amount bought or sold does not affect the price. 

e In the real world, the stock price, denoted S; at time t, follows a continuous 
time lognormal process with some parameters u and o. This process, 
also called geometric Brownian motion, is the continuous time version 
of the lognormal model for one year accumulation factors introduced in 
Chapter 15. 


Clearly these are not realistic assumptions. Continuous rebalancing is not 
feasible, and although major financial institutions like insurance companies 
can buy and sell assets cheaply, transactions costs will arise. We also know 
that yield curves are rarely flat. Despite all this, the Black—Scholes—Merton 
model works remarkably well, both for determining the price of options 
and for determining risk management strategies. The Black—Scholes—Merton 
theory is extremely powerful and has revolutionized risk management for non- 
diversifiable financial risks. 

A lognormal stochastic process with parameters u and ø has the following 
characteristics. 


e Over any fixed time interval, say (t,t + tT) where t > 0, the stock price 
accumulation factor, S;+7/5S;, has a lognormal distribution with parameters 
pt and o ~T, so that 


Si+r 


~p LN(ut,os/T), (16.3) 


t 


which implies that 


S 
log a ~p N(uT, o°t). 
t 


We have added the subscript P as a reminder that these statements refer to 
the real world, or P-measure, model. Our choice of parameters u and o here 
uses the standard parameterizations. Some authors, particularly in financial 
mathematics, use the same o, but use a different location parameter ju’, say, 
such that u’ = u + 07/2. It is important to check what jz represents when it 
is used as a parameter of a lognormal distribution. 
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We call log(S;4,/S;) the log-return on the stock over the time period 
(t,t + t). The parameter u is the mean log-return over a unit of time, and 
o is the standard deviation of the log-return over a unit of time. We call o 
the volatility, and it is common for the unit of time to be one year so that 
these parameters are expressed as annual rates. Some information on the 
lognormal distribution is given in Appendix A. 

e Stock price accumulation factors over non-overlapping time intervals are 
independent of each other. (This is the same as in the binomial model, 
where the stock price movement in any time interval is independent of the 
movement in any other time interval.) Thus, if S,,/S; and Sw/Sy represent 
the accumulation factors over the time intervals (t,u) and (v,w) where 
t< u < v < w, then these accumulation factors are independent of each 
other. 


The lognormal process assumed in the Black—Scholes—Merton model can be 
derived as the continuous time limit, as the number of steps increases, of 
the binomial model of the previous sections. The proof requires mathematics 
beyond the scope of this book, but we give some references in Section 16.7 for 
interested readers. 


16.6.2 The Black—Scholes—Merton option pricing formula 


Under the Black—Scholes—Merton model assumptions we have the following 
important results. 


e There is a unique risk neutral distribution, or Q-measure, for the stock price 
process, under which the stock price process, {5;};>0, is a lognormal process 
with parameters r — 07/2 and o. 

e For any European option on the stock, with payoff function h(S7) at maturity 
date T, the value of the option at time t < T denoted v(t), can be found as 
the expected present value of the payoff under the risk neutral distribution 
(Q-measure) 


v(t) = EL aaa h(Sr)] (16.4) 


where Ee denotes expectation using the risk neutral (or Q) measure, using 
all the information available up to time t. This means, in particular, that 
valuation at time ¢ assumes knowledge of the stock price at time t. 


Important points to note about this result are: 


e Over any fixed time interval, say (t,t + tT) where t > 0, the stock price 
accumulation factor, $;+7/S;, has a lognormal distribution in the risk neutral 
world with parameters (r — 07 /2)t and o /T, so that 
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She 4 EN((r—02/2)t,0/7), (16.5) 


which implies that 
S 
log i ~o N((r — 07/2)t, 071). 
t 


We have added the subscript Q as a reminder that these statements refer to 
the risk neutral, or Q-measure model. 
The expected Q-measure present value (at rate r per year) of the future stock 


price, S;+7, is the stock price now, S+. This follows from the previous point 
since 


Ee [Si /S] = exp((r — o2/2)t + 10/2) =e". 


This is the result within the Black—Scholes—Merton framework which 
corresponds to the result in Example 16.2 for the binomial model. 
The Q-measure is related to the corresponding P-measure in two ways: 


— Under the Q-measure, the stock price follows a lognormal process, as it 
does in the real world. 
— The volatility parameter, o, is the same for both measures. 


The first of these connections should not surprise us since the real world 
model, the lognormal process, can be regarded as the limit of a binomial 
process, for which, as we have seen in Section 16.5, the corresponding risk 
neutral model is also binomial; the limit as the number of steps increases 
in the (risk neutral) binomial model is then also a lognormal process. The 
second connection does not have any simple explanation. Note that the 
parameter u, the mean log-return per unit time for the P-measure, does not 
appear in the specification of the Q-measure. This should not surprise us: the 
real world probabilities of upward and downward movements in the binomial 

model did not appear in the corresponding Q-measure probability, q. 

e Formula (16.4) is the continuous-time extension of the same result for the 
single period binomial model (Example 16.1) and the two-period binomial 
model (Section 16.5.3). In both the binomial and Black—Scholes—Merton 
models, we take the expectation under the Q-measure of the payoff dis- 
counted at the risk-free force of interest. 

e A mathematical derivation of the Q-measure and of formula (16.4) is beyond 

the scope of this book. Interested readers should consult the references in 

Section 16.7. 


Now consider the particular case of a European call option with strike price K. 
The option price at time ¢ is c(t), where 


c(t) = E? Gee (Sr — K)t | (16.6) 
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To evaluate this price, first we write it as 
c(t) =e"? 8, E [(Sr/S; — K/S))*]. 
Now note that, under the Q-measure, 
Sr/S; ~ LN((r — 07 /2)(T — t), o /(T —D). 


So, letting f and F denote the lognormal probability density function and 
distribution function, respectively, of S;/S,, under the Q-measure, we have 


c(t) =e "TIS, | (x — K/S,)f (x) dx 
K/S, 
= e "T-S, / xf (x) dx — Ka — F(K/S;)) | . (16.7) 
t 
/St 


In Appendix A we derive the formula 
a l 2 
oga- u- 
JEZO dx = exp{u + 02/2} ® (=) l 
0 


where fiy is the density function of a lognormal random variable with 
parameters u and o, and ® denotes the standard normal distribution function. 
Since the mean of this random variable is 


I Xfin(x) dx = exp{u + 07/2}, 
0 


we have 


i = i= g2 
J sit = expla +0? (1 o(ee ; =) 


oO 
a 


=] 2 
Seat pns ie (ete), 
oO 


Applying this to formula (16.7) for c(t) gives 


T Pa — log(K/Si) + (r — o? /2)(T —) + 0° (T — t) 
— r(T—t) r(T—t) 
Oe as E ( a /T—t 


— oT K (: a (ee — (r — o? /2)(T — 2) 


o/T -t 
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— (=e + (r+02/2)(T — 2) 


ONT-—-t 
pe log(S;/K) + (r — o? /2)(T — t) 
= r(T—t) 
ee ( PRE, ) l 
which we usually write as 
c(t) = S,® (di (t)) — Ke" ® (hÀ), (16.8) 

where 

log(S;/K 2/2)\(T = 

sie 2 woe MSD: soa Besant estat 


(16.9) 


Since the stock price S; appears (explicitly) only in the first term of formula 
(16.8) and r appears only in the second term, this formula suggests that the 
replicating portfolio at time ¢ for the call option comprises 


e ®(d,(t)) units of the stock, with total value at time t 
St ® (di (t)), 


plus 
e a short holding of ® (d2(t)) units of zero-coupon bonds with face value K, 
maturing at time T, with a value at time t of 


—Ke"7-9® (d(H). 


Indeed, this is the self-financing replicating portfolio required at time t. We 
note though that the derivation is not quite as simple as it looks, as ® (dj (‘)) 
and ® (d2(t)) both depend on the current stock price and time. 

If the strike price is very small relative to the stock price we see that 
® (d\(t)) tends to one and ® (d2(t)) tends to zero. The replicating portfolio 
tends to a long position in the stock and zero in the bond. 

For a European put option, with strike price K, the option price at time t is 
p(t), where 


pO = EP [eK — sry], 


which, after working through the integration, becomes 


p(t) = Ke" ® (—an(t)) — S (-di (9), (16.10) 


where dı (t) and d2(t) are defined as before. The replicating portfolio for the 
put option comprises 
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e ® (—d2(t)) units of zero-coupon bonds with face value K, maturing at time 
T, with value at time t 


Ke"! ® (—d2(0)), 


plus 
e a short holding of ® (—d; (t)) units of the stock, with total value at time t 


~S, ® (—d\ (4). 


For the European call and put options, we can show that 


á d 
S; as, c(t) =S: Pdi (t) and S; dS, p(t) = —S; ®(—d, (0). 


You are asked to prove the first of these formulae as Exercise 16.2. These two 
formulae show that, for these options, the replicating portfolio has a portion 
S, dv(t)/dS; invested in the stock, and hence a portion v(t) — S;dv(t)/dS; 
invested in the bond, where v(t) is the value of the option at time t. 

This result holds generally for any option valued under the Black-Scholes- 
Merton framework. The quantity dv(t)/dS; is known as the delta of the option 
at time t. The portfolio is the delta hedge. 


Example 16.3 Let p(t) and c(t) be the prices at time ¢ for a European put and 
call, respectively, both with strike price K and remaining term to maturity T—t. 


(a) Use formulae (16.8) and (16.10) to show that, using the Black—Scholes— 
Merton framework, 


c(t) + Ke" = pt) + Si. (16.11) 


(b) Use a no-arbitrage argument to show that formula (16.11) holds whatever 
the model for stock price movements between times t and T. 


Solution 16.3 (a) From formulae (16.8) and (16.10), and using the fact that 
@(z) = 1 — ®&(—z) for any z, we have 


c(t) = S; ®(d\ (H) — Ke" PdO) 
= S,(1 — ®(—d()) — Ke"? (1 — P (—d2(®))) 
= S; — Ke "T? + pr), 


which proves (16.11). 

(b) To prove this result without specifying a model for stock price movements, 
consider two portfolios held at time t. The first comprises the call option 
plus a zero-coupon bond with face value K maturing at time T; the second 
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comprises the put option plus one unit of the stock. These two portfolios 
have current values 


ct) +Ke "TÀ and p(t) +S), 


respectively. At time T the first portfolio will be worth K if Sr < K, since 
the call option will then be worthless and the bond will pay K, and it will 
be worth Sr if Sr > K, since then the call option would be exercised 
and the proceeds from the bond would be used to purchase one unit of 
stock. Now consider the second portfolio at time 7. This will be worth K 
if Sr < K, since the put option would be exercised and the stock would 
be sold at the exercise price, K, and it will be worth Sy if Sr > K, since 
the put option will then be worthless and the stock will be worth Sy. Since 
the two portfolios have the same payoff at time T under all circumstances, 
they must have the same value at all other times, in particular at time t. 
This gives equation (16.11). 

This important result is known as put-call parity. 


Example 16.4 An insurer offers a two-year contract with a guarantee under 
which the policyholder invests a premium of $1000. The insurer keeps 3% 
of the premium to cover all expenses, then invests the remainder in a mutual 
fund. (A mutual fund is an investment that comprises a diverse portfolio 
of stocks and bonds. In the UK similar products are called unit trusts or 
investment trusts.) The mutual fund investment value is assumed to follow 
a lognormal process, with parameters u = 0.085 and o = 0.2 per year. 
The mutual fund does not pay out dividends; any dividends received from the 
underlying portfolio are reinvested. The risk-free rate of interest is 5% per 
year compounded continuously. The insurer guarantees that the payout at the 
maturity date will not be less than the original $1000 investment. 


(a) Show that the 3% expense loading is not sufficient to fund the guarantee. 

(b) Calculate the real world probability that the guarantee applies at the 
maturity date. 

(c) Calculate the expense loading that would be exactly sufficient to fund the 
guarantee. 


Solution 16.4 (a) The policyholder has, through the insurer, invested $970 in 
the mutual fund. This will accumulate over the two years of the contract to 
some random amount, $2, say. If Sz < $1000 then the insurer’s guarantee 
bites, and the insurer must make up the difference. In other words, the 
policyholder has the right at the maturity date to receive a price of $1000 
from the insurer for the mutual fund stocks. This is a two-year put option, 
with payoff at time T = 2 of 
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(1000 — S2)*. 


If the mutual fund stocks are worth more than $1000, then the policyholder 
just takes the proceeds and the insurer has no further liability. 

In terms of option pricing, we have a strike price K = $1000, a mutual 
fund stock price at time t = 0 of Sọ = $970, and a risk-free rate of interest 
of 5%. So the price of the put option at inception is 


p(0) = Ke~"" & (—d2(0)) — So® (—d) (0)) 


where 


2 
dy(0) = ESM) teto DT _ 03873 > @(—d,(0)) = 0.3493, 
o/T 


d(0) = d1 (0) — o VT = 0.1044 = @(—d2(0)) = 0.4584, 


giving 
p(O) = 414.786 — 338.794 = $75.99. 


So the 3% expense charge, $30, is insufficient to fund the guarantee cost. 
The cost of the guarantee is actually 7.599% of the initial investment. 
However, if we actually set 7.599% as the expense loading, the price of 
the guarantee would be even greater, as we would invest less money in the 
mutual fund at inception whilst keeping the same strike price. 


(b) The real world distribution of S2/So is LN(2y, v20). This means that 
log(S2/So) ~ N(2p, 20°), 
and hence 
log S2 ~ N(log So + 21, 20°). 
Then S2 ~ LN (log So + 2h, V20), which implies that 
log 1 000 — log So — 2 
Pr[S> < 1000] = o (= eee £) =o, 
oV/2 
That is, the probability of a payoff under the guarantee is 0.311. 
(c) Increasing the expense loading increases the cost of the guarantee, and 


there is no analytic method to find the expense loading, $E, which pays for 
the guarantee with an initial investment of $(1 000 — E). Figure 16.2 shows 
a plot of the expense loading against the cost of the guarantee (shown as 
a solid line). Where this line crosses the line x = y (shown as a dotted 
line) we have a solution. From this plot we see that the solution is around 
10.72% (i.e. the expense loading is around $107.2). Alternatively, Excel 
Solver gives the solution that an expense loading of 10.723% exactly funds 
the resulting guarantee. 
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Figure 16.2 Expense loading plotted against guarantee cost for Example 16.4. 


Finding the price is only the first step in the process. The beauty of the 
Black—Scholes—Merton approach is that it gives not only the price but also 
directs us in what we can do with the price to manage the guarantee risk. In 
part (a) of Example 16.4, the guarantee payoff can be replicated by investing 
$414.79 in two-year zero-coupon bonds and short selling $338.79 of the 
mutual fund stock, with a net cost of $75.99. If we continuously rebalance 
such that at any time f the bond position has value 1 000e~" 2—) @(—dp(t)) 
and the short stock position has value — S;®(—d,(f)), then this will exactly 
pay off the guarantee liability at the maturity date. 

In practice, continuous rebalancing is impossible. Rebalancing at discrete 
intervals is possible but introduces some additional cash flows, and in the next 
example we explore this issue. 


Example 16.5 Let us continue Example 16.4 above, where an insurer has 
issued a guarantee which matures in two years. The initial investment (net of 
expenses) is $970 and the maturity guarantee is $1 000. 

In Table 16.1 you are given the monthly values for the underlying mutual 
fund stock price for the two-year period, assuming a starting price of $970. 

Assume, as in Example 16.4, that the continuously compounded risk-free 
rate, r, is 5% per year. Determine the cash flows arising assuming that the 
insurer 


(a) invests the entire option cost in the risk-free asset, 
(b) invests the entire option cost in the mutual fund asset, 
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Table 16.1 Table of mutual fund stock 
prices for Example 16.5. 


Time, t St 
(months) $ 
0 970.00 
1 950.07 
2 959.99 
3 940.93 
4 921.06 
5 967.25 
6 1045.15 
7 1007.59 
8 945.97 
9 913.77 
10 932.99 
11 951.11 
12 906.11 
13 824.86 
14 831.08 
15 797.99 
16 785.86 
17 724.36 
18 707.43 
19 713.87 
20 715.14 
21 690.74 
22 675.80 
23 699.71 
24 766.66 


(c) allocates the initial option cost to bonds and the mutual fund at the outset, 
according to the Black-Scholes—Merton model, that is $414.79 to zero- 
coupon bonds and —$338.79 to the mutual fund shares, and then 

(i) never subsequently rebalances the portfolio, 
(ii) rebalances only once, at the end of the first year, and 
(iil) rebalances at the end of each month. 


Solution 16.5 We note that the guarantee ends in-the-money, with a liability 
under the put option of $(1 000 — 766.66) = $233.34 at the maturity date. 


(a) If the option cost is invested in the risk-free asset, it accumulates to 
75.99e7" = $83.98. This leaves a shortfall at maturity of $(233.34 — 
83.98) = $149.36. 
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(b) If the option cost is invested in the mutual fund asset, it will accumulate to 
75.99 x (766.66/970) = $60.06 leaving a shortfall at maturity of $173.28. 


(c) 


(i) 


(ii) 


If the insurer invests in the initial hedge portfolio, but never rebal- 
ances, 


the bond part of the hedge accumulates at the risk-free rate for the 
whole two-year period to an end value of $458.41; 

the stock part of the hedge accumulates in proportion to the mutual 
fund share price, with final value —338.79 x (766.66/970) = 
—$267.77; and 

the hedge portfolio value at maturity is then worth 458.41 — 
267.77 = $190.64, which means that the insurer is liable for an 
additional cash flow at maturity of $42.70, as the hedge portfolio 
value is less than the option guarantee cost. In this case the total 
cost of the guarantee is the initial hedge cost of $75.99 plus a final 
balancing payment of $42.70. 


If the insurer rebalances only once, at the end of the first year, the 
value of the initial hedge portfolio at that time is 


Bonds: 414.79e" = $436.05. 
Mutual fund: —338.79 (906.11/970) = —$316.48. 


So the value of the hedge portfolio immediately before rebalancing is 
$119.57. 

The rebalanced hedge is found from formula (16.10) with t = 1 
year as 


p) = Ke™ À ð (—da(1)) — $1 ® (—d\ (1) 
= 603.26 — 504.56 
= 98.70. 


This means there is a cash flow of $(119.57 — 98.70) = $20.87 back 
to the insurer, as the value of the initial hedge more than pays for the 
rebalanced hedge. 

We now track the new hedge through to the maturity date. 
Bonds: 603.26e” = $634.19. 
Mutual fund: —504.56 x (766.66/906.11) = —$426.91. 
Total hedge portfolio value: $207.28. 
We need $233.34 to pay the guarantee liability, so the insurer is liable 
for an additional cash flow of $26.06. 

So, in tabular form we have the following cash flows, where a 
positive value is a cash flow out and negative value is a cash flow 
back to the insurer. 
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Time Value of hedge Cost of Final Net cash flow 
(years) brought forward new hedge guarantee cost $ 

0 0.00 75.99 - 75.99 

1 119.57 98.70 - —20.87 

2 207.28 - 233.34 26.06 


(iii) Here, we repeat the exercise in part (b) but we now accumulate 
and rebalance each month. The results are given in Table 16.2. The 
second, third and fourth columns show the bond part, the mutual fund 
part and the total cost of the hedge required at the start of each month. 
In the final month, the total reflects the cost of the guarantee payoff. 
The fifth column shows the value of the hedge brought forward, and 
the difference between the new hedge cost and the hedge brought 
forward is the cash flow required at that time. 

We see how the rebalancing frequency affects the cash flows; 
with a monthly rebalancing frequency, all the cash flows required 
are relatively small, after the initial hedge cost. The fact that these 
cash flows are non-zero indicates that the original hedge is not self- 
financing with monthly rebalancing. However, the amounts are small, 
demonstrating that if the insurer follows this rebalancing strategy, 
there is little additional cost involved after the initial hedge cost, 
even though the final guarantee payout is substantial. The total of the 
additional cash flows after the initial hedge cost is —$12.26 in this 
case. It can be shown that the expected value of the additional cash 
flows using the P-measure is zero. 


This example demonstrates that in this case, where the option matures 
in-the-money, the dynamic hedge is remarkably efficient at converging to 
the payoff with only small adjustments required each month. If we were to 
rebalance more frequently still, the rebalancing cash flows would converge to 
zero. In practice, many hedge portfolios are rebalanced daily or even several 
times a day. 

Of course, this guarantee might well end up out-of-the-money, in which case 
the hedge portfolio would be worth nothing at the maturity date, and the insurer 
would lose the cost of establishing the hedge portfolio in the first place. The 
hedge is a form of insurance, and, as with all insurance, there is a cost even 
when there is no claim. 


16.7 Notes and further reading 


This chapter offers a very brief introduction to an important and exciting area. 
For a much more comprehensive introduction, see for example Hull (2017) 
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Table 16.2 Cash flow calculations for Example 16.5. 


Time New hedge portfolio Old hedge Net cash flow 


(months) Bonds Mutual Fund Total brought forward 


0 414.79 —338.79 75.99 0.00 -75.99 
1 446.09 —363.17 82.92 84.68 -1.76 
2 437.17 =358.37 78.80 80.99 -2.19 
3 469.69 —383.83 85.86 87.74 —1.88 
4 505.72 —411.67 94.05 95.93 -1.88 
5 441.15 —366.59 74.56 75.52 —0.96 
6 332.07 —283.53 48.54 46.88 1.66 
7 388.22 —329.43 58.79 60.11 -1.33 
8 492.86 —411.51 81.35 80.56 0.79 
9 557.18 —461.25 95.94 97.41 -1.48 
10 531.28 —445.30 85.97 88.56 -2.59 
ii 505.60 —428.81 76.78 79.54 -2.76 
12 603.26 —504.56 98.70 99.18 —0.48 
13 769.54 —617.58 151.96 146.46 5.50 
14 716.58 —628.41 148.17 150.52 -2.35 
15 847.22 —671.33 175.88 176.43 -0.55 
16 882.11 —693.88 188.22 189.62 —1.40 
17 948.97 —700.74 248.24 246.21 2.03 
18 965.94 —697.59 268.35 268.58 -0.23 
19 973.54 —707.77 265.76 266.03 —0.27 
20 981.09 —712.67 268.42 268.57 —0.15 
21 987.44 —690.59 296.84 296.83 0.01 
22 991.70 —675.80 315.90 315.90 0.00 
23 995.84 —699.71 296.13 296.13 0.00 
24 233.34 233.34 0.00 


or McDonald (2009). For a description of the history of options and option 
pricing, see Boyle and Boyle (2001). 

The proof that the binomial model converges to the lognormal model as the 
time unit, h, tends to zero is somewhat technical. The original proof is given in 
Cox et al. (1979). 

We assumed from Section 16.6.1 onwards that the stock did not pay any 
dividends. Adapting the model and results for dividends is explained in Hull 
(2017) and McDonald (2009). 


16.8 Exercises 
Shorter exercises 
Exercise 16.1 A non-dividend paying stock has a current price of $8.00. In 
any unit of time (t,t + 1) the price of the stock either increases by 25% or 
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decreases by 20%. $1 held in cash between times t and t + 1 receives interest 
to become $1.04 at time t + 1. The stock price after t time units is denoted 
by St. 


(a) Calculate the risk-neutral probability measure for the model. 

(b) Calculate the price (at time t = 0) of a derivative contract written on the 
stock with expiry date t = 2 which pays $10.00 if and only if S2 is not 
$8.00 (and otherwise pays 0). 


Longer exercises 
Exercise 16.2 Let c(t) denote the price of a call option on a non-dividend 
paying stock, using equation (16.6). Show that 


dc(t) 
dS; 


= (dı (0). 


Hint: Remember that dı (t) is a function of S;. 

Exercise 16.3 (a) Show that, under the binomial model of Section 16.5, 
E2[S,] = Soe”. 

(b) Show that, under the Black—Scholes—Merton model, 


E2[S,] = Soe”. 


Exercise 16.4 A binomial model for a non-dividend paying security with price 
S; at time ¢ is as follows: 


So = 100, 


1.1S, if the stock price rises, 


Si = . : 
0.9S, if the stock price falls. 


Zero-coupon bonds are available for all integer durations, with a risk-free rate 
of interest of 6% per time period compounded continuously. 

A derivative security pays $20 at a specified maturity date if the stock price 
has increased from the start value, and pays $0 if the stock price is at or below 
the start value at maturity. 


(a) Find the price and the replicating portfolio for the option assuming it is 
issued at t = 0 and matures at t = 1. 

(b) Now assume the option is issued at t = 0 and matures at t = 2. Find the 
price and the replicating portfolio at t = 0 and att = 1. 
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Exercise 16.5 Consider a two-period binomial model for a non-dividend 
paying security with price S; at time t, where So = 1.0, 


1.28, if the stock price rises, 


S1 = 
0.95S, if the stock price falls. 


At time t = 2 option A pays $3 if the stock price has risen twice, $2 if it has 
risen once and fallen once and $1 if it has fallen twice. 

At time t = 2 option B pays $1 if the stock price has risen twice, $2 if it has 
risen once and fallen once and $3 if it has fallen twice. 

The risk-free force of interest is 4.879% per period. You are given that the 
true probability that the price rises each period is 0.5. 


(a) Calculate the EPV (under the P-measure) of option A and show that it is 
the same as the EPV of option B. 

(b) Calculate the price of option A and show that it is different to the price of 
option B. 

(c) Comment on why the prices differ even though the expected payout is 
the same. 


Exercise 16.6 A binomial model for a non-dividend paying security with price 
S, at time t is as follows: the price at time ¢ + 1 is either 1.25 S; or 0.8 S;. The 
risk-free rate of interest is 10% per time unit effective. 


(a) Calculate the risk neutral probability measure for this model. 


The value of Sọ is 100. A derivative security with price D; at time t pays the 
following returns at time 2: 


1 if Sy = 156.25, 
D= 12 if 5, = 100, 
0 if S> = 64. 


(b) Determine Dı when S; = 125 and when Sı = 80 and hence calculate the 
value of Do. 

(c) Derive the corresponding hedging strategy, i.e. the combination of the 
underlying security and the risk-free asset required to hedge an investment 
in the derivative security. 

(d) Comment on your answer to (c) in the light of your answer to part (b). 


Excel-based exercises 
Exercise 16.7 A stock is currently priced at $400. The price of a six-month 
European call option with a strike price of $420 is $41. The risk-free rate of 
interest is 7% per year, compounded continuously. 
Assume the Black-Scholes pricing formula applies. 
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(a) Calculate the current price of a six-month European put option with the 
same exercise price. State the assumptions you make in the calculation. 

(b) Estimate the implied volatility of the stock (Hint: use Excel Solver) 

(c) Calculate the delta of the option. 

(d) Find the hedging portfolio of stock and risk-free zero-coupon bonds that a 
writer of 10 000 units of the call option should hold. 


Answers to selected exercises 


16.1 (a) Probability of increase is 0.5333, probability of decrease is 0.4667 
(b) $4.6433 

16.4 (a) $15.24 (b) $11.61 

16.5 (a) $1.81 (b) Option A: $1.633, Option B: $1.995 

16.6 (a) Probability of increase is A probability of decrease is 3 
(b) Do = 1.1019 

16.7 (a) $46.55 (b) 38.6% (c) 53.42% 
(d) Long 5342.5 shares of stock and short 17270 bonds, where each 
bond is worth $100 at time zero 


17 
Embedded options 


17.1 Summary 


In this chapter we describe financial options embedded in insurance contracts, 
focusing in particular on the most straightforward options which appear as 
guaranteed minimum death and maturity options in equity-linked life insurance 
policies effected by a single premium. We investigate pricing, valuation and 
risk management for these guarantees, performing our analysis under the 
Black—Scholes—Merton framework described in Chapter 16. 


17.2 Introduction 


The guaranteed minimum payments under an equity-linked contract usually 
represent a relatively minor aspect of the total payout under the policy, because 
the guarantees are designed to apply only in the most extreme situation of very 
poor returns on the policyholders’ funds. Nevertheless, these guarantees are not 
negligible — failure to manage the risk from apparently innocuous guarantees 
has led to significant financial problems for some insurers. 

In Chapter 15 we described profit testing of equity-linked contracts with 
guarantees, where the only risk management involved was a passive strategy 
of holding capital reserves in case the experience is adverse — or, even worse, 
holding no capital in the expectation that the guarantee will never apply. 
However, in the case when the equity-linked contract incorporates financial 
guarantees that are essentially the same as the financial options discussed in 
Chapter 16, we can use the more sophisticated techniques of Chapter 16 to 
price and manage the risks associated with the guarantees. These techniques 
are preferable to those of Chapter 15 because they mitigate the risk that the 
insurer will have insufficient funds to pay for the guarantees when necessary. 

To show how the guarantees can be viewed as options, recall Example 15.2 
in Chapter 15, where we described an equity-linked insurance contract, 
purchased by a single premium P, with a guaranteed minimum maturity benefit 


629 
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(GMMB) and a guaranteed minimum death benefit (GMDB). Consider, for 
now, the GMMB only. After some expense deductions a single premium is 
invested in an equity fund, or perhaps a mixed equity/bond fund. The fund 
value is variable, moving up and down with the underlying assets. At maturity, 
the insurer promises to pay the greater of the actual fund value and the original 
premium amount. 

Let F, denote the value of the policyholder’s fund at time ¢. Suppose that, as 
in Example 15.2, the benefit for policies still in force at the maturity date, say 
at time n, (the term is n = 5 years in Example 15.2, but more typically it would 
be 10 years or longer) is max(P, Fn). As the policyholder’s fund contributes the 
amount F, the insurer’s additional liability is A(n), where 


h(n) = max(P — Fn, 0). 
The total benefit paid for such a contract in force at the maturity date is 
Fn + h(n). 


Recognizing that the fund value process {F;};>9 may be considered anal- 
ogous to a stock price process, and that P is a fixed, known amount, the 
guarantee payoff h(n) is identical to the payoff under an n-year European 
put option with strike price $P, as described in Section 16.4. So, while in 
Chapter 15 we modelled this contract with cash flow projection, we have a 
more appropriate technique for pricing and valuation from Chapter 16, using 
the Black—Scholes—Merton framework. 

Similarly, the guaranteed minimum death benefit in an equity-linked insur- 
ance contract offers a payoff that can be viewed as an option — often a put 
option similar to that under a GMMB. 

There are a few differences between the options embedded in equity-linked 
contracts and standard options traded in markets. Two important differences 
are as follows. 


(1) The options embedded in equity-linked contracts have random terms to 
maturity. If the policyholder surrenders the contract, or dies, before the 
expiry date, the GMMB will never be paid. The GMDB expires on the 
death of the policyholder, if that occurs during the term of the contract. 


(2) The options embedded in equity-linked contracts depend on the value of 


ne 


the policyholder’s fund at death or maturity. The underlying risky asset 
process represents the value of a traded stock or stock index. The fund 
value at time t, F;, is related to the risky asset price, S;, since we assume 
the policyholder’s fund is invested in a fund with returns following traded 
stocks, but with the important difference that regular management charges 
are being deducted from the policyholder’s fund. 
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These differences mean that we must adapt the Black—Scholes—Merton theory 
of Chapter 16 in order to apply it to equity-linked insurance. 

Throughout this chapter we consider equity-linked contracts purchased by a 
single premium, P, which, after the deduction of any initial charges, is invested 
in the policyholder’s fund. This fund, before allowing for the deduction of 
any management charges, earns returns following the underlying stock price 
process, {S;}:>0. We make all the assumptions in Section 16.6.1 relating to the 
Black—Scholes—Merton framework. In particular, we assume the stock price 
process is a lognormal process with volatility o per year, and also that there is 
a risk-free rate of interest, r per year, continuously compounded. 


17.3 Guaranteed minimum maturity benefit 
17.3.1 Pricing 


From Chapter 16 we know that the price of an option is the EPV of the payoff 
under the risk neutral probability distribution, discounting at the risk-free rate. 
Suppose a GMMB under a single premium contract guarantees that the payout 
at maturity, n years after the issue date of the contract, will be at least equal 
to the single premium, P. Then the option payoff, as mentioned above, is 
h(n) = max(P — F,,0), because the remainder of the benefit, Fa, will be 
paid from the policyholder’s fund. This payoff is conditional on the policy 
remaining in force until the maturity date. In order to price the guarantee 
we assume that the survival of a policyholder for n years, taking account 
of mortality and lapses, is independent of the fund value process and is a 
diversifiable risk. For simplicity here we ignore surrenders and assume all 
policyholders are aged x at the commencement of their policies, and are all 
subject to the same survival model. Under these assumptions, the probability 
that a policy will still be in force at the end of the term is „px. 

Consider the situation at the issue of the contract. If the policyholder does 
not survive n years, the GMMB does not apply at time n, and so the insurer 
does not need to fund the guarantee in this case. If the policyholder does 
survive n years, the GMMB does apply at time n, and we know that the amount 
required at the issue of the contract to fund this guarantee is 


EÈ [e-™ (P — Fa)” ]. 
Thus, the expected amount (with respect to mortality and lapses) required by 
the insurer at the time of issue per contract issued is 7 (0), where 


(0) = npx ES [e7™ (P — Fn)*]. 


Note that we are adopting a mixture of two different methodologies here. The 
non-diversifiable risk from the stock price process, which channels through to 
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Fn, is priced using the methodology of Chapter 16, whereas the mortality risk, 
which we have assumed to be diversifiable, is priced using the expected value 
principle. 

Suppose that the total initial expenses are a proportion e of the single 
premium, and the management charge is a proportion m of the policyholder’s 
fund, deducted at the start of each year after the first. Then 


n—1 Sn 
So. 


F, = P(1—e)(1 — m) 


Since we are interested in the relative increase in S;, we can assume Sọ = 1 
without any loss of generality. (We interpret the stock price process {S;}:>0 
as an index for the fund assets; as an index, we can arbitrarily set Sọ to any 
convenient value.) Then 


Fy = P(L—e)(1~m)""'Sy. 
The value of the guarantee can be written 


z0) = „Px EÈ [emer -P1 -8(1— m)"1S)*] 
= Pp, Ee [e (1-4-94 - mrs.) | 
= P npx& Ee aa Gi — s) | 


where the expense factor = (1 — e)(1 — m)"—! is a constant. We can now 
apply formula (16.10) for the price of a put option, setting the strike price for 
the option per unit of guarantee, K = £7 !. Then the price at the issue date of a 
GMMB, guaranteeing a return of at least the premium P, is 


(0) = Pape § (E PCa) -PC 0) 07 
= P „px (e'" ®(—d2(0)) — £ (—d1 (0))) 
where 
logé + (r+.07/2)n 
o./n 

The return of premium guarantee is a common design for a GMMB, but many 
other designs are sold. Any guarantee can be viewed as a financial option. 
Suppose h(n) denotes a general payoff function for a GMMB when it matures 


at time n years. In equation (17.1) the payoff function is h(n) = (P — F,)*. In 
other cases when the only random quantity in the payoff function is the fund 


d\(0) = and = d)(0) = dı (0) — o Jn. 
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value at maturity, we can use exactly the same approach as in equation (17.1), 
so that the value of the GMMB is always 


(0) = npr EB? [e“™h(n)].. 


Example 17.1 Consider a 10-year equity-linked contract issued to a life aged 
60, with a single premium of P = $10000. After a deduction of 3% for initial 
expenses, the premium is invested in an equity fund. An annual management 
charge of 0.5% is deducted from the fund at the start of every year except the 
first. 

The contract carries a guarantee that the maturity benefit will not be less 
than the single premium, P. 

The risk-free rate of interest is 5% per year, continuously compounded, and 
stock price volatility is 25% per year. 


(a) Calculate the cost at issue of the GMMB as a percentage of the single 
premium, assuming there are no lapses and that the survival model is 
Makeham’s law with A = 0.0001, B = 0.00035 and c = 1.075. 

(b) Now suppose that, allowing for mortality and lapses, the insurer expects 
only 55% of policyholders to maintain their policies to maturity. Calculate 
the revised cost at issue of the GMMB as a percentage of the single 
premium, commenting on any additional assumptions required. 


Solution 17.1 (a) With n = 10, we have 
€ = (1 — 0.03)(1 — 0.005)? = 0.927213, 


l 2/2 
iw 1085 Hets [2)" _ 9.932148, 


d2 (0) = dı (0) — o yn = 0.141579, 


Ee [et 109] = 0.106275 P 
and 10p60 = 0.673958 so that 
(0) = 0.0716P. 


That is, the option cost, assuming no lapses, is 7.16% of the single 
premium. 

(b) If we assume that precisely 55% of policies issued reach maturity, the 
option value per policy issued is reduced to 0.55 E? (ea h(10)] = 
0.55 x 0.106275P = 5.85% of the single premium. 

The assumption that 55% of policies reach maturity is reasonable if we 
assume that survival, allowing for mortality and lapses, is a diversifiable 
risk which is independent of the stock price process. In practice, lapse 
rates may depend on the fund’s performance so that this assumption may 
not be reasonable. 
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17.3.2 Reserving 


We have already defined the reserve for an insurance contract as the capital set 
aside during the term of a policy to meet future obligations under the policy. 
In Chapter 15 we demonstrated a method of reserving for financial guarantees 
using a stochastic projection of the net present value of future outgo minus 
income, where we set the reserve to provide adequate resources in the event 
that investment experience for the portfolio was adverse. 

Using the Black—Scholes—Merton approach, the value of the guarantee is 
interpreted as the value of the portfolio of assets that hedges, or replicates, the 
payoff under the guarantee. The insurer may use the cost of the guarantee to 
purchase appropriate options from another financial institution. If the mortality 
and lapse experiences follow the basis assumptions, the payoffs from the 
options will be precisely the amounts required for the guarantee payments. 
There is usually no need to hold further reserves since any reserve would cover 
only the future net expenses of maintaining the contract, which are, usually, 
fully defrayed by the future management charge income. 

Increasingly, insurers are hedging their own guarantees. This should be less 
expensive than buying options from a third party, but requires the insurer to 
have the necessary expertise in financial risk management. When the insurer 
retains the risk, the contribution to the policy reserve for the guarantee will be 
the cost of maintaining the replicating portfolio. We saw in Chapter 16 that the 
cost of the replicating portfolio at time t, before an option matures, is the price 
of the option at time t. 

Suppose we consider the GMMB from Section 17.3.1, where the guarantee 
liability for the insurer at maturity, time n, is (P — F,)*, and where the issue 
price was 7r (0) from equation (17.1). The contribution to the reserve at time t, 
where 0 < t < n, for the GMMB, assuming the contract is still in force at time 
t, is the value at ¢ of the option, which is 


T) =P pipin (MP (dr) = ESD (0), 
where 


log(é S) + (r +07/2)(n — t) 
Oa/n—t 


Note here that the expense factor € = (1 — e)(1 — m)"—! does not depend on 
t, but the reserve at time t does depend on the stock price at time t, Sz. 

For a more general GMMB, with payoff h(n) on survival to time n, the 
contribution to the reserve is 


d\(t) = and do(t)=d\(t) -oV/n—-t. 


a) = nper E [eh], 
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where E? denotes the expectation at time t with respect to the Q-measure. 
In particular, E? assumes knowledge of the stock price process at t, Sz. 

In principle, the hedge for the maturity guarantee will (under the basis 
assumptions) exactly pay off the guarantee liability, so there should be no need 
to apply stochastic reserving methods. In practice though, it is not possible 
to hedge the guarantee perfectly, as the assumptions of the Black-Scholes- 
Merton formula do not apply exactly. The insurer may hold an additional 
reserve over and above the hedge cost to allow for unhedgeable risk and 
for the risk that lapses, mortality and volatility do not exactly follow the 
basis assumptions. Determining an appropriate reserve for the unhedgeable 
risk is beyond the scope of this book, but could be based on the stochastic 
methodology described in Chapter 15. 


Example 17.2 Assume that the policy in Example 17.1 is still in force six 
years after it was issued to a life aged 60. Assuming there are no lapses, 
calculate the contribution to the reserve from the GMMB at this time given 
that, since the policy was purchased, the value of the stock has 


(a) increased by 45%, and 
(b) increased by 5%. 


Solution 17.2 (a) Recall that in the option valuation we have assumed that 
the return on the fund, before management charge deductions, is modelled 
by the index {S;};>0, where So = 1. We are given that Sg = 1.45. Then 


(6) = P apo (e~"&(—da(6)) ~ &S6(—di(6))) 
where 


log(é S) + (r+ 07/2)(10 — $) 
oVJ/10-t 


and € = 0.927213 as in Example 17.1. So 


d\(t) = and d(t) = d\(t) —oV10—1, 


dı(6) = 1.241983 and d2(6) = 0.741983, 
and as 4p66 = 0.824935, 
z (6) = 0.035892P = $358.92. 


(b) For Se = 1.05, we have z (6) = $905.39. 
A lower current fund value means that the guarantee is more likely to mature 


in-the-money and so a larger reserve is required. 
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17.4 Guaranteed minimum death benefit 
17.4.1 Pricing 


Not all equity-linked insurance policies carry GMMBs, but most carry GMDBs 
of some kind to distinguish them from regular investment products. The most 
common guarantees on death are a fixed or an increasing minimum death 
benefit. In Canada, for example, contracts typically offer a minimum death 
benefit of the total amount of premiums paid. In the USA, the guaranteed 
minimum payout on death might be the accumulation at some fixed rate of 
interest of all premiums paid. In the UK, the benefit might be the greater of the 
total amount of premiums paid and, say, 101% of the policyholder’s fund. 

We approach GMDBs in the same way as we approached GMMBs. Consider 
an n-year policy issued to a life aged x under which the payoff under the 
GMDB is A(t) if the life dies at age x + t, where t < n. If the insurer knew 
at the issue of the policy that the life would die at age x + t, the insurer could 
cover the guarantee by setting aside 


v0, 1) = E£ fe" hA ] 


at the issue date, where Q is again the risk neutral measure for the stock price 
process that underlies the policyholder’s fund. 

We know from Chapter 2 that the probability density associated with death 
at age x + t for a life now aged x is ;py[4x4+1, and so the amount that should 
be set aside to cover the GMDB, denoted z (0), is found by averaging over the 
possible ages at death, x + t, so that 


n 


m(0) = / V(O, £) Px Ux+t dt. (17.2) 
0 
If the death benefit is payable at the end of the month of death rather than 
immediately, the value of the guarantee becomes 


12n 
(0) =} v 0,j/12) mlg d (17.3) 
j=l 
Notice that (17.2) and (17.3) are similar to formulae we have met in earlier 
chapters. For example, the EPV of a term insurance benefit of $S payable 
immediately on the death within n years of a life currently aged x is 


n 
f Sv" iPx MUx+t dt. (17.4) 
0 


There are similarities and differences between (17.2) and (17.4). In each 
expression we are finding the expected amount required at time 0 to provide a 
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death benefit (and in each case we require 0 at time n with probability ,p,). In 
expression (17.4) the amount required if death occurs at time ¢ is the present 
value of the payment at time ¢, namely Sv’, whereas in expression (17.2) v(0, £) 
is the amount required at time 0 in order to replicate the (possible) payment at 
time t. 


Example 17.3 An insurer issues a five-year equity-linked insurance policy to 

a life aged 60. A single premium of P = $10 000 is invested in an equity fund. 

Management charges of 0.25% are deducted at the start of each month. At the 

end of the month of death before age 65, the death benefit is the accumulated 

amount of the investment with a GMDB equal to the accumulated amount of 

the single premium, with interest at 5% per year compounded continuously. 
Calculate the value of the guarantee on the following basis. 


e Survival model: Makeham’s law with A = 0.0001, B = 0.00035 and 
c = 1.075 

e Risk-free rate of interest: 5% per year, continuously compounded 

e Volatility: 25% per year 


Solution 17.3 As in previous examples, let {S;};>0 be an index of prices for the 
equity fund, with So = 1, and let m = 0.0025 denote the monthly management 
charge. Then the payoff if death occurs in the month from time k — b to k, for 


h(k) = max(Pe®* — F, 0) 


where 
Fx = P Sk (1 — my), 
so that 
i 0.05k 
h(k) = P(1 — m) max U — m% — Sk, 0 . 
For any value of k (k = b +: Sony ), the payoff is a multiple of the 


payoff under a put option with strike price e?-°*/(1 — m)!?*. Before applying 
formula (16.10) to value this option, it is convenient to extend the notation for 
d,(t) and d2(t) in formula (16.9) to include the maturity date, so we now write 
these as dı (t, T) and d2(t, T) where T is the maturity date. 

We can now apply formula (16.10) with strike price e%9*/(1 — m)!*, 
which we discount at the risk-free rate of r = 0.05, to obtain the first term 
in formula (16.10) as ®(—d>(0,k))/(1 — m)!**. Thus, if v(0, k) denotes the 
value at time 0 of the guarantee at time k, then 
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®(—d2(0,k)) 
d = m) |2k 


v(0,k) = PU — m)'** ( So®(—d} (0, v») 


=P (®a0, K) — (1 —m)'*@(—d1 (0, i) 
where, from (16.9), 


log((1 — m)*/e*) + (r + 07/2)k 


dı (0, k) = ae 


and 
d>(0,k) = d\(0,k) — o Vk, 


with o = 0.25. 

Table 17.1 shows selected values from a spreadsheet containing deferred 
mortality probabilities and option prices for each possible month of death. 
Using these values in formula (17.3), the value of this GMDB is 2.7838% 
of the single premium, or $278.38. 


17.4.2 Reserving 


We now apply the approach of the previous section to reserving fora GMDB on 
the assumption that the insurer is internally hedging. Consider a policy issued 
to a life aged x with a term of n years and with a GMDB which is payable 
immediately on death if death occurs at time s where 0 < s < n. Suppose 
that the payoff function under the guarantee at time s is A(s). Let v(t, s) denote 


Table 17.1 Spreadsheet excerpt for the GMDB in Example 17.3. 


k (years) dı (0, k) d2(0, k) v(0, k) k | a 
1/12 0.001400 —0.070769 300.16 0.002248 
2/12 0.001980 —0.100082 431.43 0.002257 
3/12 0.002425 —0.122575 534.79 0.002265 
4/12 0.002800 —0.141538 623.65 0.002273 
5/12 0.003130 —0.158244 703.20 0.002282 
6/12 0.003429 —0.173347 776.12 0.002290 
1/12 0.003704 —0.187237 843.99 0.002299 

56/12 0.010477 —0.529585 2708.30 0.002702 

57/12 0.010570 —0.534293 2735.70 0.002709 

58/12 0.010662 —0.538959 2762.88 0.002717 

59/12 0.010754 —0.543585 2789.86 0.002725 


60/12 0.010844 —0.548173 2816.63 0.002732 


17.4 Guaranteed minimum death benefit 639 


the price at time ¢ for an option with payoff h(s) at time s, where 0 < t < s, 
assuming the policyholder dies at age x + s. Then 


v(t,s) = EL Gs nis) | 


Hence, the value of the GMDB for a policy in force at time t (< n) is x(t), 
where 
n 
w(t) = ‘| v(t, s) s—tPx+t Ux+s ds 
t 


n—t 


= / V(t,W + t) wPx+t Hx+t+w dw, 
0 


when the benefit is payable immediately on death, and 


12(n—t) 
A= J, v(t.t+J/12) ml pgr 


2 B 
j=l 


when the benefit is payable at the end of the month of death. 


Example 17.4 Assume that the policy in Example 17.3 is still in force three 
years and six months after the issue date. Calculate the contribution of the 
GMDB to the reserve if the stock price index of the underlying fund assets 


(a) has grown by 50% since inception, so that 53.5 = 1.5, and 
(b) is the same as the initial value, so that $3.5 = 1. 


Solution 17.4 Following the solution to Example 17.3, the strike price for an 
option expiring at time s is e®-°°°/(1 — m)!*. Since we are valuing the option 
at time ż < s, the time to expiry is now s — t. Thus, applying formula (16.10) 
we have 

0.055 »—0.05(s—1) 


a _ m) 12s 


vi) = Pm ( Oat) — 8-440) 


=P (9° bats) = SA -mD (di,s) 


where 


da sy = LESA m/e) + (r+ 07/251 


o/s—t 


and 


dyx(t,s) = dı (t,s)— 0o Vs —t. 
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For the valuation at time t = 3.5, we calculate v(3.5,s) for s = 34. 34, 
33. ...,. and multiply each value by the mortality probability, eed | í q63.5. 


The resulting valuation is 


(a) $30.55 when $3.5 = 1.5, and 
(b) $172.05 when $35 = 1. 


Example 17.5 An insurer offers a 10-year equity-linked policy with a single 
premium. An initial expense deduction of 4% of the premium is made, and the 
remainder of the premium is invested in an equity fund. Management charges 
are deducted daily from the policyholder’s account at a rate of 0.6% per year. 
On death before the policy matures a death benefit of 110% of the fund value 
is payable. There is no guaranteed minimum maturity benefit. 


(a) Calculate the price at issue of the excess amount of the death benefit over 
the fund value at the date of death for a life aged 55 at the purchase date, 
as a percentage of the single premium. 

(b) Calculate the value of the excess amount of the death benefit over the fund 
value at the date of death six years after the issue date, as a percentage of 
the policyholder’s fund at that date. You are given that the policy is still in 
force at the valuation date. 


Basis: 


e Survival model: Makeham’s law, with A = 0.0001, B = 0.00035 and c = 
1.075 

e Risk-free rate of interest: 5% per year, continuously compounded 

e Volatility: 25% per year 


Solution 17.5 (a) First, we note that the daily management charge can be 
treated as a continuous deduction from the fund, so that, for a unit 
premium, 


F; = 0.96e- 95, 
Second, we note that the excess amount of the death benefit over the fund 
value at the date of death can be viewed as a GMDB equal to 10% of the 


fund value at the date of death. For a unit premium, the payoff function 
h(s) if death occurs at time s, is 


h(s) = 0.1 F, = 0.096 eg... 


The value at issue of the death benefit payable if the policyholder dies at 
time s is 


(0,8) = BG [e-"h(s)] = BB [e-" 0.096 es, |. 


17.4 Guaranteed minimum death benefit 641 


In the previous chapter we saw that under the risk neutral measure the EPV 
of a stock price at a future point in time is the stock price now. Thus 


Eo [e-"§,] = So. 
Since Sg = 1, we have 
vO, s) = So x 0.096 e~ 9-6 = 0,096 e906, 
The GMDB value at issue is then 


10 10 
x (0) = / v(0, 5) spss [554s ds = 0.096 if 0.0085 pss 115545 ds 
0 
— FA 
= 0.09645. 5 0.6% (17.5) 
= 0.02236. 


So the value of the GMDB at the inception of the policy is 2.24% of the 
single premium. 

(b) The value at time t < s of the option that would be needed to fund the 
GMDB if the policyholder were to die at time s, given that the policy is in 
force at t, is, for a unit premium, 


v(t, s) = E ae his) | = 0.1 x 0.96S, e7 0-0065 


The total contribution to the reserve for the GMDB for a policy still in 
force at time ¢, with original premium P, is then 


10-t 
r = P J v(t, w + £) wP55+t 554440 dW 
0 
10-t 
= 0.096P S, J 0.006074) Pss pst raw dW 
0 
10-t 
= 0.096 PS, e~ 0.0061 J 0.006 955 uss rae dw 
0 


_ ~0.0061 4 1 
= 0.096 PS; e A541107 8=0.6%" 


So, at time t = 6, given that the policy is still in force, the contribution to 
the reserve from the GMDB, per unit premium, is 


_ —0.006x6 4 1 
z (6) = 0.096 P S6 e A 61:78=0.6% 


= 0.096 P S e~ 9-7 x 0.12403. 
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The fund value at time t = 6 is 
Fo = 0.96 PS6 x e796, 


and so the reserve, as a proportion of the fund value, is 


0.096 P Se e~ 9-96 A 1 


61:415=0.6% _ Q731 7 
0.96 P Sg e—0.036 = 01A 750.6% = 0-0124. 
That is, the GMDB reserve would be 1.24% of the policyholder’s fund 


value. 


17.5 Funding methods for embedded options 


In discussing pricing above, we have expressed the price of a GMMB and a 
GMDB as a percentage of the initial premium. This is appropriate if the option 
is funded by a deduction from the premium at the inception of the policy. That 
is, the price of the option would come from the initial deduction of eP in the 
notation of Section 17.3.1 above. This sum could then be invested in the hedge 
portfolio for the option. 

A relatively large expense deduction at inception, called a front-end-load, is 
common for UK policies, but less common in North America. A more common 
expense loading in North America is a management charge, applied as a regular 
percentage deduction from the policyholder’s fund. 

If the guarantee is to be funded through a regular management charge, rather 
than a deduction from the single premium as in Sections 17.3.1 and 17.4.1, we 
need a way to express the cost in terms of this charge. 

Consider a single premium equity-linked policy with a term of n years issued 
to a life aged x. We assume, for simplicity, that there are no lapses and no initial 
expenses, so that e = 0 in the notation of Section 17.3.1. Also, we assume that 
mortality is a diversifiable risk which is independent of the stock price process. 

Let (0) denote the cost at inception of the guarantees embedded in the 
policy, as derived in Sections 17.3.1 and 17.4.1. Suppose these guarantees 
consist of a payment of amount h(t) if the life dies at time t (< n) anda 
payment h(n) if the life survives to the end of the term. The value of each of 
these guarantees is 


Ee [nt) e] 
given that the life does die at time ¢, and 
Ee [h(n) e] 


given that the life does survive to time n. Allowing for the probabilities of death 
and survivorship, we have 
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n 


z(0) = f EE (h(t) 7] iPx Mtr at + npr EÊ [h(n) e7]. 
0 


We interpret x (0) as the cost at time 0 of setting up the replicating portfolios 
to pay the guarantees. 

Let c denote the component of the management charge that is required to 
fund the guarantees from a total (fixed) management charge of m (> c) per 
year. We call c the risk premium for the guarantees. 

Assume that the management charge is deducted daily, which we treat as a 
continuous deduction. With these assumptions, the fund value at time t for a 
policy still in force at that time, F;, can be written 


F; = PS; em 


Hence, the risk premium received in the time interval f to t + dt for a policy 
still in force is (loosely) c P S,e~" dt. Ignoring survivorship for the moment, 
the value at time O of this payment can be calculated as the cost of setting 
up a replicating portfolio which will pay this amount at time t. This cost 
is cPe— dt since an investment of this amount at time 0 in the stock will 
accumulate to cPS,e~” dt at time t (recall that So = 1). Allowing for 
survivorship, the value at time O of the risk premium received in the time 
interval t to t + dt is c Pe™™ dt ,p,. So the value at time 0 of the total risk 
premiums to be received is 


n 


J cPe™ pxdt = c P āym8=m. 
0 


The risk premium c is chosen so that the value to the insurer of the risk 
premiums to be received is equal to the cost at time O of setting up the 
replicating portfolios to pay the guarantees, so that 


z (0) 


P Aynii=m 


Calculating c from this formula is a slightly circular process. The risk 
premium c is a component of the total management charge m, but we need 
to know m to calculate the right-hand side of this equation for c. In practice, 
we may need to iterate through the calculations a few times to determine the 
value of c. In some cases there may be no solution. For example, increasing the 
total management charge m may increase the cost of the guarantees, therefore 
requiring a higher value for the risk premium c, which may in turn require a 
higher value for m. 
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If the management charge is deducted less frequently, say annually in 
advance, we can use the same principles as above to derive the value of the 
risk premiums. The cost at time 0 of setting up the replicating portfolios which 
will provide exactly for the guarantees is still x (0). Ignoring survivorship, the 
amount of the risk premium to be received at time ¢ (t = 0,1,...,2 — 1) is 
cF, = cP (1 —m)'S; and the value of this at time 0 is c P (1 — m). Allowing 
for survivorship, this value is c P (1 — m} ;p, and so the value at time 0 of all 
the risk premiums to be received is 
n—-1 
5 tPxcP (1 — m¥ = CP arms 
t=0 

where i* = m/(1 — m) so that 1/(1 + *) = 1 — m. 


Example 17.6 In Example 17.3 the monthly management charge, m, was 
0.25% of the fund value and the GMDB option price was determined to be 
2.7838% of the single premium. 

You are given that 0.20% per month is allocated to commission and 
administrative expenses. Determine whether the remaining 0.05% per month 
is sufficient to cover the risk premium for the option. 

Use the same basis as in Example 17.3. 


Solution 17.6 The risk neutral value of the risk premium of c per month is 


—59r/12 


Ee [ero + cFip2 eT? 1/12P60 + +++ + CF 5912 € 59/12P60 


=cPSo (1 + — m)1p2p60 + (1 — m)? 2n2p60 + ++» + — m)” s9/12P60) 


_ --(12) 
= 12cPSo a> 


where the annuity interest rate is i such that 
yy? = (1 —m) > i= (1 — m)? — 1 = 3.0493% per year. 


The annuity value is 4.32662, so the value of the risk premium of 0.05% per 
month is $259.60. 

The value of the guarantee at the inception date, from Example 17.3, is 
$278.38 so the risk premium of 0.05% per month is not sufficient to pay for the 
guarantee. The insurer needs to revise the pricing structure for this product. 


17.6 Risk management 
The option prices derived in this chapter are the cost of either buying the 
appropriate options in the market, or internally hedging the options. If the 
insurer does not plan to purchase or hedge the options, then the price or reserve 
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amount calculated may be inadequate. It would be inappropriate to charge an 
option premium using the Black—Scholes—Merton framework, and then invest 
the premium in bonds or stocks with no consideration of the dynamic hedging 
implicit in the calculation of the cost. Thus, the decision to use Black—Scholes— 
Merton pricing carries with it the consequential decision either to buy the 
options or to hedge using the Black—Scholes—Merton framework. 

Under the assumptions of the Black—Scholes—Merton model, and provided 
the mortality and lapse experience is as assumed, the hedge portfolio will 
mature to the precise cost of the guarantee. In reality the match will not be 
exact but will usually be very close. So hedging is a form of risk mitigation. 
Choosing not to hedge may be a very risky strategy — with associated 
probabilities of severe losses. Generally, if the risk is not hedged, the reserves 
required using the stochastic techniques of Chapter 15 will be considerably 
greater than the hedge costs. 

One of the reasons why the hedge portfolio will not exactly meet the cost of 
the guarantee is that under the Black—Scholes—Merton assumptions, the hedge 
portfolio should be continuously rebalanced. In reality, the rebalancing will 
be less frequent. A large portfolio might be rebalanced daily, a smaller one at 
weekly or even monthly intervals. 

If the hedge portfolio is rebalanced at discrete points in time (e.g. monthly), 
there will be small costs (positive or negative) incurred as the previous hedge 
portfolio is adjusted to create the new hedge portfolio. See Example 16.5. 

The hedge portfolio value required at time t for an n-year GMMB is, from 
Section 17.3.2, 


T) = n-Per1 ES le" h(n)] = napr V(t) 


where, as above, v(t, n) is the value at time ¢ of the option maturing at time n, 
unconditional on the policyholder’s survival. 

The hedge portfolio is invested partly in zero-coupon bonds, maturing at 
time n, and partly (in fact, a negative amount, i.e. a short sale) in stocks. The 
value of the stock part of the hedge portfolio is 


d 
n—tPx+t (= v(t, ») Sı 


and the value of the zero-coupon bond part of the hedge portfolio is 


d 
t) — n-tPx — v(t, Si. 
T(E) — n-tPx+t (+ v( ») t 
For a GMDB, the approach is identical, but the option value is a weighted 
average of options of all possible maturity dates, so the hedge portfolio is 


a mixture of zero coupon bonds of all possible maturity dates, and (short 
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positions in) stocks. For example, when the benefit is payable immediately 
on death, the value at time t of the option is 7 (t), where 


n—t 


w(t) = f V(t, w + t) wPx+t Hx+t+w dw. 
0 


The stock part of the hedge portfolio has value 


d 
J S; (0 w+ D) wPx+t HUx+t+w dW. 
dS; 
0 


The value of the bond part of the hedge portfolio is the difference between 
z(t) and the value of the stock part, so that the amount invested in a w-year 
zero-coupon bond at time f is (loosely) 


d 
(ve t+w)—S; gÉ t+ w) wPx+t Ux+t+w dW. 
t 


The hedge strategy described in this section, which is called a delta-hedge, 
uses only zero-coupon bonds and stocks to replicate the guarantee payoff. 
More complex strategies are also possible, bringing options and futures into 
the hedge, but these are beyond the scope of this book. 

The Black—Scholes—Merton valuation can be interpreted as a market- 
consistent valuation, by which we mean that the option sold in the financial 
markets as a stand-alone product (rather than embedded in life insurance) 
would have the same value. Many jurisdictions are moving towards market 
consistent valuation for accounting purposes, even where the insurers do not 
use hedging. 


17.7 Profit testing 


Whether the insurer is hedging internally or buying the options to hedge, the 
profit testing of an equity-linked policy proceeds as described in Chapter 15. 
The insurer might profit test deterministically, using best estimate scenarios, 
and then stress test using different scenarios, or might test stochastically, using 
Monte Carlo simulation to generate the scenarios for the increase in the stock 
prices in the policyholder’s fund. In this section, we first explore deterministic 
profit testing, and then discuss how to make the profit test stochastic. 

The cash flow projection depends on the projected fund values. Suppose 
we are projecting the emerging cash flows for a single premium equity-linked 
policy with a term of n years and with a GMDB and/or a GMMB, for a given 
stock price scenario. We assume all cash flows occur at intervals of 1/m years. 
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Assuming the insurer hedges the options internally, the income to and outgo 
from the insurer’s fund for this contract arise as follows: 


Income: + Initial front-end-load expense deduction. 

+ Regular management charge income. 

+ Investment return on income over the | /m year period. 
Outgo: — Expenses. 

— Initial hedge cost, at time t = 0. 

— After the first month, the hedge portfolio needs to be rebal- 
anced; the cost is the difference between the hedge value 
brought forward and the hedge required to be carried forward. 

— If the policyholder dies, there may be a GMDB liability. 

— If the policyholder survives to maturity, there may be a GMMB 
liability. 

The part of this that differs from Chapter 15 is the cost of rebalancing the 
hedge portfolio. In Example 16.5, for a standard put option, we looked at 
calculating rebalancing errors for a hedge portfolio adjusted monthly. The 
hedge portfolio adjustment in this chapter follows the same principles, but with 
the complication that the option is contingent on survival. As in Example 16.5, 
we assume that the hedge portfolio value is invested in a delta hedge. If 
rebalancing is continuous (in practice, one or more times daily), then the hedge 
adjustment will be (in practice, close to) zero, and the emerging guarantee cost 
will be zero given that the experience in terms of stock price movements and 
survival is in accordance with the models used. Under the model assumptions, 
the hedge is self-financing and exactly meets the guarantee costs. Also, if 
the hedge cost is used to buy options in the market, there will be no hedge 
adjustment cost and no guarantee cost once the options are purchased. 

If the rebalancing takes place every |/m years, then we need to model the 
rebalancing costs. We break the hedge portfolio down into the stock part, 
assumed to be invested in the underlying index {S;}>0, and the bond part, 
invested in a portfolio of zero-coupon bonds. Suppose the values of these two 
parts are Y, S; and Y;, respectively, so that 


m = Yi + Y Si. 


Then 1/m years later, the bond part of the hedge portfolio has appreciated by 
a factor e” and the stock part by a factor S;+1/m/S;. This means that, before 
rebalancing, the value of the hedge portfolio is, say, wf (t+ +), where 


mB (t+ 4) = Yel" + Wi Shim. 


The rebalanced hedge portfolio required at time t + 1/m has value x (t + +), 
but is required only if the policyholder survives. If the policyholder dies, the 
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guarantee payoff is h(t + +). So the total cost at time t + 1/m of rebalancing 
the hedge, given that the policy was in force at time f, is 


(rim) apena" (ra) 


and the cost of the GMDB is 
ht + Š) 1de 


Note that these formulae need to be adjusted for the costs at the final maturity 
date, n: x(n) is zero since there is no longer any need to set up a hedge 
portfolio, and the cost of the GMMB is h(n) 1Prin—1- 

If lapses are explicitly allowed for, then the mortality probability would be 
replaced by an in-force survival probability. 

In the following example, all of the concepts introduced in this chapter are 
illustrated as we work through the process of pricing and profit-testing an 
equity-linked contract with both a GMDB and a GMMB. 


Example 17.7 An insurer issues a five-year equity-linked policy to a life aged 
60. The single premium is P = $1000 000. The benefit on maturity or death is a 
return of the policyholder’s fund, subject to a minimum of the initial premium. 
The death benefit is payable at the end of the month of death and is based on 
the fund value at that time. 

Management charges of 0.3% per month are deducted from the fund at the 
start of each month. 


(a) Calculate the monthly risk premium (as part of the overall management 
charge) required to fund the guarantees, assuming 
(i) volatility is 25% per year, and 
(ii) volatility is 20% per year. 
Basis: 


Survival model: Makeham’s law with A = 0.0001, B = 0.00035 and 
c = 1.075 

Lapses: None 

Risk-free rate of interest: 5% per year, continuously compounded 


(b 


wm 


The insurer is considering purchasing the options for the guarantees in 
the market; in this case the price for the options would be based on the 
25% volatility assumption. Assuming that the monthly risk premium based 
on the 25% volatility assumption is used to purchase the options for the 
GMDB and GMMB liabilities, profit test the contract for the two stock 
price scenarios below, using a risk discount rate of 10% per year effective, 
and using monthly time intervals. Use the basis from part (a), assuming, 
additionally, that expenses incurred at the start of each month are 0.01% of 
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the fund, after deducting the management charge, plus $20. The two stock 

price scenarios are 

(1) stock prices in the policyholder’s fund increase each month by 0.65%, 
and 

(ii) stock prices in the policyholder’s fund decrease each month by 0.05%. 


(c) The alternative strategy for the insurer is to hedge internally. Calculate all 
the cash flows to and from the insurer’s fund at times 0, b and 5 per 
policy issued for the following stock price scenarios: 

(i) stock prices in the policyholder’s fund increase each month by 0.65%, 
(ii) stock prices in the policyholder’s fund decrease each month by 
0.05%, and 
Gii) Si = 1.0065, S2 = 0.9995. 


2 12 
Assume that: 


e the hedge cost is based on the 20% volatility assumption, 

e the hedge portfolio is rebalanced monthly, 

e expenses incurred at the start of each month are 0.025% of the fund, after 
deducting the management charge, and 

e the insurer holds no additional reserves apart from the hedge portfolio 
for the options. 


Solution 17.7 (a) The payoff function, h(t), for t = b, 5,- , %3, $, is 


h(t) = (P — F+ 


where F; = P S, (1 — m)!*! and m = 0.003. 
Let v(t, s) denote the value at t of the option given that it matures at s (> t). 
Then 


v(t, s) = EL [e= =h) 
=F fee (P Petia m») 


= P(e" &(—da(t,8)) = S = m)!°(—di(t,8))) 


where 
dls) = log(S;(1 — m)!25) + (r + o? /2)(s — t) 
Aag o Jsi 
and 


dı(t,s) = di (t,s)— 0o V/s — t. 
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(b 


we 
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The option price at issue per unit of premium is 


rO =v(0 5) gar tv (OB) plpa tr (Oh) alyget 


TZ 


This gives the option price as 

(i) 0.145977 P for o = 0.25 per year, and 

Gi) 0.112710P for o = 0.20 per year. 

Next, we convert the premium to a regular charge on the fund, c, using 

. (12) 

x (0) = 12c Päss? 

where the interest rate for the annuity is i = (1 — m)~'? — 1 = 3.6712%, 
which gives aoa = 4.26658. The charge on the fund is then 

(i) c = 0.00285 for o = 0.25, and 

(ii) c = 0.00220 for o = 0.20. 

Following the convention of Chapter 15, we use the stock price scenarios 
to project the policyholder’s fund value assuming that the policy stays in 
force throughout the five-year term of the contract. From this projection we 
can project the management charge income to the insurer’s fund at the start 
of each month. Outgo at the start of the month comprises the risk premium 
for the option (which is paid to the option provider), and the expenses. 
The steps in this calculation are as follows. At time tf = k/12, where 
k =0,1,...,59, assuming the policy is still in force: 


e The policyholder’s fund, just before the deduction of the management 
charge, is F;, where 


F; = P(1+g)* (1 — 0.003) 


and g is the rate of growth of the stock price. 
e The amount transferred to the insurer’s fund in respect of the manage- 
ment charge is 


0.003 F;. 
e The insurer’s expenses, excluding the risk premium, are 
0.0001 (1 — 0.003) F; + 20. 
e The risk premium is 
0.00285 (1 — 0.003) F;. 
e The profit to the insurer is 


Pr; = (0.003 — (1 — 0.003)(0.0001 + 0.00285)) F; — 20. 


(c) 
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e The profit to the insurer, allowing for survivorship to time t, is 
II; = peo ((0.003 — (1 — 0.003) (0.0001 + 0.00285)) F; — 20). 


e The net present value of the profit using a risk discount rate of 10% per 
year is 


nl 
ne 


59 
MRE tin, 


Because the insurer is buying the options, there is no outgo for the insurer 
in respect of the guarantees on death or maturity — the purchased options 
are assumed to cover any liability. As there is no residual liability for the 
insurer for the contract, there is no need to hold reserves. There are no end- 
of-month cash flows, so we calculate the profit vector using cash flows at 
the start of the month. Hence, Pr; is the profit to the insurer at time t, 
assuming the policy is in force at that time, and I, is the profit at time t 
assuming only that the policy was in force at time 0. 

Some of the calculations for the scenario where the stock price grows at 
0.65% per month are presented in Table 17.2. 

The NPV for this contract, using the 10% risk discount rate and the first 
stock price scenario, is $1940.11. 

The second stock price scenario, with stock prices falling by 0.05% each 
month, gives a NPV of $1463.93. 
The items of cash flow for the insurer’s fund at times 0, 5 and > per 
policy in force at the start of each month, are shown in Table 17.3. The 
individual items are as follows: 


Income: the management charge (1). 
Outgo: 
the insurer’s expenses (2), 


Table 17.2 Profit test for Example 17.7 part (b), Scenario (i). 


Time, t Management Risk 

(months) charge Expenses premium Pr; t/12P60 Tl; 
0 3000.00 119.70 2842.63 37.67 1 37.67 
1 3010.44 120.05 2852.52 37.87 0.99775 37.79 
2 3020.92 120.40 2862.45 38.08 0.99550 37.90 

58 3669.78 141.96 3477.27 50.55 0.85582 43.26 


59 


3682.55 142.38 3489.37 50.79 0.85309 43.33 
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Table 17.3 Profit vector calculations for Example 17.7 part (c) . 


Management Expenses GMDB and Cost of 


Time, charge GMMB hedge Pr; Tl; 

Scenario t (1) (2) (3) (4) (5) (6) 
0 3000 249 0.0 112710 —109959 —109959 
(i) b 3010 250 0.0 —1381 4141 4141 
5 3021 251 0.0 —1392 4 162 4 152 
0 3000 249 0.0 112710 —109959 —109959 
(ii) b 2989 248 79 —1380 4114 4114 
a 2979 248 15.8 —1397 4113 4104 
0 3000 249 0.0 112710 —109959 —109959 
(iii) 5 3010 250 0.0 —1381 4141 4141 
i 2981 248 14.7 —1355 4074 4064 


the amount, if any, needed to increase death or maturity benefits to the 
guaranteed amount (3), 
the amount needed to set up, or rebalance, the hedge portfolio (4). 


In column (5) we have the profit vector, that is, the expected profit per 
policy in force at the start of the month 


(5) = (1) = (2) — 3) — 4). 


In column (6) we have the profit signature 


(6) = (5)r X t—1/12P60- 


The individual cash flows at time ¢, per policy in force at the start of the 

month, are calculated as follows. 

(1) Management charge: P S; x 0.997!7! x 0.003. 

(2) Expenses: P S, x 0.997!7/+! x 0.00025. 

(3) The expected cost of the GMDB, for t = > 5 ..., 5, per policy in 
force at the start of the month, is 


baoo- h max(0, P — F;). 


The expected cost of the GMMB at t = 5, per policy in force at 
t=4} is 
bPost max(0, P — Fs). 


(4) The cost of setting up the hedge portfolio at time 0 is the same for each 
stock price scenario and is equal to P x (0). 
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Table 17.4 Hedge portfolios for Example 17.7 part (c). 


Time t Investment scenario 
(i) (ii) Gii) 

0 m(t) 112710 112710 112710 
Y; 417 174 417 174 417 174 
WP; St —304 465 —304 465 —304 465 

b m(t) 111342 113 478 111342 
Y; 415700 421 369 415 700 
Wt St —304 358 —307 891 —304 358 

5 m(t) 109 956 114253 114097 
Y; 414172 425 626 425216 
W; St —304 216 —311373 —311119 


At time t = b the value of the hedge portfolio brought forward is 


PUT e05! + Yo $i 


12 
The cost of setting up the new hedge portfolio for each policy still in 
force is Prr ( b) Hence, the expected cost per policy in force at the start 
of the month is P 1 peo 7(1/12). Hence, the net cost of rebalancing the 
hedge portfolio at this time, allowing for the hedge brought forward, is 


P( 1 poor (1/12) — (Toe? + wos, )). 
12 12 
Similarly, the net cost of rebalancing the hedge portfolio at time 


t= >. per policy in force at time > is 


12 12 


0.05/12 
Pl Poi z(2/12) (Tye +Y, $2 )): 


The values of z(t), Y, and Y, are shown in Table 17.4. 


We note several important points about this example. 


(1) Stock price scenarios (i) and (ii) used in parts (b) and (c) are not realistic, 
and lead to unrealistic figures for the NPV. This is particularly true for the 
internal hedging case, part (c). The NPV values for scenarios (i) and (ii), 
assuming internal hedging and a risk discount rate of 10% per year, can 
be shown to be $98 500 and $72 700, respectively. If the lognormal model 
for stock prices is appropriate, then the expected present value (under the 
P-measure) of the hedge rebalancing costs will be close to zero. Under 
both scenarios (i) and (ii) in Example 17.7 the present value is significant 
and negative, meaning that the hedge portfolio value brought forward each 
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(2) 


(3) 


(4) 
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month is more than sufficient to pay for the guarantee and new hedge 
portfolio at the month end. This is because more realistic scenarios involve 
far more substantial swings in stock price values, and it is these that 
generate positive hedge portfolio rebalancing costs. 

The comment above is more clearly illustrated when the profit test is 
used with stochastic stock price scenarios. In the table below we show 
some summary statistics for 500 simulations of the NPV for part (c), 
again calculated using a risk discount rate of 10% per year. The stock 
price scenarios were generated using a lognormal model, with parameters 
u = 0.08 per year, and volatility o = 0.2 per year. 


Mean Standard 5% 50% 95% 
NPV deviation quantile quantile quantile 


$31684  $37332 -—$23447 $28205 $99861 


We note that the NPV value for scenario (i) falls outside the 90% 
confidence interval for the net present value generated by stochastic 
simulation. This is because this scenario is highly unrepresentative of the 
true stock price process. Over-reliance on deterministic scenarios can lead 
to poor risk management. 

If we run a stochastic profit test under part (b), where the option is 
purchased in the market, the variability of simulated NPVs is very small. 
The net management charge income is small, and the variability arising 
from the guarantee cost has been passed on to the option provider. 
The mean NPV over 500 simulations is approximately $2137, and the 
standard deviation of the NPV is approximately $766, assuming the same 
parameters for the stock price process as for (c) above. 

If we neither hedge nor reserve for this option, and instead use the methods 
from Chapter 15, the two deterministic scenarios give little indication of 
the variability of the net present value. Using the first scenario (increasing 
prices) generates a NPV of $137053 and using the second gives $2381. 
Using stochastic simulation generates a mean NPV of around $100 000 
with a 5% quantile of approximately —$123 000. 


17.8 Notes and further reading 


There is a wealth of literature on pricing and hedging embedded options. Hardy 
(2003) gives some examples and information on practical ways to manage 


the 


risks. The options illustrated here are relatively straightforward. Much 


more convoluted options are sold, particularly in association with variable 
annuity policies. For example, a guaranteed minimum lifetime withdrawal 
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benefit allows the policyholder the right to withdraw a specified proportion 
of the initial premium annually for their remaining lifetime, after an intro- 
ductory period, even if the fund is exhausted. Other complicating features 
include resets where the policyholder has the right to set the guarantee at 
the current fund value at certain times during the contract. New variants are 
being created regularly, reflecting the strong interest in these products in the 
market. 

In Section 17.2 we noted three differences between options embedded in 
insurance policies and standard options commonly traded in financial markets. 
The first was the life contingent nature of the benefit and the second was the 
fact that the option is based on the fund value rather than the underlying stocks. 
Both of these issues have been addressed in this chapter. The third issue is 
the fact that embedded options are generally much longer term than traded 
options. One of the implications is that the standard models for short-term 
options may not be appropriate over longer terms. The most important area of 
concern here is the lognormal model for stock prices. There is considerable 
empirical evidence that the lognormal model is not a good fit for stock prices 
in the long run. This issue is not discussed further here, but is important for a 
more advanced treatment of equity-linked insurance risk management. Sources 
for further information include Hardy (2003) and Møller (1998). 

Early applications of modern financial mathematics to equity-linked insur- 
ance can be found in Brennan and Schwartz (1976) and Boyle and Schwartz 
(1977), and a comparison of the methods of Chapters 15 and 17 was first 
presented in Boyle and Hardy (1997); Hardy (2000) specifically considered 
modern variable annuities. 

In some countries annual premium equity-linked contracts are common. We 
have not discussed these in this chapter, as the valuation and risk management 
is more complicated and requires more advanced financial mathematics. 
Bacinello (2003) discusses an Italian style annual premium policy. 
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Longer exercises 
Exercise 17.1 An insurer is designing a 10-year single premium variable 
annuity policy with a guaranteed maturity benefit of 85% of the single 
premium. 


(a) Calculate the value of the GMMB at the issue date for a single premium 
of $100. 

(b) Calculate the value of the GMMB as a regular annual deduction from 
the fund. 
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(c) Calculate the value of the GMMB two years after issue, assuming that the 
policy is still in force, and that the underlying stock prices have decreased 
by 5% since inception. 


Basis and policy information: 


Age at issue: 60 

Front end expense loading: 2% 

Annual management charge: 2% at each year end (including the first) 
Survival model: Standard Ultimate Survival Model 
Lapses: 5% at each year end except the final year 
Risk-free rate: 4% per year, continuously compounded 
Volatility: 20% per year 


Exercise 17.2 An insurer issues a 10-year equity-linked insurance policy to 
a life aged 60. A single premium of $10000 is invested in an equity fund. 
Management charges at a rate of 3% per year are deducted daily. At the 
end of the month of death before age 70, the death benefit is 105% of the 
policyholder’s fund subject to a minimum of the initial premium. 


(a) Calculate the price of the death benefit at issue. 
(b) Express the cost of the death benefit as a continuous charge on the fund. 


Basis: 
Survival model: Standard Ultimate Survival Model 
Risk-free rate: 4% per year, continuously compounded 
Volatility: 25% per year 
Lapses: None 


Excel-based exercises 
Exercise 17.3 An insurer issues a range of 10-year variable annuity guaran- 
tees. Assume an investor deposits a single premium of $100000. The policy 
carries a guaranteed minimum maturity benefit of 100% of the premium. 


(a) Calculate the probability that the guaranteed minimum maturity benefit 
will mature in-the-money (i.e. the probability that the fund at the maturity 
date is worth less than 100% of the single premium) under the P-measure. 

(b) Calculate the probability that the guaranteed minimum maturity benefit 
will mature in-the-money under the Q-measure. 

(c) Calculate the EPV of the option payoff under the P-measure, discounting 
at the risk-free rate. 

(d) Calculate the price of the option. 

(e) A colleague has suggested the value of the option should be the EPV of the 
guarantee under the P-measure, analogous to the value of term insurance 
liabilities. Explain why this value would not be suitable. 
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(f) For options that are complicated to value analytically we can use Monte 
Carlo simulation to find the value. We simulate the payoff under the risk 
neutral measure, discount at the risk-free rate and take the mean value 
to estimate the Q-measure expectation. Use Monte Carlo simulation to 
estimate the value of this option with 1000 scenarios, and comment on 
the accuracy of your estimate. 


Basis: 
Survival model: No mortality 
Stock price appreciation: Lognormally distributed, with u = 0.08 
per year, o = 0.25 per year 
Risk-free rate of interest: 4% per year, continuously compounded 
Management charges: 3% of the fund per year, in advance 


Exercise 17.4 An insurer issues a single premium variable annuity contract 
with a 10-year term. There is a guaranteed minimum maturity benefit equal to 
the initial premium of $100. 

After five years the policyholder’s fund value has increased to 110% of the 
initial premium. The insurer offers the policyholder a reset option, under which 
the policyholder may reset the guarantee to the current fund level, in which 
case the remaining term of the policy will be increased to 10 years. 


(a) Determine which of the original guarantee and the reset guarantee has 
greater value at the reset date. 

(b) Determine the threshold value for Fs (i.e. the fund at time 5) at which the 
option to reset becomes more valuable than the original option. 


Basis: 
Survival model: No mortality 
Volatility: o = 0.18 per year 
Risk-free rate of interest: 5% per year, continuously compounded 
Management charges: 1% of the fund per year, in advance 
Front-end-load charge: 3% 


Exercise 17.5 An insurer issues a five-year single premium equity-linked 
insurance policy to (60) with guaranteed minimum maturity benefit of 100% 
of the initial premium. The premium is $100 000. Management fees of 0.25% 
of the fund are deducted at the start of each month. 


(a) Verify that the guarantee cost expressed as a monthly deduction is 0.19% 
of the fund. 

(b) The actuary is profit testing this contract using a stochastic profit test. The 
actuary first works out the hedge rebalancing cost each month then inserts 
that into the profit test. 
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Table 17.5 Single scenario of stock prices for stochastic profit test for 
Exercise 17.5. 


t St t St t St t St t St 
O 1.00000 
1 0.95449 13 0.92420 25 1.09292 37 1.09203 49 1.34578 
2 0.96745 14 0.95545 26 1.17395 38 1.10988 50 1.42368 
3 0.97371 15 1.02563 27 1.27355 39 1.05115 51 1.50309 
4 1.01158 16 1.13167 28 1.32486 40 1.05659 52 1.63410 
5 1.01181 17 1.25234 29 1.31999 41 1.18018 53 1.45134 
6 0.93137 18 1.10877 30 1.24565 42 1.20185 54 1.46399 
7 0.98733 19 1.10038 31 1.20481 43 1.34264 55 1.40476 
8 0.89062 20 0.99481 32 1.18405 44 1.37309 56 1.44512 
9 0.91293 21 1.04213 33 1.23876 45 1.39327 57 1.39672 
10 0.90374 22 1.07980 34 1.15140 46 1.40633 58 1.30130 
11 0.88248 23 1.14174 35 1.09478 47 1.41652 59 1.25762 
12 0.92712 24 1.12324 36 1.03564 48 1.43076 60 1.19427 
Table 17.6 Hedge rebalance table for Exercise 17.5, in $100 000s. 
Time Option cost Stock part Bond part Hedging 
(months) St att of hedge at t of hedge att Hedge b/f rebalance cost 
0 1.00000 10.540 —27.585 38.125 - - 
1 0.95449 11.931 —29.737 41.668 11.955 —0.024 
2 0.96745 11.592 —29.528 41.120 11.701 —0.109 
59 1.25762 0.200 —7.658 7.858 0.526 —0.326 
60 1.19427 0.000 — - 0.619 —0.619 


The stock price figures in Table 17.5 represent one randomly generated 
scenario. The table shows the stock price index values for each month in 
the 60-month scenario. 
(i) Table 17.6 shows the first two rows of the hedge rebalancing cost 
table. Use the stock price scenario in Table 17.5 to complete this table. 
Calculate the present value of the hedge rebalance costs at an effective 

rate of interest of 5% per year. 

(ii) Table 17.7 shows the first two rows of the profit test for this scenario. 
The insurer uses the full cost of the option at the start of the contract 

to pay for the hedge portfolio. 
Complete the profit test and determine the profit margin (NPV as a 
percentage of the single premium) for this scenario. 
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Table 17.7 Profit test table for Exercise 17.5, in $s. 


Time, t Management 

(months) F; costs Expenses Hedge costs Pr; 

0 100 000.00 250.00 1000.00 10540.21 —11 290.21 
1 95 210.38 238.03 61.89 —23.99 200.13 
2 96 261.88 240.65 62.57 —109.16 287.24 


(iii) State with reasons whether you would expect this contract to be 
profitable, on average, over a large number of simulations. 


Basis for hedging and profit test calculations: 


Survival: 
Lapses: 
Risk-free rate: 


Volatility: 


Incurred expenses — initial: 
Incurred expenses — renewal: 


Risk discount rate: 


Standard Ultimate Survival Model 
None 

5% per year, continuously 
compounded 

20% per year 

1% of the premium 

0.065% of the fund before 
management charge deduction, 
monthly in advance from the 
second month 

10% per year 


Answers to selected exercises 


17.1 (a) $4.61 (b) 0.68% (c) $6.08 


17.2 (a) $107.75 (b) 0.13% 


17.3 (a) 0.26545 (b) 0.60819 (c) $6033 (d) $18 429 
17.4 (a) The original option value is $4.85 and the reset option value is $6.46. 
(b) At Fs = 103.4 both options have value $6.07. 


17.5 (b) (i) The PV of rebalancing costs is —$1092.35 


(ii) —1.23% 


(iii) We note that the initial hedge cost converts to a monthly outgo of 
0.19% of the fund; adding the monthly incurred expenses, this comes to 
0.255%, compared with income of 0.25% of the fund. Overall we would 
not expect this contract to be profitable on these terms. 
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Estimating survival models 


18.1 Summary 


In this chapter we introduce some actuarial approaches to estimation and 
inference used to construct the life tables and survival models that we 
have been using in previous chapters. We start with a discussion of typical 
characteristics of lifetime data for actuarial applications. We then show how 
to use lifetime data to fit survival models, including parametric and non- 
parametric approaches. 

We next move to the Markov models from Chapter 8. Starting with the alive— 
dead model, and assuming a piecewise constant force of mortality, we derive 
the maximum likelihood estimator for the force of mortality for each age- 
year. We then extend the methodology to multiple state models with piecewise 
constant transition intensities. 


18.2 Introduction 


In previous chapters we have made extensive use of life tables and other 
parametric models of survival, as well as multiple state models for more 
complex state-contingent benefits. In this chapter we consider some of the 
ways in which we may use data to calibrate these models. The statistical 
basis for this chapter largely comes from survival analysis, a branch of 
statistics concerned with modelling times to failure (or other event) in different 
contexts. For example, engineers may be interested in failure times of machine 
components; medical statisticians study disease-specific event times. Problems 
we have considered, such as modelling the time to death of life insurance 
policyholders or transition times for state-dependent insurance benefits, clearly 
fall within the realm of survival analysis. 

This chapter represents a shift in focus. In previous chapters, we have used 
models to determine premiums and policy values, to assess the mean and 
variance of present value random variables, using tools from probability theory. 
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In this chapter, we use results from statistics, where the main focus is the 
collection and interpretation of data. In particular, we make extensive reference 
to maximum likelihood estimation, one of the most important tools of statistics. 
A brief review of the key facts about maximum likelihood estimation is given 
in Section A.5 of Appendix A. 

It is fairly common in statistical analysis to be somewhat loose with lan- 
guage around data. Suppose we gather a random sample of 1 000 policyholders 
aged 50, whom we intend to observe until they die. At the start, the time to 
death of each life in the sample is a random variable. After the data have 
been collected, the time to death for each life is a fixed, known data point, 
each one representing a single observation of an underlying random variable. 
Sometimes, we use the same notation for the underlying random variable 
and the data point, and assume that the context adequately signals which 
interpretation we are using. If the context is not clear, we may emphasize the 
difference by using different notation (for example, upper case for random 
variables, lower case for observed values), or by using the phrase ex ante, 
which means ‘before the event’, to signal that we are considering the random 
variable, while the phrase ex post, which means ‘after the event’, is used to 
signal that we are referring to the observed data. 

For actuarial applications, the lifetime data being analysed come from 
information about policyholders or pension plan members. Individual life 
insurance companies use their records to assess their mortality experience and 
to compare it with benchmark models of mortality. Historically, there would 
have been substantial grouping of data, as thousands of lives would be involved 
in insurers’ portfolios. However, as computational limitations become much 
less of an issue, it is now more common to collect and analyse data policy by 
policy. This is called the seriatim approach. Seriatim data collection offers the 
richest and most accurate information. For each data point, the record would 
include all important dates, including the date of birth and the date of purchase 
of insurance. If the policy is no longer active, the record would include the 
date that the policy expired, and whether the policyholder died, surrendered the 
policy, or survived to the end of the policy term. In almost all the development 
in this chapter (Section 18.4.2 is the exception), we assume that seriatim data 
are available. 


18.3 Actuarial lifetime data 


Suppose we observe a sample of independent lives over some time period. We 
are interested in the random variable Tọ, which is the age at death random 
variable for each life in the underlying population. As in Chapter 2, let fo 
denote the density function of To, and let Fo and So denote the distribution 
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function and survival function, respectively. In order to fit and test models for 
the age at death, we are interested in the likelihood function for the distribution 
of To, which is the joint probability function of all the observations in the 
sample. Because we assume independence of the lives observed, the likelihood 
function is the product of the individual ex ante probability, or probability 
density function, for each observed value in the sample. 
Let t; denote the age at death of the jth life, for j = 1,2,...,n. If all the lives 
in the sample are observed from birth to death, then the likelihood function is 
n n 
L=] [f@ = ] go uy. 
j=l j=l 
which is the product of the ex ante density function of each observation. We 
say that the jth life contributes fo(¢;) to the likelihood. However, it would be 
very unusual for data to be used in exactly this form, as it requires decades 
of observation to track lives from birth to death. More commonly the data 
are collected over a relatively short time interval, so not all lives are observed 
from birth, and not all lives are observed until death. In this case the data are 
left truncated and right censored. 


18.3.1 Left truncation 


Truncation of data means that information is conditional, because there are 
some data points that are unseen. Actuarial lifetime data are usually left 
truncated because we observe lives only from some age x > 0; if a life had 
died before that age, then that life would have been unseen, and hence would 
have been truncated from the data. When we start observing a life from age 
x > 0, then any inference is conditional on survival to age x. 

This means that if a life enters observation at age x, and dies at age x + f, 
then the contribution to the likelihood is conditional on survival to age x; that 
is, the density function at t, which depends on x, is 


Joa 41P0 Mxtt 
kA = = = 1PxMx4t- 
So(x) xP0 

This makes sense, as f is an observation of the future lifetime of (x), and 
tPx Hx+t is the density function of the future lifetime of (x) at time t. 

Less commonly, we may deal with data which are right truncated, when 
older lives are excluded from observation. This can arise when we use death 
records from a relatively recent period to record age at death, which means that 


lives who have not yet died are not observed. 


18.3.2 Right censoring 


Censored data occur when we know a range for a variable, but not an exact 
figure. Typically, mortality data are right censored. Right censoring occurs 
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when an individual is still alive when the period of observation ends, so all 
we know for that individual is that the time to death is greater than the time 
under observation. 

There are different forms of censoring. The most common in lifetime data 
is Type 1 censoring. In this case, lives are observed for a fixed period (or 
until earlier death). The period may differ for different lives, but it is known 
when the life enters the study. Random censoring differs from Type 1, as 
the censoring times are random rather than fixed. For example, suppose an 
insurer is collecting lifetime data from a portfolio of 10-year term insurance 
policyholders. The data would be Type | censored, but would also be randomly 
censored in the cases of lapsing policyholders who leave observation before the 
Type | end date. 

If the random time to censoring is independent of the time to death, then 
there is no effective difference in how we handle and interpret the data under 
random and Type 1 censoring. However, note that this condition is unlikely 
to be true in the case of the term insurance policyholders, as the lives who 
are very unwell, and therefore most likely to die, are also least likely to lapse. 
Nevertheless, in the rest of this chapter, we assume independence of the time 
to death and the time to the censored exit from observation. 

The pertinent information from the jth life in a study of mortality consists 
of (i) age at entry to the study, x; (which is not a random variable), (ii) the 
time until exit from the study, tj, and (iii) the mode of exit, death or censorship, 
which we indicate with the death indicator variable ô;, which is defined as 

1 if (aj) died at time tj, 


7 10 if (xj) was right censored at time tj. 


We are recording observed values of two ex ante random variables; the time 
until exit, and an indicator variable for death. Note that the time until exit has 
a mixed distribution if the study is over a fixed time period; the distribution is 
mixed because there is a mass of probability representing the probability that 
the life survives from entry to the study until the end date of the study. The 
indicator variable 4; is discrete. For convenience, when we refer to their joint 
distribution below, we refer to the joint probability function. 

So, if the jth life enters observation at age x (at time 0) and dies at time f, the 
data record will be (x, t,6 = 1), and the contribution to the likelihood function 
is the joint probability function of the death time and 6 = 1, which is just the 
density function of T, at t, i.e. f.(t,6 = 1) = iPx Mxse- 

If instead this life is censored at age x + t, then the data record is (x, t, 6 = 0) 
and the contribution to the likelihood function is the joint probability function 
of the exit time and ô = 0, which is just the probability of survival to age x+ t, 
so that f(t, 6 = 0) = Px- 
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We can summarize the contribution to the likelihood function of any data 
point (x, t, ô) as the joint probability function of the variables ¢ and 6, which 
can be written as 


Felt, 8) Spee cs (18.1) 


It is also common for lifetime data to be interval censored. Interval 
censoring occurs when we observe lower and upper limits for lifetime, whereas 
right censoring implies a lower limit only. Interval censoring arises when we 
observe data at discrete intervals, say annually. So, for example, if we observe 
the jth life annually from age x, and discover that they died between ages x + k 
and x + k + 1, then the contribution to the likelihood function is 


kPx — k+1Px- 


Type 2 censoring is less common for actuarial lifetime data. Under Type 2 
censoring, a population is observed until a pre-specified number of failures 
(deaths in our case) has been recorded. In this case the censoring time is 
random and is not independent of the times to failure. This would be commonly 
seen in quality control, where engineering components are tested to failure. 


Example 18.1 You are given the following data from a study of mortality at 
old ages. 

Six lives were recruited to the study at the start of the observation period of 
six years. The individual records are as follows. 


Life O ¥ fj ôj 
1 94.0 6.0 0 
2 92.0 6.0 0 
3 96.5 0.5 1 
4 97.0 between | and 2 1 
5 93.5 4.5 1 
6 99.0 4.0 0 


For each life, identify the form of censoring in the data, and write down the 
contribution of the data point to the likelihood function in terms of actuarial 
functions. 


Solution 18.1 Lives (1) and (2) are Type 1 right censored, as they survived to 
the end of the observation period. Life (4) is interval censored, as the time of 
death is within an interval, but not known precisely. Life (6) is censored, but 
not Type 1, so we assume that it is a random censorship. 
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The contributions to the likelihood function are 


Life (1): foa.o(6, 0) = 6Po4.0 


Life (2): f92.0(6, 0) = 6p92.0 

Life (3): f96.5(0.5, 1) = 0.5P96.5 497.0 

Life (4): forol <t <2, 1) = 1p97.0 — 2p97.0 
Life (5): f93.5(4.5, 1) = 4.5p93.5 498.0 


Life (6): fo9.0(4.0, 0) = 4p99.0 


There are two different ways to use the likelihood information to estimate 
the underlying mortality distribution. 


(1) The parametric approach uses data to fit a parametric lifetime distribution, 
such as the Makeham model. In this case, we would express the logarithm 
of the likelihood (log-likelihood hereafter) as a function of the model 
parameters, and then find the values of the parameters that maximize 
the log-likelihood function. Generally, we use numerical methods, as the 
distributions suitable for lifetime modelling are not tractable for analytic 
likelihood maximization. We can also use numerical methods to estimate 
the second derivatives of the likelihood function, with respect to the 
parameters, which gives an estimate of the asymptotic covariance matrix 
for the parameter estimates. 

The non-parametric approach uses the empirical distribution generated by 
the data, which implicitly means that the parameters of the distribution are 
the ;px (or x+) values themselves. 


(2 


wm 


We give an example of a parametric approach here. In the following sections 
we outline some non-parametric approaches. 


Example 18.2 An insurance company is analysing the mortality of its whole 
life policyholders. There are n lives in the study, and for each life you are 
given the data (xj, tj, ôj), for j = 1,2,...,n, where x; is the age at purchase 
of the policy of the jth life, tj is the time from entry to exit, and 6; = 0 if 
the policy terminated through surrender, and 5; = 1 if the policy terminated 
through death. 

The company decides to fit a Gompertz model, uy = Bc", to the data. 


(a) Write down the log-likelihood function in terms of the Gompertz 
parameters. 

(b) By differentiating the log-likelihood function, write down the two equa- 
tions that give the maximum likelihood estimates for the parameters. 
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Solution 18.2 The likelihood function is 


n 


ô; 
L(B, c) = I] Px Hatt 
j=l 
and so the log-likelihood function, denoted /(B, c), is 


n 


I(B, c) = log L(B,c) = È (log 1px + 8j log Hxj+y) - 
j=l 


For the Gompertz model, 


Px = exp | FF g (c! — D) , 


so the log-likelihood is 
n B n 
\(B,c)=- >> oe Y a; (log B + (xj + tj) loge). 


j=l j=l 


The equations for the maximum likelihood estimates are found by differen- 
tiating the log-likelihood with respect to the parameters, and then setting the 
derivatives to zero. We have 

al = 1 n : 1 n 

— o Xi(ci_] pes 5, 

ƏB aea Vg t 


j=l 


ttt aye c(ci-1) 
= —B ôj 
: ( c loge c (log c)? n FO. 


Hence, the equations satisfied by the maximum likelihood estimates B and ĉare 


—] n 


1 n 
= — GE + = 6j, 
= Be 7 


att — ye Iet — 1) 
z= Ôj 
2 ( ĉ log è (log ¢)? 2 ets 


and these equations would have to be solved numerically to obtain Band ĉ. 


18.4 Non-parametric survival function estimation 
18.4.1 The empirical distribution for seriatim data 


Suppose we have a sample of n distinct failure times, t1, t2,...,fn, with no 
censoring or truncation. We are interested in estimating a survival function, S, 


18.4 Non-parametric methods 667 


from these data, and we denote our estimate by 5. As the empirical distribution 
is discrete, we denote by f the estimated probability function. 

The empirical distribution of failure times for this sample is the discrete 
distribution with sample space {t1,f2,...,f,}, and with probability function 
f(t) = l/n forj = 1,2,...,”. That means that the empirical survival function 
is a step function with 


1 forO<t<t, 


7 (n—1)/n fort <t < ta, 


SO) Can qorneee se, 


In general, suppose we have complete data of the times to death for all n lives, 
with no censoring or truncation. Let n; denote the number of survivors at time 
t from the n lives at time 0. Then the empirical survival function is 


30 Number of survivors at timet 1; 


n n 


and (f) is an estimate of the underlying population survival probability to time 
t. We can estimate the uncertainty involved by considering the ex ante random 
variable N;, which is the random number of survivors at time ż from the n lives 
at time 0. N; has a binomial distribution, N; ~ B(n, S(f)), and so KYO) = N,/n 
has variance 


VIN] _ nS — SO) _ SOU — SM) 


VS@l= —5 


n? n 
Although S(t) is the unknown, underlying survival probability, we can estimate 
it with the observed value of $(t) = n /n, giving an approximate variance of 


vos MES"? — Sn? (4-1), 


3 no n 


18.4.2 The empirical distribution for grouped data 


When data are grouped it means that we have interval censoring, which 
must be allowed for in the empirical distribution. For example, suppose we 
observe 100 000 lives from exact age 50 for 30 years, and collect the grouped 
information on deaths given in the table below. 

These data are interval censored, as we do not have exact information on 
times of death, but we do have bounded information. We can construct the 
empirical survival function at the end of each age interval, as follows: 
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Age last birthday Deaths 

50-59 1700 

60-69 4650 

70-74 5 520 

75-79 9 680 
. 100000 — 1700 
$010) = —-— 90850, 

100000 
. 100000 — (1700 + 4650 
850(20) = ED 00365; 
100000 
; 100000 — (1700 + 4.650 + 5 520 
850(25) = ONS Danie. 
100 000 

A 100000 — (1 700 + 4650 + 5520 + 9 680 
$so(30) = a T 


100 000 


For values of t between the end points of the intervals, we need to make some 
assumption about the distribution of deaths within the interval. The simplest 
assumption is that deaths are uniformly distributed within each interval, which 
means that $50 (t) can be estimated using linear interpolation between the 
survival function values at the end points. This is called the ogive empirical 
survival function, and is the result of assuming that Sso(t) follows a straight 
line between the interval end points. 

That is, assume that, in estimating S from grouped data, we have lower and 
upper end points for one interval of tg and ty. We can calculate 5 (tL) and 5 (tu). 
Now suppose that we want to estimate ky (t) for some t where t < t < ty. Then, 
using linear interpolation, the ogive empirical survival function at t is 


(tu — DÊL) + (t — 1.) S(tu) 


Si) = 
(1) ars 


Example 18.3 For the grouped data listed above, calculate Sso(t) using the 
ogive empirical survival function at (a) t = 2, (b) t = 17 and (c) t = 28. 


Solution 18.3 (a) $sọ(0) = 1 and $s9(10) = 0.9830, so 


. 8 x 1+ 2 x 0.9830 
$00) = 2 = = 0,9966. 


(b) We now interpolate between K (10) and 5 (20) to get 


A 3 x 0.9830 + 7 x 0.9365 
saan = = Z = 0.9505. 
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(c) Similarly, interpolating between Ky (25) and $ (30) gives 


. 2 x 0.8813 + 3 x 0.7845 
S028) = o” : ai = 0.8232. 


18.4.3 The Kaplan-Meier estimate 


In practice, we need to adapt the empirical probability function to allow for 
right censoring and left truncation. A popular approach using seriatim data is 
to use the Kaplan-Meier estimate, also known as the product limit estimate. 

Suppose we have a seriatim data set that includes information on censored 
values. For example, using * to indicate a censored observation, consider the 
following data set of exit times {tz}, which includes five death times and five 
censored observations: 


4*, 5, 10, 10*, 14, 15%, 16*, 17, 19%, 20. 


In this case, we can use the Kaplan—Meier method to determine a non- 
parametric survival function. The Kaplan—Meier estimate is a maximum 
likelihood estimate of a survival function, assuming a discrete underlying 
probability model, with deaths occurring only at the death times in the data 
(the same underlying model as used for the empirical survival function). So, if 
we let to) denote the jth time of death, then the parameters of this model are 
the survival probabilities for each death time, 


. PEET : 
Pr[alive at ti |alive at tpl, 


which we denote po). Given this notation, the Kaplan-Meier assumptions and 
approach can be summarized as follows. 


1. Deaths can occur only at specific times, tg), which are exactly the times at 
which deaths occurred in the data. 

2. The probability that a life alive at time ti (i.e. just before the death(s) at 
that time) survives to time ti) (i.e. just after the death(s) at that time), is pọ). 
Hence, the probability of dying at time tọ) is 1 — py. 

3. The probability of surviving from time t-1) to time fiy that is, from just 
after the death(s) at time tj) to just before the death(s) at time tg), is 1. 

4. The survival function at time t is 


so= [I ro. 
Jt St 
Note that the survival function is constant between death times. 
5. The parameters po), j = 1,2,...,m, are unknown. We use maximum 


likelihood to estimate the values from the data, and the estimated values 
are denoted pj). 
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6. The maximum likelihood estimate of the survival function is the product of 
the maximum likelihood estimates of the parameters {p,j)}, that is 


5 (t) = I] Pj): 
Jt St 

To illustrate, consider the 10 lives whose tg values are listed above. 

There are five death times, so the parameters of the Kaplan—Meier survival 
model are Pij), forj = 1,2,...,5. 

For the first life, tf = 4 gives us no information about any of the parameters. 

For the second life, t2 = tı) = 5 (second exit time, first death time), so the 
contribution to the likelihood is 1 — pq). 

For the third life, t3 = t2) = 10, so the life survived at time 5, and died at 
time 10. The contribution to the likelihood is pa) (1 — po) ). An important point 
here is that if a death time matches a censoring time, we always assume that 
the death(s) occur first. 

For the fourth life t4 = 10*, so the life survived to time 5, and then to time 
10, but this life provides no information on the subsequent {pj} G = 3,4, 5). 
The contribution to the likelihood is pa) pi). 

Proceeding similarly for the other lives, we end up with the contributions 
to the likelihood for each life summarized in Table 18.1. In each case, the life 
contributes p,j) if they survive through time tg), and 1 — po) if they die at time 
tj), but makes no contribution if they are not observed at time fi). 

The product of each row gives the contribution to the likelihood for that life, 
and the product of each life’s contribution gives the overall likelihood, shown 
in the final row of Table 18.1. 


Table 18.1 Table of likelihood for the illustrative Kaplan—Meier data 
in Section 18.4.3. 


Contribution to likelihood 


tk ôk at ta) =$ at t(2) = 10 at t3) = 14 at t4) S17 at 1(5) = 20 

4 0 m - m = - 

5 1 1— pay = = = 3 
O Pa) 1— pe) 7 = g 
W~ p Pa) PQ) 3 = = 
C Pa) PO 1— pe) E = 
Dr Pa) PO) PQ) = = 
16 0 Pa) PQ) PB) = = 
17 1 Pa) PQ) PQ) 1 = pa) 5 
19 0 PA) P(2) P() P(A) = 
20 1 Py PQ) PG) P(A) 1— ps) 


Likelihood (1- papih (PPO, O-ro U-PaPa  1-PE) 


18.4 Non-parametric methods 671 


As usual when deriving maximum likelihood estimates, we maximize the 
log-likelihood, which in this case is 


1 = log(1 — pay) + 8 log pay + log — pay) + 7 log pay + log(1 — pay) 
+ 5 log pay + log(1 — pray) + 2 log pray + log(1 — ps). 


The maximum likelihood estimates are found by setting the partial derivatives 
equal to zero, giving the following results for pa) to pia): 


8 1 05b 8 
= — = PQ) = =, 
Pa 1-Pay 9 

1 : 0P g 
A Ee a elon POS a 
Po 1-Ppe) 8 

5 1 5 
xo —— =0 > pe) = = 
PB) 1-Pe) 6 

2 1 a 2 
z = = 90> pa = =. 
Pay 1-a 3 


For pis), the derivative of / with respect to pis) is 1/(1 — pis)), which does not 
equal zero for any feasible value of p(s) (that is 0 < prs) < 1), because there is 
no turning point for the likelihood as a function of p(s). However, the objective 
is to maximize the log-likelihood, and, as the log-likelihood is a decreasing 
function of p(s), it is maximized when f(s) = 0. 

The maximum likelihood estimate of the survival function is 


SO = I] Po. 
Jitgy St 
So, for example, $(12) = (8 x 7 x 5)/(9 x 8 x 6) = 0.6481. Note that S(f) is 
constant between values of tọ). 


You may notice a pattern to the maximum likelihood estimates of the 
survival probabilities. In each case, 


number of lives surviving to time tj) 


g) 
This is a natural estimate for pọ), as it is the empirical survival probability at 


Py = . = l 
% number of lives surviving to time t 


time tg). We use this observation to determine a general form for the maximum 
likelihood estimates of the survival probabilities for any group of lives, without 
having to work through the individual likelihood contributions for each life. 
We define the risk set at time tj), denoted rj, to be the number of lives 
observed to have survived to time Ky: If any lives left observation through 
death or right censorship before time fi» they are not included in rj. If any 
lives entered observation (left-truncated) in the same period, they are included 


672 Estimating survival models 


in rj. Also, let d; denote the number of deaths at time tọ). In principle, as deaths 
are happening in continuous time and the lives are independent, we would 
expect dj = 1 for each j, but granularity in recording (e.g., we may record to 
the nearest week, or day) can lead to simultaneous deaths. Let m denote the 
number of death times in the data. 

Then the likelihood and log-likelihood can be written as 


m 

r;—d; d 

L=] [7 a-p? 
j=1 


and 


3 


l=) _ (Crj — dj) log pw + djlog(1 — pw)).- 
j=l 


Taking the partial derivatives with respect to pi for j = 1,2,...,m gives 
ab 7-4 dj 
ar PDL PG 
and setting these partial derivatives equal to zero gives the maximum likelihood 
estimates as 


(18.2) 


rj — dj 


AE 
Returning to our illustrative example, we have the data and calculations 
summarised in Table 18.2. (In this, and other, tables, it is convenient to define 
to = 0, with ro denoting the number of lives initially under observation.) Note 
how much more concise this format is, compared with the seriatim approach in 
Table 18.1. Also interesting to note is that, if there are no censored or truncated 
data, the Kaplan—Meier method will give the empirical survival function from 
Section 18.4.1. 
Because the exact times of censoring do not affect the results, and because 
we may have a large amount of data, it is common for the data for the Kaplan— 


Table 18.2 Data summary based on death times. 


NOR 
j ty rj di Py tw St< ty 
0 0 10 1 
1 5 9 1 8/9 8/9 
2 10 8 1 7/8 7/9 
3 14 6 1 5/6 35/54 
4 17 3 1 2/3 70/162 
5 20 1 1 0/1 0 
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Table 18.3 Excerpt from mortality study data for Example 18.4. 


Exits in Entrants in 
+ p + s 
Deaths at GPE t41)) (jy foy) 
j t(j) t(j) (censored) (truncated) 
0 0 10 2 
1 23.5 1 5 8 
2 44.5 1 5 3 
3 57.0 2 1 6 
4 59.0 1 6 2 


Table 18.4 Solution with risk set calculations for Example 18.4. 


KOF 
j t(j) rj dj Bo) tj) S t< tj+1) cj 
0 0 100 1 8 
1 235 92 l 91/92 0.9891 $ 
2 442 94 1 93/94 0.9786 2 
3 «57.0 91 2 89/91 0.9571 -5 
4 590 94 1 93/94 0.9469 4 


Meier estimator to be presented in grouped form, similar to the first four 
columns of Table 18.2. Alternatively, the data may give the number of exiting 
(right-censored) and incoming (left-truncated) observations instead of directly 
giving the risk set. Let c; denote the number of exits (right-censored) minus the 
number of new entrants (left-truncated) to the observation set, between times 
ti) and ti +1)" Then, assuming that we know the initial risk set, rọ, the risk set 
at time t1) is r1 = ro — co, and for j = 1,2,..., we have 


Til = 1 — Gi — cj. 


Example 18.4 Initially, 100 lives are included in an observation of ages at 
death. You are given excerpted information from the study data in Table 18.3. 
Calculate the size of the risk set at each of the first four times of death, and 
estimate the conditional and unconditional survival probability up to age 59, 
using the Kaplan—Meier method. 


Solution 18.4 We repeat the table with the risk set calculations included. We 
are given that ro = 100, and we have cj = exits — entrants, so r} = ro — co = 
92, r2 = rı — dı — cı = 94, and so on. The cj values are in the final column, 
since they are not required for S (to), but are required for calculating the risk 
set at the following death date, f(;+1). The results are shown in Table 18.4. 
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Greenwood’s formula 
Because Si) is a function of the random observations, we can derive a 
variance, which can be approximated using information from the data. The 
result is Greenwood’s formula: 


A A d; 
VIO] ~ S(t)? — N 18.3 
KOLKO 2 a) (18.3) 
Jtgat tS 
The derivation of this starts with the estimates pj = 1 — d;/rj. Assume at 
each death date tọ) that rj is known, and that dj is the random number of deaths 
from the risk set rj. Then dj is a binomial random variable, dj ~ B(rj, 1 — pqy), 


with 
Eld] =r- po) and VIdi] = 77 — pa) po. 


Then, as py) = 1 — dj/rj, 


d; 
E[pg] = 1- L = 
J 
and 
.. Vid; y= pg 
Veni il _ PAU=P®) l 


r rj 


Now, under the Kaplan-Meier approach, the {pj} are independent of each 
other. We know this because the derivatives of the partial likelihood with 
respect to each parameter in equation (18.2) did not involve any of the other 
parameters (a sufficient, but not necessary condition for independence). The 
expected value of 5 (t) is 


EISO1=E| [] 60] = [] Eéol= [] ro =SO. 


j: tst Jit <t Jtt 
where we can move the expectation inside the product because of indepen- 
dence. The variance is 
2 2 


VISOI=E] | [[ bo) |-E] [I ĝo 


jito St jito St 


=E| [] a | -s0 


Ït) <t 


18.4 Non-parametric methods 675 
Again using independence of the {pj}, 


E| [] |= I] E|} ] = lI (v [Po] +E Po) 


jt st jtgySt jitgySt 


= p (sa) 
Tj 


jitgySt 


1- pg 
_ 2 G) 
= TI %( +1) 


e Pari 


= si [| (e. 1). 


jigs ` PON 


Now we note that (1 — pyy)/(7j pq) is expected to be fairly small, so we 
approximate the product of the 1 + (1 — pqy)/(7j pq) terms by ignoring all 
cross products involving (1 — pqy)(1 — pœ), giving the approximation 


1— pg 1- pg 
I] ("2 +1) <1+ Yo, 
jtgst POY jtgst PON 
So our approximation to the variance is 


vosso (i+ D —P2) -so 


Fig st POT 


1 — pg 
sso? Pn 
Jta St PO T) 


Now we approximate S(t) with S(t), and pq with py) = 1 — d;/rj, to give 
dj 


ViS@]~ Si? L >. 
INI J 


Jt st 


Example 18.5 Calculate the standard deviation of the 5 (t) values in Exam- 
ple 18.4 using Greenwood’s formula. 


Solution 18.5 For j= 1, we have 


SD[S(23.5)] ~ 0.9891 = 0.01081. 


92 x 91 


Similarly, for j = 2, we have 


, 1 1 
D[S(44.2)] ~ 0.97 = 0.01496. 
i es 86155 x 91 ad 94 x 93 eee 
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Proceeding similarly for the subsequent values of S(t) gives the values in the 
following table. 


SO, SDIS(D], 
j t(j) rj dj Bo) t) St < t+) t) St < t+) 
1 23.5 92 1 91/92 0.9891 0.01081 
2 44.2 94 1 93/94 0.9786 0.01496 
3 57.0 91 2 89/91 0.9571 0.02099 
4 59.0 94 1 93/94 0.9469 0.02310 


Confidence intervals for $ (t) 
We saw in the derivation of Greenwood’s formula that ELS (t)] = S(t). We 
also know from the properties of maximum likelihood estimators that, subject 
to certain conditions, the maximum likelihood estimator is asymptotically 
normally distributed, so an approximate 95% confidence interval for S(t) is 


S(t) + 1.96y VIS]. (18.4) 


So, in Example 18.4, an approximate 95% confidence interval for $(23.5) 
would be 


0.9891 + 1.96 x 0.01081 = (0.9679, 1.0103). 


Now, the upper bound of the confidence interval in this example is not very 
useful, as we know that S(t) < 1. We also find that, when SO is small, 
formula (18.4) can result in negative lower bounds. 

One way of ensuring that the bounds are meaningful is to use a log- 
transformation of the estimator. In our case, we have S(t) € [0,1]. It then 
follows that — log S(t) € [0,00], and hence log(— log S(t)) € [—c, ow]. 
What this means is that, if we use (S(t) = log(— log S(O) to transform 
the estimator, then we can construct a confidence interval for an unbounded 
statistic. When we obtain this confidence interval for g($), we can transform 
it back to a confidence interval for S with the inverse of the function 
log(— log S), i.e. g!(S) = exp{—exp{g(S)}}. We use two characteristics 
of functions of maximum likelihood estimators for this. Suppose 6 is the 
maximum likelihood estimator of 0, and that the variance of 6 can be 
estimated from 6 (and does not require any other estimates of parameters). 
Then the following statements are true for any monotonic and differentiable 
function g. 
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(i) The maximum likelihood estimate of g(@) is g(6 J; 
(ii) The variance of (6) can be approximated as 


A dg(@)N\? a 
V[g(0)] ~ | =—— ]) vga]. 
[g()] ( 10 [0] 
This is an application of the delta method. In applications of this result, 
the derivative g'(0) is estimated by g’ (0). 


Applying the delta method to the function g(s) = log(— log s), and using 
$ (t) in place of S(t), we have 


gO) = -—— > VOI ~ (e 

slogs S(t) log S(t) 

This allows us to construct, say, an approximate 95% confidence interval for 

g(S(t)) = log(— log S(t)), which can be transformed back to give bounds for 
S(t), as follows. 

Let g; and gy represent the lower and upper bounds of the confidence 

interval of g(S(1)), and let sy, and sy represent the lower and upper bounds 

of the confidence interval for $(¢) after transforming the data back using g~!. 


Then 


ss 7 de(S a 
g(S(t)) + 1.96/ VIESI ~ g(S() + 195,| (426) V[S@] 


2 A 
) VISO]. 


2 
= log-log Ŝ(t)) + Lss |( ) VIS] 


SA) log S() 
= (gL, 8U). 


Thus, our confidence interval for S(t) is (sL, sy) where 


su = exp {— exp {g2L}} and s = exp {-— exp {gu}. 


Note that g(s) is a decreasing function of s here, so the bounds switch when 
the data are transformed in either direction. 

To see this in practice, consider $(23.5) from Example 18.5. We have 
$(23.5) = 0.9891 and V[S(23.5)] = 0.010817. So the estimated 95% confi- 
dence interval for the transformed estimator is (gL, gu), where 


1 
0.9891 log 0.9891) 


2 
gL = log(—log 0.9891) 196( ) (0.01081)2 = —6.4763, 


1 2 
= log-log 0.9891)+ 1.96 0.01081)2 = —2.5564. 
gu = logClog a a log ian) ( ) 


678 Estimating survival models 


We now use g7! (gL) and g~!(gy) to find the bounds of the log-confidence 
interval: 


sL = exp{— exp{—2.5564}} = 0.9253 
and 
Su = exp{— exp{—6.4763}} = 0.9985. 


If it is not clear from the context, we refer to the confidence interval without 


transformation (e.g. S(t) + 1.96,/ V[S(1)]) as a linear confidence interval, 
and the confidence interval using the log(— log) transformation, (sL, sy), as 
the log-confidence interval. 


Notes on Kaplan-Meier calculations 

(1) We have described the Kaplan—Meier estimate of S in terms of ages at 
death, which is the most useful interpretation in the context of developing 
practical survival models. In other survival analysis contexts, such as 
survival after diagnosis of a disease, the age variable would be a time 
variable, and that is the usual presentation. 

If the final value in the data is censored, then 5 (t) is undefined beyond that 
point. If we need values for 5 (t) beyond the final death time, then we must 
extrapolate from the data. Popular methods include linear extrapolation to 
some selected maximum age w, or exponential extrapolation, such that 
if the last death occurs at age t(max), we could set 


(2 


wa 


SA = (S(tanaxy))!/™™ fort > tma. (18.5) 


(3) If there is a very large data set, with deaths at very short intervals of, say 
h, the 1 — Pq) are estimates of hito» which will be very close to h Ht- 

(4) In principle, the Kaplan-Meier survival function could be used as the basis 
of a life table. It would probably be smoothed (or graduated) first. 

(5) Another application of the Kaplan-Meier survival function is to assess 
whether the mortality data used are consistent with an underlying model. 
For example, an insurer would check how closely their mortality experi- 
ence matches the mortality tables provided by their professional bodies, or 
required by regulation. 


18.4.4 The Nelson—Aalen estimator 


We define the cumulative hazard function, which we denote by H, as 


x 


H(x) = f Hy dy, 
0 


and so Sox) = e 4), 
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The Nelson—Aalen estimator is a non-parametric estimator of the cumulative 
hazard function, which can be used to construct a non-parametric estimator for 
the survival function. 

The maximum likelihood estimator of the cumulative hazard function, using 
the same notation as we used for the Kaplan—Meier estimator, is 


ee d; 
A(x) = = 

w= 7 

Jt) SX 
and, using similar arguments to the Kaplan—Meier estimator, we can derive 
7 d;(r; — d;) 
X IMT 
vioas So SO. 


Jito sx J 


The Nelson—Aalen estimate of the survival function is $ (x) = eH 0, Using 
the delta method, with g(H) = e™™ , we have 


A y\2 a a 
VWI ~ (O) VAW] = (S0? VA] 
~ w E dili = di) 


3 
Jtg Sx if 


We can construct an approximate 95% confidence interval for H(x) as 


A(x) + 1.964 V[A(x)] 


and use this to construct a confidence interval for S(x). However, it may 
be preferable to transform the estimator to avoid problems with potentially 
negative bounds for H(x). Because there is no upper bound for H(x), a single 
log-transformation of g(H) = log H transforms the bounds from [0, co] to 
[—oco, co]. 

If the estimate of H(x) is based on a large sample, such that the intervals 
between deaths are small, then a survival distribution might be derived 
by smoothing the cumulative hazard function, giving, say, H(x), and then 


g è wage : _ dH(x) 
(numerically) differentiating it to get yx = =>. 


18.5 The alive-dead model 


The non-parametric approaches described in the previous section focus on 
the survival function for future lifetimes. However, the more basic building 
block of survival models is the force of mortality, and it is useful to consider 
methods that use the mortality data to estimate uy directly, rather than through 
the survival function or the cumulative hazard function. In addition, the 
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methodology extends to multiple state models, where we are interested in 
estimating forces of transition between states. 

We assume that the mortality data are partitioned into age-years, and that 
the force of mortality is constant within each age-year; that is, let Wx»+; = Lx 
(say), for integer x and O < t < 1. That means that we fit a piecewise linear 
model to the force-of-mortality function. To do this, we essentially treat the 
lifetime data for each year of age as separate data sets. 

For example, suppose we have a life who entered observation at age 40.2 and 
died at age 41.4. For the parametric approach, we described this observation 
as x = 40.2, t = 1.2, and ô = 1, but for the piecewise constant model for 
the force of mortality we split the observation into individual age-years. For 
the year of age 40 to 41, this life enters observation at age x = 40.2 and is 
censored at age 41, so the data point for estimating u40 is x = 40.2, t = 0.8, 
and ô = 0. To estimate u41, we consider only the information between ages 
41 and 42: the life entered observation at age x = 41, and was observed for 
t = 0.4 years, at which point they died, so ô = 1. 

More generally, for the year of age x to x + 1, let n denote the number of 
lives who contribute some information; that is, who are under observation for 
at least some part of the year. For each of the n observations, we know the age 
at entry, Xj, where x < x; < x+ 1, and we observe values for the following two 
random variables. 


1. The period of observation, t; > 0, is called the waiting time. As we are 
working within the age-year x to x + 1, we have x; + tj <x+ 1. 

2. The death indicator variable, 6; = 1 if the life dies before age x; + tj, and 
6; = 0 if the life is censored at age x; + tj. 


We know that the waiting time and indicator random variables (t; and 4;) 
are not independent, because, if x; + tj = x+ 1, then we know that the life 
survived to the end of the observation period, so 6; = 0. 

We also know, from equation (18.1), that the joint probability function of 


(tj, ô;j) is 
ô; 
Sx (G6) = Px; (ux) : . 


Using the fact that t; < 1, we have u xjty = Mx under the piecewise constant 
assumption, and thus z px; = e 4x, So the joint probability function can be 
written as 


Apa = TI (uy). 


Assuming that the n observed lives are independent, we have a likelihood 
function for ux of 
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n 


] [4G 8) =[]e™ u? 


j=l j=l 


L(x) 


ll 

oO 

tal 
gel 

| 
= 
= 
> 
Fie 
= 
tad 
— 

T 


Let wy = Xi t; denote the total waiting time, which is the aggregate number 


of years that the n lives spent alive and not right censored, between ages x and 
x+ 1, and let dy = Xi 6; denote the total number of deaths observed from 
the n lives, between ages x and x + 1. Then we can estimate ju, as follows: 


L(x) = eo Mss st, 
U(x) = log L(x) = —Wy Ux + dy log Ux, (18.6) 
al dy 
= —Wx + : 
ð Ux Hx 


Setting this derivative equal to zero gives the maximum likelihood estimate 
Of Ux, 

dy Total number of deaths 

Wy = Total waiting time 


Ôx = 


As 1, is the maximum likelihood estimate of ux, we can derive its asymptotic 
variance. In this context, we now treat ñ, as a random variable, equal to 
Dx/Wx, where Wy is the ex ante random total waiting time between ages x and 
x+ 1 for the n lives, and Dx is the ex ante random number of deaths between 
ages x and x + 1 for the n lives. So, from equation (18.6), we have 


(Ax) = —Wy Hx + Dy log Ux, 


where ux is the unknown parameter (and is not a random variable). The 
asymptotic variance of ix, which we use to approximate V[/1;], is 


Now 


—1 
a7 1 D, 321l 2 
-5 > |E] -7z =o. 
ð My My ð Uy E[D,] 


We use our observed value of dy to approximate E[D,] and our maximum 
likelihood estimate, Ax = dy/wx, to approximate jx, giving 
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18.5.1 Notes on the alive—dead model 


(1) The aggregate waiting time between ages x and x+ 1 is traditionally called 
the central exposed to risk and is denoted EY. 

(2) Conducting a completely separate estimation for each year of age loses 
some information, in the sense that we expect uy to be a relatively 
smooth function of x, so, for example, the values of ux—-ı and uy-2 
might be assumed to give some information about jz, that is not captured 
here. However, we can use graduation techniques (e.g. kernel density 
smoothing) to transform the raw /1, estimates into a more realistic smooth 
function of x. 

(3) If we are using the piecewise constant estimates of uy as the basis for a 
smooth, continuous function, it would be more appropriate to set p, c= 
Ôx, i.e. to set the estimator to be the mid-year force of mortality, rather 
than the value at the start of the year of age. This gives an estimator that is 
well known to actuaries, namely 


dy 


ræ 3 
2 ES 


Â 


(4) To construct life tables at integer ages, we use mortality rates. Given the 
estimated values for uy, and the assumption that ux is constant between 
ages x and x + 1, we have 


ĝ = 1 — eÊ (18.7) 


as the maximum likelihood estimate of qy under this model. 

(5) Using the delta method again, we can derive the variance of the estimate 
for qx in equation (18.7). Recall that for a monotonic, differentiable 
function g, and a maximum likelihood estimate 1 of a parameter p, 


. d ae 
VIIx (2%) Vial. 
Let g(u) = 1 —e™ so that g' (u) =e“, then 


Vide] = VIs] © exp(—2f,) Vix] 


(8) a 
x exp | -2 -z | sa 
EY) ED 
(6) A different estimator for g, that is commonly used is y, where 
a: 
qx = E, 


in which Ey is the initial exposed to risk, which, unfortunately, has several 
different definitions. Roughly, the initial exposed to risk represents the risk 


> 


(7) 
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set for the year of age x to x + 1, such that we may regard the number of 
deaths as a binomial random variable, with Dy ~ B(Ex, qx). It is simple 
to show that, under this model, the maximum likelihood estimate of qx is 
dx = dy/Ex. If we observe n lives from age x to the earlier of age x + 1 
or death, then this estimator is valid, and E, = n. However, there are 
potentially significant technical problems when we have truncation and 
censoring between the integer ages, and the use of the initial exposed to 
risk is generally deprecated now. 

The actuarial estimate of qx is defined as 


5 dy 
qx = ne 
E + idy 

and the denominator here can be viewed as an estimate of the initial 
exposed to risk. However, the actuarial estimate can be justified without 
using the binomial distribution, using 1, = dx/E£, and assuming that 
deaths are uniformly distributed between integer ages. Under UDD, it is 
straightforward to show that 


Hyl 
er 
1+ 2+ 
Substituting u1 = d,/EY gives 
x+4 : 
d 
dx = = (18.8) 
ES + zđx 


For small values of ux, the difference between g, from equation (18.7) and 
qx from equation (18.8) will be very small, but the maximum likelihood 
estimate, g,, is more consistent, and is therefore generally preferred. The 
problem with g, is that we have assumed constant force of mortality 
between integer ages to derive the maximum likelihood estimate for u, 
and then used UDD, which is a different, inconsistent assumption, to 
calculate gy. 


18.6 Estimation of transition intensities in multiple state models 


To estimate transition intensities for models with more than two states, we 


use a very similar approach to that of the previous section for the alive—dead 


model. As before, we consider each age-year separately, and we assume that 


all transition intensities are constant within each age-year. We then construct 
the likelihood function, using the observed data for each life consisting of 
(i) the time spent in each state, and (ii) the number of transitions between 
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Healthy rd Sick 
0 — 1 
Dead 
2 


Figure 18.1 The sickness—death model for disability income insurance. 


states, during the age-year. Note that the likelihood is now a function of all the 
possible transition intensities. 

If the life under consideration stayed in the same state throughout the obser- 
vation period, or until a fixed, Type | censorship point, then the contribution 
to the likelihood is the ex ante probability of staying in that state. If the life 
moves between states, then the contribution to the likelihood is the joint ex 
ante probability function of the observed movements. We again use the term 
probability function to cover both cases. 

We develop our results in the context of the sickness—death model intro- 
duced in Chapter 8, represented by Figure 18.1. The piecewise constant 
transition intensities are represented by u} = py. 4, for integer x and for 
0O<t<l. 

Suppose we observe the history listed in the table below for a life under 
observation between integer ages x and x + 1. Time, f, is measured in years 


from age x. 
Time Event 
t=0 In State 0 
t=0.1 Moves to State 1 
t=0.5 Moves to State 0 
t= 0.8 Moves to State 1 
t=1 Still in State 1 


To construct the contribution to the likelihood function for this life, we 
partition this history into individual intervals, where each interval ends with 
a transition or with censorship. Note that the probabilities and transition 
intensities within the age-year do not depend on the age at transition, because 
we assume constant transition intensities between integer ages. 

The first interval is (0, 0.1]. The probability function is based on the joint 
distribution of the time of exit from State 0 and the mode of exit. The density 
of the time of exit from State 0, given constant transition intensities, is 
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00 / 01 02 
Px (n + Ux ) 


and the probability that the transition at time ¢ is to State 1, rather than State 2, 
(given that there is a transition) is, by proportion, 


a 
uy + ug? 
So the contribution to the likelihood of this part of the history, given that the 
transition is at time t = 0.1, is 


00 / 01 02 Hy 00, 01 
Px (u! = Hy ) 0! rr = 0.1P x Hy $ 


The second interval, (0.1, 0.5], is similar, except that now the probability 
function combines the density associated with leaving State 1 after 0.4 years, 
and the probability that the exit is to State 0, rather than State 2, giving a 
contribution of 


TI10 
0.4Px Hy - 
The contribution for the third interval is similar to that for the first interval, 
namely 
00,01 
0.3Px My - 


As observation is censored at the end of the fourth interval, the contribution to 
the likelihood is 


11 
0.2Px - 


We can use the time-line diagram in Figure 18.2 to demonstrate the 
likelihood for this history. This is exactly the same idea as the time-line 
diagrams in previous chapters — compare it with Figure 8.5, for example. 
The difference here is that we omit the dt terms which are used to derive 
instantaneous probabilities for setting up integrals, but are not included in the 
probability functions. 


Time 0.1 0.5 0.8 


oe on E 


a 
E 


| 
| 
State 1 
A 


01 


00 TI 10 00 ,,01 TI 
0.1Px Hx 0.4Px Hx 0.3Px Hx 0.2Px 


Figure 18.2 Time-line diagram for sickness—death example transition history. 
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So the observation of this life contributes the following to the likelihood: 


0.17% u? oap! u! osp% u o2p!!. (18.9) 


Constant transition intensities within each year of age give us 
a0 _4(,,01,,,02 TT E OE 
p” =e (ny Fay ) and p" =e tH THy Ji 


So the contribution to the likelihood in (18.9) can be expressed entirely in 
terms of the transition intensities as 


ge 0-1(ug! +n?) u’! o—0-4l(u +H) u£ e70 3(ur tHe") p01 0 0-2(ue +1") 


oi, 10, 2 
=e 0.4(uy Hu? Php 0.6(145 Hul a) a (u!) r 


Note that the precise timing of the transitions does not matter here. The only 
information required is 


(1) the life spent 0.4 years in State 0, 

(2) the life spent 0.6 years in State 1, 

(3) the number of transitions from State 0 to State 1 was 2, 

(4) the number of transitions from State 1 to State 0 was 1, and 
(5) there were no other transitions during the year. 


This is sufficient information because of the assumption of constant transition 
intensities within each age-year. 

For a more general formula for the contribution to the likelihood of a single 
policy history, assuming the sickness—death model with piecewise constant 
transition intensities, we adopt the following notation, where we consider all 
events 8 between ages x and x + 1. 


Let T ) denote the total time spent by the jth life in State k between ages x 
and y + 1, for k = 0, 1. This is the waiting time in State k for the life. 

Let di denote the total number of direct transitions from State i to State 
k between ages x and x + | for the jth life, for i = 0, 1 and for k = 0, 1, 2, 
where i Æ k. 


Then the contribution to the likelihood for the jth life is 


m ol 02 10 12 ay" dy? a}o a}? 
H thx Ly Hx OL 02\/ 10\ / 12\ J 
é ( * * ) €e ( + * ) (n )’ (n? ) (ni ) (u ) 


Example 18.6 An insurer is analysing its experience using the sickness—death 


model. You are given the following records of all transitions between ages x 
and x + 1 for three lives. For each life, identify the values of tO, tD, d!l, 
dd 10. and d!?, and write down the contribution to the likelihood function, 
in terms of the transition intensities. 
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Life 1 Life 2 Life 3 
t= 0 In State 0 t=0 In State 1 t=0 In State 0 
t=1 In State 0 t=03 Moves to State 0 t = 0.4 Moves to State 1 
t=0.5 Moves to State 1 t= 0.6 Moves to State 0 
t= 0.8 Moves to State 2 t= 0.9 Moves to State 1 
t=1 In State 1 


Solution 18.6 We can tabulate the information as follows: 


Life © (D da! g2 q? qe? 
1 1 0 0 0 0 0 
2 0.2 0.6 1 0 

3 0.7 0.3 2 0 1 0 


Then the contributions to the likelihood function are: 


Life 1: e7 (ux tux) 

Life 2: e702 +H") g-0.6(ux° +u) (u!) (u) 
2 

Life 3: e OUY?) -0.3(uz +u?) (u3!) (u) 


We can collect together the contributions to the likelihood from, say, n 
lives under observation between ages x and x + 1, to give the full likelihood 
function as 


4 01 
Le ig (ur te?) o 


0 104 d0! dy? d}? d}? 
BD ary (ny (ny 


and hence the log-likelihood is 


2) “> Ta +u) 


+) tog ul! + df? og u9 + di? tog ul? +d}? log?) 


=- (ut +My P (op + by EP 


n 
+ log! Sod oent Yd +ou Zd + gal? a 
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For i = 0,1 and k = 0, 1,2 with i Æ k, let 
n n 
(i) __ (i) ik _ ik 
r= Si and DE = Yr 
j=l j=l 


Then 7 is the total waiting time in State 0 for the n lives, T is the total 
waiting time in State 1 for the n lives, D°! is the total number of transitions 
from State 0 to State 1 by the n lives, and so on. 

Using these definitions, the log-likelihood is 


[= -T® (u + u?) -T® (ar + uw?) 


+ D” log u?! + D™ log u? + D! log u? + D!? log u!?, 


and taking the partial derivative with respect to each wl we obtain 


01 02 
al _ _ 7 D al _ 74? l 
ð uX! yy 3 u? u% 
10 12 
al = OPS al = Ga? l 
ð ul? p3? ðu? ny 
Setting these partial derivatives equal to zero yields the maximum likelihood 
estimates 
01 02 10 12 
~o1 _ P <ox  P a19 __ P a12_ P 
Px TO A FO Be WM M =o 


In each case, the maximum likelihood estimate of the transition intensity 
from State i to State k is the number of transitions from State i to State k, 
divided by the total waiting time in State i. 

To estimate the variance of the maximum likelihood estimates, we first 
consider the second derivatives, which are 


321 —p?! a7 1 —p°2 
U P aP UP 
321 —p!0 a2 1 —p!2 
a (uI (U SUPP (Ha?) 


We notice that all cross derivatives are zero, which means that the maximum 
likelihood estimates are independent, and that, for example, 


321 -1 (u0!)? 
alja | _ — x 
vi | ~ ( E Ee al = EDO (18.10) 
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Substituting eg = D! /T®O for pe, and D°! for E[D?!], we have 


The results for the sickness—death model are easily generalized to any 
Markov multiple state model. Given aggregated data such that D* is the total 
number of observed transitions from State i directly to State k, and T© is the 
total waiting time in State 7, then the maximum likelihood estimate for pee and 
the approximate variance of the maximum likelihood estimate for vies are 


ik ik 
zika D alt] = D 


18.7 Comments 


1. Throughout this chapter, we have assumed that the individual data points 
are independent. However, a common problem with life insurance data is 
that a single individual may hold more than one policy. To ensure that the 
data are as independent as possible, multiple policies insuring the same 
individual should be collected together as a single data point. We call this 
deduplication. 

2. Generally, before analysing a mortality experience we separate the data into 

reasonably homogeneous groups. In life insurance, data would typically be 
classified by the sex and smoking status of the insured life. In addition, 
we would generally analyse individuals who buy annuities separately 
from individuals who buy life insurance, and we may separate shorter 
term insurance policyholders from whole life, as self-selection can create 
different underlying lifetime distributions for these groups. This separation 
recognizes that premiums for these groups should be based on the most 
representative data possible. 
In analysing the mortality experience of pension plan members, we gen- 
erally do not have information on smoking status, and in any case, we do 
not separate smokers and non-smokers in the valuation process. We would 
analyse the data by sex, and if the plan offers spousal benefits we might 
analyse data from spouses separately from data from members. 

3. Another source of heterogeneity in mortality data is the socio-economic 
status of the individual life. It is well documented that wealthier lives 
experience lighter mortality than less wealthy lives. In mortality data of 
insured lives, experience can differ quite significantly between individuals 
with small death benefits and individuals with large death benefits, even 
after other factors have been allowed for. Similarly with pension plan 
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data, there may be a significant difference in experience if the data are 
stratified by benefit amount. However, stratifying the data means that the 
separated data sets are smaller, which leads to potential for very high 
uncertainty, particularly at older ages when the exposure is low, or at very 
young ages where few deaths are observed. An alternative is to use a more 
complex regression approach, where the sum insured would be included as 
a regression coefficient. 

4. The piecewise constant assumptions used in Sections 18.5 and 18.6 
are unlikely to generate smooth functions, due to sampling variability. 
Typically, transition intensities would be graduated by a suitable smoothing 
process before being used. 

5. In this chapter, we have assumed that the underlying survival function is not 
changing over time. However, in Chapter 3 we noted that mortality rates 
do change over time, and in Chapter 19 we introduce more sophisticated 
models of time-varying mortality. If the data used for calibrating a mortality 
model are collected over a reasonably short period, the impact of mortality 
changes will be small. If data are collected over decades, then consideration 
of trends in mortality should be incorporated in the analysis. 


18.8 Notes and further reading 


Model selection, goodness-of-fit tests and graduation are important steps in 
survival analysis, but are beyond the scope of this chapter. For a general 
actuarial coverage, see Klugman et al. (2012), and for a more specific coverage 
relating to mortality modelling, see Macdonald et al. (2018). 

Brown et al. (1974) first suggested exponential extrapolation for the non- 
parametric survival function given in equation (18.5). 

In Section 18.5.1 we noted that the initial exposed to risk measure is 
obsolescent. The Continuous Mortality Investigation Bureau, in CMI (2008), 
offers a detailed explanation of the problems with the initial exposed to risk, 
and all subsequent CMI reports use only the central exposed to risk. 


18.9 Exercises 


Shorter exercises 
Exercise 18.1 You are given the following survival data; assume all nine lives 
are observed from birth: 


27, 30°, 34, 58t, 68, 68%, 70, 77, 78%. 


(a) Calculate $(69) using the Kaplan—Meier approach, together with an 
estimate of the standard deviation of $ (69). 
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(b) Calculate $(69) using the Nelson—Aalen approach, together with an 
estimate of the standard deviation of $(69). 


Exercise 18.2 You are given the following information with respect to a 
Kaplan—Meier estimate of a survival function S. 


e S(t(5)) = 0.87500, $(t@6)) = 0.8500 and (to) = 0.82875. 
e At each time of death tọ), there is one death. 


(a) Calculate the risk set at time t(6). 
(b) There were two exits from the risk set between times t6) and t. How 
many new entrants were there in this period? 


Exercise 18.3 Initially, 500 lives, each aged 20, were included in study of 
times to death. You are given the following information about the study 
participants at the first five death times. 


Number of Exits in 
j t(j) deaths at t(j) (Hye dig) 
0 0 9 : 
1 220 1 3 
2 315 1 = 
3 307 1 k 
4 513 1 y 
5 53.0 1 2 


(a) Calculate the risk sets at each of the death times, and estimate the 
conditional and unconditional survival probability estimates up to age 53, 
using the Kaplan-Meier method. Put your answer in the format of a table, 
similar to the solution to Example 18.4, i.e. with headers 


i wm y d be S(O, cj 
t) St < tg+1) 


(b) The data were later combined with another study. In the new study, 100 
lives were observed from age 50. No lives were censored before age 53, 
and there were individual deaths observed at ages 51.5 and 51.8. Calculate 
the revised table in part (a) given this additional information. 


Exercise 18.4 You are given that the estimate of a survival function at time 80 
is $(80) = 0.3, and that V[Î(80)] ~ 0.03. 


(a) Calculate the 99% linear confidence interval for S(80). 
(b) Calculate the 99% log-confidence interval for S(80). 
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Exercise 18.5 You are given that the estimate of the cumulative hazard 
function at time 30 is H(30) = 0.004, and that SD[A/(30)] ~ 0.0025. 


(a) Calculate the 95% linear confidence interval for H(30). 
(b) Calculate the 95% log-confidence interval for H(30). 


Longer exercises 
Exercise 18.6 The following data are taken from the employment records 
between ages 58 and 59 of 1000 pension plan members. The possible 
decrements from active employment (State 0) are by early retirement (State 
1), transfer to another position (State 2) or death in Service (State 3). 


Total waiting time in active employment 785 years 


Total number of early retirements 150 
Total number of withdrawals 200 
Total number of deaths in service 20 


: 00 
(a) Estimate 1p5g- 
(b) Estimate 9 sp. 
(c) Calculate a 95% log-confidence interval for uol. 


Exercise 18.7 A large number of individuals were followed for 30 years to 
assess the age at which a disease symptom first appeared. 


(a) For the individuals described below, describe the censoring and/or trunca- 
tion involved in the observation: 
(i) The first life enrolled in the study with the disease already present at 
age 45. 
(ii) Two individuals enrolled at ages 30 and 42 and never showed the 
symptoms. 
(iii) The next two healthy individuals both enrolled in the study at age 35. 
The first developed the disease sometime between ages 40 and 41, 
and the second sometime between ages 55 and 56. 
(iv) One life enrolled in the study at age 41 and died of unrelated causes, 
with no symptoms of the disease, at age 65.2. 
(v) Three individuals, who joined the study at ages 36, 42 and 44, moved 
away from the community, and therefore left the study, at ages 55.1, 
47.4 and 62.9, respectively. 
(b) In terms of the probability function of the random variable which repre- 
sents the age at onset of the disease, write down the contribution to the 
likelihood function for these nine individuals. 
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Exercise 18.8 You are given the following five observations of age at death: 
20.2, 42.7, 46.8, 59.7, 60.5. 


(a) Write down the log-likelihood assuming a Gompertz model with unknown 
parameters B and c. 

(b) Verify that the maximum likelihood estimates are B = 0.00082 and 
è = 1.0936. 

(c) You are given the further information that five more lives were observed 
up to age 65, at which point all were alive, when the study was terminated. 
Write down the revised log-likelihood function, and show that the revised 
maximum likelihood estimates are Ê = 0.00109 and ĉ = 1.0568. 

(d) Explain briefly which parameter estimates (those from part (b) or those 
from part (c)) are to be preferred. 


Exercise 18.9 (a) Prove that the Nelson—Aalen estimate of the survival func- 
tion is always greater than or equal to the Kaplan—Meier estimate. 
(b) Stating clearly your assumptions, show that 
K d;(r; — dj) 
V[A(x)] © > D, 


Jtg Sx J 


Exercise 18.10 You are given the following 18 observations of survival time 
data, (tj, 5;); the data are left truncated at t = 10. Times listed are from age 0. 


(12.8, 1) (15.0,0) (30.0,0) (35.3,1) (35.6,1) (40.6, 1) 
(43.3, 1) (45.0,0) (48.0,1) (48.8,1) (53.8, 1) (54.4,1) 
(58.9,1)  (59.5,1) (64.5,1) (67.2,1) (69.5,1) (88.8, 1) 


(a) (i) Calculate the Kaplan-Meier estimate of the probability that a life aged 
10 survives another 40 years, i.e. $19(40). 
(ii) Calculate an approximate standard deviation for KY 10(40). 
(b) Assume an exponential model for the time to failure, that is, 


t 3 
h= and Fo(x) = 1- e™™?., 


(i) Calculate the maximum likelihood estimate of 6. You are given that 
18 
p= 
(ii) Use the asymptotic variance of the maximum likelihood estimate to 
estimate the standard deviation of 0. 
(iii) Calculate the maximum likelihood estimate of $19(40). 
(iv) Using the delta method, estimate the standard deviation of $ 10(40). 
(c) Plot the Kaplan-Meier and fitted exponential survival functions, and 
comment on your results. 
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Exercise 18.11 A long-term care insurance policy is modelled by the follow- 
ing four-state model in which the transition intensities are all assumed to be 
constant between integer ages. 


Able 0 


Partially able 1 


Disabled 2 


Dead 3 


(a) Write down the contribution to the likelihood for uË for each of the life 
histories described in the following table, each of whom enters observation 
at age x. Time ¢ is counted from age x. 


Life 1 Att=0 
Att=1 

Life 2 Atr=0 
Att = 0.25 
Att = 0.75 

Life 3 Atr=0 
Att=0.5 
Att=0.8 


In State 1 
In State 1 


In State 0 
Moves to State 1 
Moves to State 2 


In State 1 
Moves to State 2 
Dies 


(b) The actuary has the following summary of all observations: 


Total waiting time in state 0 

Total waiting time in state 1 

Total waiting time in state 2 
Total number of transitions 0 > 1 
Total number of transitions 0 > 3 
Total number of transitions 1 —> 2 
Total number of transitions 1 > 3 


Total number of transitions 2 —> 3 


4521.2 years 
357.9 years 
69.6 years 

163 
125 
154 
42 
25 


(i) Derive maximum likelihood estimates of all the transition intensities 
along with estimates of the associated standard errors. 
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(ii) Give a general reasoning explanation for why the estimates of the 
transition intensities out of State 1 have higher standard errors than 
those out of State 0. 


Excel-based exercises 
Exercise 18.12 You are given the following 18 observations of survival time 
data, (tj, 6;); the data are left truncated at t = 10. (These are the same data as 
used in Exercise 18.10.) 


(12.8,1) (15.0,0) (30.0,0) (35.3,1) (35.6,1) (40.6, 1) 
(43.3, 1) (45.0,0) (48.0,1) (48.8,1) (53.8,1)  (54.4,1) 
(58.9,1) (59.5, 1) (64.5, 1) (67.2,1) (69.5, 1) (88.8, 1) 


Assume a Weibull model for the time to failure, that is, 


f= 2 aE] ae swf- E) 


(a) Use Excel Solver to find the maximum likelihood estimates of y and 8. 
(b) Using Excel, create a graph of the Nelson—Aalen cumulative hazard 
function against the Weibull cumulative hazard function (on the same 


axes). Comment on the fit. 


Answers to selected exercises 


18.1 (a) 0.6095, 0.1805 (b) 0.6351, 0.1562 
18.2 (a)35 (b)8 
18.3 (a) §(53.0) = 0.98927 (b) $(53.0) = 0.98686 
18.4 (a) (0, 0.7461) (b) (0.0159, 0.7046) 
18.5 (a) (0, 0.0089) (b) (0.0012, 0.0136) 
18.6 (a) 0.6242 (b)0.1135 (c) (0.1628, 0.2242) 
18.10 (a) (i) 0.55407 (ii) 0.12697 
(b) (i) 46.0667 (ii) 11.8944 (iii) 0.4197 (iv) 0.09409 
18.11 (b) (i) â?! = 0.0361, SD ~ 0.0028; ñ% = 0.0276, SD ~ 0.0025 
i? = 0.4303, SD ~ 0.0347; fl? =0.1174, SD ~ 0.0181 
p23 = 0.3592, SD ~ 0.0718 
18.12 (a) ŷ = 3.383, Ô = 58.57 
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Stochastic longevity models 


19.1 Summary 


Longevity models allow for stochastic variation in the underlying force of 
mortality, so that instead of assuming, for example, that ux follows a Gompertz 
model, we now assume that uy changes with time, and can be modelled 
as a stochastic process. In this chapter we introduce the Lee—Carter and 
Cairns—Blake-Dowd models for longevity. We illustrate some of the structural 
assumptions of the models, and demonstrate key features. We also discuss 
briefly how the models are applied in actuarial risk management. 


19.2 Introduction 


In this chapter we introduce a more advanced topic of considerable interest 
to actuaries involved in long-term life insurance and annuities. Population 
mortality changes over time, with a history of generally decreasing mortality 
rates of younger and middle-aged lives, leading to longer life expectancy. For 
some time, the changes were quite smooth, and deterministic models, such as 
the mortality reduction factors in Chapter 3, adequately captured the trends. 
More recently, changes have been more dramatic and less predictable. The 
curves in Figure 3.3 in Chapter 3 illustrate this fact. In this chapter we introduce 
some of the stochastic models developed to help actuaries and demographers 
understand and prepare for increasing uncertainty in the survival models that 
they rely on. 

In Chapter 8 we defined a stochastic process as a collection of random 
variables indexed by a time variable. A stochastic longevity model is a 
stochastic process for the rate (or force) of mortality experienced by lives 
at different ages for different future dates. We generally use discrete time 
stochastic processes, so that we generate stochastic mortality rates suitable for 
each age in each future calendar year. 
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19.3 The Lee—Carter model 


The Lee—Carter model is probably the most famous stochastic longevity model 
of the past 30 years. It models central death rates, so we first define these. 

Given a mortality model, defined by the force of mortality uy, say, the 
central death rate is my, where 


1 
_ qx = iG rPx Mtr dr 
~~ l B 1 
fae fae 


so that m, is a weighted average of the force of mortality between ages x and 


My 


x + 1. If the force of mortality is reasonably linear over each year of age, then 
Mx © Myy 1 and if the force of mortality is assumed to be constant from age x 
to age x + 1, equal to už, say, then my = už, and gy = 1 — e ™™™. 

Taking longevity changes into consideration, we assume that the central 
death rate varies by age x and by calendar year t, so we write it as m(x, t). 
In the Lee—Carter model, a stochastic process is defined for log m(x, t), which 
we denote as /m(x, t). For each integer age x, Im(x, t) is assumed to follow a 
discrete-time stochastic process as follows: 


log m(x, t) = Im(x, t) = ay + By Kt + Ext, (19.1) 
where 


e a, and x are parameters depending only on the attained age x. 

e Past values of K; are parameters found by fitting data to the model. Future 
values of K; are modelled as a time series that is fitted to the estimated 
historical values. The series {K;} is not age-dependent. 

The fitted values for K; often appear to follow a linear trend, and the usual 
forecasting model is a random walk with drift, which we also assume in this 
chapter. This means that we assume 


K; = Ki—1 + c + Ok Zrt, (19.2) 


where c is a constant drift term, og is the standard deviation of the annual 
change in K;, and the {Z,} are assumed to be independent and identically 
distributed random variables, with a standard normal distribution. 

e €t is a random error term which is assumed to be sufficiently small to 
be negligible, and is often ignored in the definition and analysis of the 
Lee—Carter model. In this chapter we follow this custom, which means we 
assume that all of the uncertainty in the model is generated by the stochastic 
process {K;}. 


So, ignoring the €x, term, and assuming that {K;} follows a random walk with 
a given starting value of Ko, we can write the Lee—Carter model as 
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Im(x, t) = ay + Bx Kı (19.3) 
=> m(x, t) = exp {a + By Ki} 
where 
K,=Ki-j;+c+to.Z and Z,~ N(0,1). 


The key to the model is the separation of age effects and year effects. The 
time series {K;} introduces random year effects, and the factor 6, allows for 
the year effects having a different impact on different ages. 

The model has an identifiability problem in the form presented above. We 
could, for example, multiply each 6y by 2 and divide each K; by 2 and end up 
with the same values for m(x, t). To deal with this issue, we add two constraints 
which depend on the data used to fit the model parameters. 

Suppose the data cover ages xo to xw, and calendar years to to tn. Then the 
constraints are 

Xw th 
X pr=1 and Ý K=. 
X=Xo t=to 

By applying these constraints we can see how the a, parameters can be 

interpreted, as, for a given age x, if we sum equation (19.3) over t, 


tn 
tn tn D Im(x, t) 
t=t 
DO IME, 1) = (tn = todas + Bx) Ki > ox = —$— 
n— t0 


t=to t=10 
Hence a, represents the average of the log-central death rates at age x over the 
period of the data. 

The estimation process for the model is quite complex, and is beyond the 
scope of this chapter. Figure 19.1 shows typical plots for the fitted parameters 
for the Lee—Carter model for male lives aged 40-89, based on England and 
Wales population mortality data from 1961 to 2011. For this data set we see a 
decreasing mortality trend from the negative slope of the {K;}, and also that the 
55-70 age group experienced more benefit from the decreasing mortality trend 
than did older or younger ages, which is evident from the higher {6y} values 
for this age group. 

The following examples show how the Lee—Carter model can be used to 
determine estimates and ranges for future rates of mortality, and also give some 
insight into the model characteristics. 


Example 19.1 You are given the following parameters for the Lee—Carter 
model: 


a7 = —2.684, B79 = 0.04, Kı =-—10, c= —0.4, o, =0.7. 


By 
0.020 
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Figure 19.1 Example of fitted parameters for the Lee—Carter model (England 
and Wales, male mortality). 
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(a) (i) Calculate the mean and standard deviation of m(70, t). 
(ii) Calculate the median and the 5% quantile of m(70, t). 
(b) Let p(x, t) denote the one-year survival probability at age x in year t. 
(i) Calculate p(70, t) assuming that the central death rate takes the mean 


(ii) 


© @ 


(ii) 


value from part (a), and assuming a constant force of mortality 
between integer ages. Explain why this is not the mean value of 
p(70, t). 

Calculate the median and the 95% quantile of p(70,t) assuming a 
constant force of mortality between integer ages. 

Calculate p(70, t) assuming that the central death rate takes the mean 
value from part (a), and assuming UDD between integer ages. 


Calculate the median and the 95% quantile of p(70, t) assuming UDD. 
Solution 19.1 (a) (i) Starting from equation (19.3), then applying (19.2), 
we get 
Im(70, t) = a70 + B70 Kr 
= a70 + B70 (Ki-1 + ¢ + ok Zi) 
= —2.684 + 0.04(—10 — 0.4 + 0.7Z;) 
= —3.1 + 0.028Z, 
SS, (19.4) 


(ii) 


As Z ~ N(0,1), it follows that Im(70,) ~ N(—3.1, 0.0287). 
Furthermore, we know that for any normal random variable, say, X ~ 
N(u, o?), the random variable Y = e* has a lognormal distribution, 
with parameters u and ø. We have (from Appendix A) 


F[Y] = et°7/2 and V[Y]= E[Y} (e = 1) l 
So m(70, t) = e™”00) ~ LN(—3.1, 0.028) and 
E[m(70, t)] = e73-!+0.028°/2 — 0.04507, 
VIm(70, t)] = (0.04507)? (eè? — 1) = 0.001262. 
As m is a Strictly increasing function of Z;, we can find the g-quantile 
of m by replacing Zy in equation (19.4) with its g-quantile. 
We can show this symbolically. Let Q,(m) denote the desired 


q-quantile of m(70, t), and let z, denote the g-quantile of the standard 
normal distribution (so that ® (z4) = q). Then we have 
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Pr [m(70, t) < Qq(m)] = q 
=> Pr[Im(70, 1) < log Qg(m)] = q 
=> Pr[—3.1 + 0.0282, < log Q,(m)] = 
-e| log Qg(m) + 3. ee |= 

Zt < = 
0.028 
log Qy(m) +31 _ 
0023 `“ 

= Q,(m) = e—3-1+0.028z4 


which, as required, shows that the g-quantile of m(70, t) can be found 
by substituting zq for Z; in equation (19.4). 

The median corresponds to g = 0.5; we have zo,5 = 0 (the median 
of the standard normal distribution), which means that the median of 
m(70, t) is 


Qo.s(m(70, t)) = e~ >! = 0.04505. 
Similarly, as zo.95 = — 1.645, we have 


Qo.05(m(70, t) = e731 +0.028(— 1.645) = 0.04302. 


(b) (i) With the constant force assumption, the force of mortality between 
ages x and x + 1 in year t is m(x, t), so 


p(x, t) = eM), (19.5) 


Hence, a central death rate of E[m(70, t)] = 0.04507 (from part (a)) 
corresponds to a survival probability of p(70,t) = e900? — 
0.95493. 

This is not the expected value of p(70, t); for this we need 


E[p(70,1)] = E pe] 2 [eee l 


which cannot be evaluated analytically, but can be found using 
numerical integration to be 0.95593. 

(ii) We see from formula (19.5) that the survival probability is a decreas- 
ing function of the central death rate, so that the q-quantile for 
p(10,t) corresponds to the (1 — q)-quantile for m(70, t). Again, we 
can demonstrate this mathematically. Let Q,(p) denote the q-quantile 
of p(70, t), and let Q,(m) again denote the g-quantile of m(70, t). Then 
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Pr[p(70, 1) < Qg(pP)] = 4 
=> Pr[—m(70, t) < log Qq(p)] = 4 
= Pr[m(70, t) > — log Qp) = 4 
= Pr[m(70, t) < — log Qp) = 1 -q 
= — log Qq(p) = Qi-q(m) 
> Qq p) = aa, 


So the q-quantile of p(70,t) can be found by substituting the 
(1 - g)-quantile of m(70, t) for m(70, t) in equation (19.5), that is 


Qo,5(p(70, t)) = e 2050799) — 0,95595, 
Qo.95(p(70, t)) = e7200 m00) — 0,95789. 


(c) (i) Under UDD we have „qx = r qx for 0 < r < 1. Then 


_ qx = qx > Qk 
Me= =a TER 
ilo rPxdr Jo (d-r qx)dr qx 
My 1 —m,/2 
= qx = 


n p, = ——_.. 
itm/2 T 14m, 


So assuming m(70, t) = 0.04507, we have p(70, t) = 0.95593. 
(ii) Following the same process as in part (b), we have 


1 — Qy5(0n(70,1))/2 
70,1)) = TT 
UPPUS MET OIG A 


1 — Qo.os (m(70, 1) /2 
10,1)) = = 0.95788. 
Q0.95(P(70, 1)) = Qo.05 (m(70, t))/2 


The quantiles calculated in the example above can be used to give some 
measure of longevity risk, but it should be noted that there is significant 
uncertainty in the parameters that is not captured in these calculations. We 
have also ignored the error term €, from equation (19.1). 


Example 19.2 Define the central death rate improvement factor as the random 
variable 
Xt 
Pee ae 
m(x, t—1) 
(a) Show that the distribution of g” (x, t) does not depend on t. 
(b) Calculate the mean, standard deviation, median and the 95% quantile of 
gy (10, t), using the parameters given in Example 19.1. 
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Solution 19.2 (a) Consider first 


og (— ) = Im(x, t) — Im(x,t — 1) = By (Ki — Ki-1) 


m(x,t — 1) 
= Bx(c + Ok Zi) 
using equation (19.2). As Z; ~ N(0, 1), it follows that 
Ble + ok Zi) ~ N(Bx c, By og). 
As exp{B,(c + 0% Z;)} = 1 — g" (x, t), it then follows that 
1 — g"(x,1) ~ LN (Bxc, Brox), 


which demonstrates that the distribution of g” (x, t) does not depend on t. 
(b) We have | — o” (70, ~ LN (—0.016, 0.028), so 


E[9"(70, f)] = 1 — e7™®016+0.028?/2 — 0,01549, 
v [9 (70, t)] = V [1 — g” (70, )] = (n (008° — 1) 
= 0.02757°, 
Qo.5(y""(70, t)) = 1 — e~ °°! = 0.01587, 


Qo.95(~™ (70, t)) = 1 — Qo.05 (9 (70, N) = 1 — e7®-016—1-645(0.028) 
= 0.06017. 


Example 19.3 The log-improvement factor is defined as 
m(x, t) 
R(x, = log | —————. ]} 
m(x,t — 1) 
Show that R(x, t) and R(y, t) are perfectly correlated for y Æ x. 


Solution 19.3 The correlation coefficient is 
= EIRC, ARO, £)] — EIR, OJE[RGO, H] 
SD[R(x, t)] SD[RG, £] 


where 
R(x, t) = (ax + By Ki) — (x + Bx Ki-1) = Bx (Ki — Ki-1) 
and K; — K;-1 = c +o, Z so that 
E[K, — Kj-1]=c and SD[K; — K;-1] = ox. 
It then follows that 


E[R(x,t)] = xc and SD[R(x,t)] = By ox, 
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and, as R(x, t) RO, t) = Bx By (Ki — Ki-1)", 

EIRG, DRO, D] = ElBxBy (Ki — Ki-1)"] = beby ( + ok). 
Substituting into our expression for p gives 


_ BBs + of) = BxBye? 
(BxoxK) (Byar) 


=i, 


and so we have perfect correlation. 


Although the Lee—Carter model has been widely applied, there are some 
problems with it, particularly for actuarial applications. The most important is 
that the fit to data tends not to be very good. This is partly because the model 
assumes (implicitly) perfect correlation between log-improvement factors at 
different ages, as we showed in Example 19.3, but mortality data show that 
log-improvements may be far from perfectly correlated. Also, the model does 
not allow for any cohort effect, yet we often see cohort effects in both actuarial 
and population data. In Figure 19.2 we show a plot of some of the residuals 
generated from fitting the Lee—Carter model to the England and Wales male 
mortality data used in Figure 19.1. If the fit is good, we expect the residual 
plot to look like white noise, with no systematic patterns. Instead we see clear 
diagonal trends, indicating a cohort effect in these data that is not captured by 
the Lee—Carter model. 
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Figure 19.2 Heatmap of residuals, Lee—Carter model fitted to England and 
Wales, males data. 
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19.4 The Cairns—Blake—Dowd models 


The Cairns—Blake—Dowd (CBD) family of models has become very popular 
for actuarial applications. The original model fits a two-factor time series to 
the logit of the mortality rate; the model has subsequently been extended in 
a number of ways. In this section we describe the original model, and briefly 
discuss a popular extension. 

The model works with the logit function of mortality rates. The logit 
function is defined as logit(x) = log(x/(1 — x)). In this section we let 


where q(x, t) = 1 — p(x, t) is the mortality rate at age x in year t. 


19.4.1 The original CBD model 
The original CBD model is defined as 
lq) = KP +K? œ- 3), (19.6) 
where 


e xis the average age in the data set. 
° {Ko} and {K} are correlated time series. Usually, each is assumed to 
follow a random walk with drift, so that 


1 1 1 
KP = KO. 4+ + onz, 
2 2 2 
Ki es KA +c 4 OZ ) 


° Zz D and Ze are standard normal random variables, which are correlated 
with each other in each year, but are independent from year to year. This 
means that 


E[Z®] = E[Z®] = 0, 
viz] = víz] = 1, 
EIZ” Zz] =p, where —-1 <p <1, 
E(ZZ)] = 0 fort £u and i,j = 1,2. 
Example 19.4 Suppose that 
KY =-3.2, K® =0.01, c = -0.02, c® = 0.0006, 
or, = 0.03, op = 0.005, p=0.2, ¥=70. 


(a) Calculate the mean and variance of /q(65, t). 
(b) Calculate Pr[g(65, t) > 0.036]. 
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(c) Using numerical integration, calculate E[q(65, t)]. 
(d) Calculate the median and the 95% quantile of p(65, t). 


Solution 19.4 (a) From (19.6) we have 
1q(65,t) = K” + K 65 — 70) 
where 
K® = -3.2 — 0.02 + 0.03Z®, 
K = 0.01 + 0.0006 + 0.0057. 
Hence 
iq(65, t) = —3.273 + 0.03 Z™® — 0.025 Z®. 


On the right-hand side we have a linear function of correlated normal 
random variables, which means that lq (65, t) is also normally distributed, 
with mean E[/q(65, t)] = —3.273 and 


V[lg(65, t)] = 0.037 + 0.0257 — 2(0.03) (0.025) (0.2) 
= 0.001225 = 0.0357. 


(b) We turn the probability statement about q(65,t) into a probability state- 
ment about /g¢(65,1), since we know from part (a) that /q(65,t) ~ 
N(—3.273, 0.0352). We have 


q(65, t) 0.036 
1—4(65,)  1—0.036 


0.036 


0.036 
=Pr|z eee 1) 
k WP o (oon) +3 3) | 


Pr[Z > —0.4164] = 0.6614, 


Pr[q(65, t) > 0.036] = 


where Z ~ N(0, 1). 
(c) We make use of the fact that if X is a random variable distributed on (0,1), 
then E[X] = fj Pr[X > x] dx. So 


1 


E[q(65, t)] = J Praes,» > x] dx 


0 
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and, generalizing the argument from part (b), we calculate this as 


1 
1 x 
E[q(65, t)] = i E > 0035 (ioe (+) + 3273) | dx. 
0 


Numerical integration gives E[q(65, t)] = 0.03653. 

(d) As /q(x, f) is an increasing function of q(x, t), it is therefore a decreasing 
function of p(x, t). So the w-quantile of p(x, t) corresponds to the (1 — @)- 
quantile of g(x, t). To find the median, we have 


Qos (Iq(65, t)) = —3.273 


q(65, 0) ) -3.273 
—— x J = = = 0.03789 
Ba G = 46,0) ° 
0.03789 
D) = ———_ = 0.03651 
= Qo.5(q(65, t)) 1+0.03789 0.0365 


= Qo5(p(65, t)) = 0.96349. 
To find the 95% quantile, we have 


Qo 0s (1q(65, t)) = —3.273 — 1.645(0.035) = —3.33057 
q(65, t) ) ~3,33057 
a65) \ _ 3.33057 _ 0.03577 
= Q0.05 (, —9(65,n)  ° 
0.03577 
Sion = 0.03454 
= Qo.05(9(65, 1)) = 7 + 0.03577 


= Qo.95(p(65, t)) = 0.96546. 


The CBD M7 model 

The CBD model has some advantages over the Lee—Carter model, with fewer 
parameters, and less parameter uncertainty in practice, but the fit to population 
mortality data of the original model is not significantly better than under Lee— 
Carter, and in some cases is worse. 

By adding one or two terms to the CBD model the fit can be significantly 
improved, while the advantages of the model are mostly retained. A popular 
extension is the CBD M7 model, which is defined as 


Iq(x,t) = KP + KË œ- 5) + KO (& x)? - z] + Gx. 


e There are two additional terms that are not in the original model. The first is 
an extra year-effect time series, {KP}, which has a quadratic impact across 
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the age groups. The s, term is the standard deviation of the age range used. 
So, if the age range used to fit the model runs from age 50 to age 90, then 


1 90 1 90 
x X 2 X 2 
X= Al X= 70 and Sy = 41 (x = 70) = 140. 
x=50 x=50 


(KO } models a year effect that has most impact on the youngest and oldest 
ages. Typically this is an increasing function. 

e The second is G;—x which introduces a cohort effect time series. For a life 
aged, say, 65 in 2018, the /q function would use G1953, where 1953 is the 
birth year of the cohort, and that same Gj953 term would appear in the 
subsequent /g functions for the cohort (that is /g(66, 2019), /g(67, 2020), 
...). For Gy where y lies beyond the range of the data, we fit a time series, 
but it is typically more cyclical than {KY a (Gj = 1,2,3), and would usually 
be fitted to an ARIMA-type time series model, scaled such that the average 
value over all relevant birth years is zero. Lives born in birth years with 
Gy < 0 are expected to have lighter mortality, and cohorts with Gy > 0 are 
expected to experience heavier mortality, compared with the average. 

e The impact of adding the K®) and G terms is to change the typical path for 
K®), which for the England and Wales data is relatively flat. 


In Figures 19.3 to 19.5 we show some results from fitting the M7 model to 
the same England and Wales mortality data previously fitted to the Lee—Carter 
model. In Figure 19.3 we show the fitted paths for the {Kk} time series; in 
Figure 19.4 we show the fitted path for the cohort time series, {Gy}, by birth 
year of the cohort, and in Figure 19.5 we show a heatmap of the residuals of 
the model fit. 

We note that [Kí Dy appears consistent with a random walk with decreasing 
trend, {kK} is quite flat, but with a slight parabolic shape, and {K®) } is 
consistent with a random walk with an increasing trend. The fitted values of 
the cohort series {Gy} appear cyclical. 

Comparing the residuals for the M7 model in Figure 19.5 with the residuals 
from the Lee—Carter model in Figure 19.2 indicates a clear improvement in the 
overall fit. 


19.4.2 Actuarial applications of stochastic longevity models 


In the examples in Section 19.2 we calculated some measures of risk or 
variability relating to one-period-ahead mortality. The impact of stochastic 
longevity on the cash flows of a portfolio of annuities projected much farther 
into the future is not so analytically tractable, especially for more complex 
models such as CBD M7. 
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Figure 19.3 {K}, {K®}, and {KO} fitted values for the CBD M7 model, 
fitted to England and Wales male mortality, ages 40-89, years 1961-2011. 


Commonly, actuaries use Monte Carlo simulation to assess the potential 
impact of longevity risk. The method can be used to generate a large number 
of (pseudo-) random paths for p(x, t) into the future. We can use these paths to 
estimate distributions of cash flows and present values. 
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Figure 19.4 Cohort parameter Gy by birth year for the CBD M7 model fitted 

to England and Wales, males, 1961-2011. 
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Figure 19.5 Heatmap of residuals for the CBD M7 model fitted to England 
and Wales, males, 1961-2011. 


For example, suppose an insurer uses Monte Carlo simulation to generate 
10000 different 50-year paths for p(x,k), for x = 60,61,...,109, and for 
k in years measured from the most recent information, when k = 0. We 
assume 110 is the ultimate age attainable. This means that, for each path we 
are simulating survival probabilities for all ages, for each of the 50 years. 
We repeat this 10000 times, using random number generators that create 
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independent paths from the underlying process that are equally likely, and that 
can be treated as a random sample from the distribution. Let p;(x, k) denote 
the simulated value for p(x,k) from the jth simulated path. Given a single 
path of survival probabilities starting at age 60, for example, that is, given 
pj(60, 0), pj(61,1),..., we can calculate the EPV of an immediate annuity 
issued to (60) at time k = 0, conditional on that path. Let a(60, 0); denote the 
EPV given the jth path. Then 


50 k-1 
aj(60,0) = X` vt [| | pj(60 + iò. 
k=1 i=0 


Repeating this for all of the 10000 paths for the survival probabilities gives us 
a sample of 10 000 values for the present value of the immediate annuity issued 
to a life aged 60, taking longevity risk into consideration. From this sample, 
we can calculate moments such as the mean and variance, and we can assess 
the exposure to longevity risk by considering the impact if the annuity value 
takes an adverse value, such as the 95% quantile of the distribution. 

Since longevity changes tend to impact an entire portfolio, not just a single 
age range, an insurer would not look separately at values for each age group, 
but would generate valuations for the whole portfolio of annuities at different 
ages, valued along each separate path for p(x, k) for all ages x. The results could 
be used to assess the adequacy of reserves and of pricing, taking longevity 
risk into consideration. The ability of the insurer to survive extreme scenarios 
could be investigated by considering, for example, the worst-case quantiles of 
the simulated distribution of the portfolio’s present value. 


19.4.3 Notes on stochastic longevity models 


1. Different populations can display very different combinations of age, year 
and cohort effects. In some populations cohort effects are not at all strong, 
while in others they are crucial to model fit. We also need to consider sub- 
populations. We often use data from a national census or social security 
records to fit stochastic longevity models, as a large amount of data is 
needed, due to the large number of parameters to be fitted, and because 
at much older ages we have less reliable parameter estimates as we may 
have very few lives in the database. 

There is a problem, though, if the population statistics are then used 
to model improvement factors for insured lives and annuitants. Typically, 
people who buy annuities and insurance are healthier and wealthier than 
the population as a whole, and they tend to be the first to benefit from the 
medical and social advances that improve longevity. The whole-population 
models may underestimate the longevity risk from current annuitants, if 
population and annuitant longevity continue to improve. On the other hand, 
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we may overestimate the risk if the annuitant population mortality trends 
slow down before the population as a whole. For example, suppose we use 
annuitant mortality from 2015 as our base mortality table, and then use 
estimated population mortality improvement factors to project the annuitant 
mortality rates into the future. Suppose further that population longevity 
improvement is generated by improved population access to new drugs such 
as statins. If the annuitant population already benefited from early access to 
the drugs, based on their relatively privileged social position, then applying 
the population improvement factors to the base annuitant mortality will 
double count the impact of statins, and will overestimate the longevity of 
the group. 

2. Stochastic longevity models can be used to produce deterministic improve- 
ment scales, as described in Chapter 3. Typically, we would use the median 
or mean improvement factors from the stochastic model to generate scales 
to apply to current tables, although we may also adjust the factors to create 
a more conservative basis. 

3. The modelling process for the series {K;} starts with estimating the values 
for all the years in the data, since we do not directly observe these values. 
These are the values plotted in Figures 19.2 and 19.5. Then the estimated 
values are analysed using standard time series methods. For the Lee—Carter 
and original CBD models, applied to population data from the USA or the 
UK, the estimated values appear to follow a reasonably straight line, but for 
more complex models such as the CBD M7, and for some other populations, 
a better fit might be obtained using an ARIMA-type time series model. 

4. We have not given much indication of whether or why one stochastic 
longevity model is better than another. We can perform statistical analysis 
of goodness of fit, but the model uncertainty and parameter uncertainty are 
typically very large, and it is not unusual for all the models to fail standard 
tests of fit. We need to find ways of choosing an acceptable model, but 
this is never an automatic process. Some models do well on relative fit, but 
demonstrate extreme parameter uncertainty — for example, generating very 
different values when we use slightly different historic periods to estimate 
the parameters. 

Ultimately, there is still a very large amount of parameter and model 
uncertainty in each of the popular stochastic longevity models. Neverthe- 
less, they are becoming essential tools for actuarial risk management of 
annuity portfolios and pension plans, because they are so much better than 
no model at all. At least we can generate some indication of the range of 
possible outcomes for an annuity portfolio’s cash flows. Still, it is essential 
for actuaries using these models to understand the significant limitations of 
the models. 
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5. Given the sometimes conflicting information from the statistical metrics 
for model selection, we might want to assess the reasonableness of the 
models intuitively. The CBD models generate smooth survival rates across 
ages within each year, because of the (x — x) and ((x — x) — s*) terms. 
The Lee—Carter model may generate rather less smoothness across the ages 
depending on the parameters. 


19.5 Notes and further reading 


The Lee—Carter model is introduced in Lee and Carter (1992); a summary of 
the model and its features is presented in Lee (2000). A catalogue of several 
stochastic longevity models, including the Lee—Carter and CBD models, with 
discussion of their characteristics and their fit to data is given in Cairns et al. 
(2009). This is where the M7 terminology comes from for the CBD M7 model. 

Li et al. (2009) give more information on the fitting process for the Lee- 
Carter model, and Li et al. (2010) present a case study, applying the longevity 
model to develop deterministic mortality improvement scales, with associated 
measures of uncertainty. 

The figures in this chapter were generated using the R package STMoMo. 
For details, see Villegas et al. (2015). 


19.6 Exercises 


Shorter exercises 
Exercise 19.1 In year Y you are given the following information for a Lee- 
Carter longevity model: 


Ky = -3.5, c= —0.5, Im(40,¥) = —6.830, E[/m(40, ¥+1)] = —6.845. 


(a) Identify a49 and B40. 
(b) You are also given that og = 2. Calculate the expected value and the 
median of the improvement factor gy” (40, Y+1). 


Exercise 19.2 You are given that m(x,f) = 0.025. Calculate logit q(x, t) 
assuming 


(a) a constant force of mortality between integer ages, and 
(b) UDD. 


Exercise 19.3 Assume that mortality follows the Lee—Carter model such that, 
for integer age x with 50 < x < 110, 
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a, = —11 + 0.1x, 


0.03 for 50 <x < 79, 
Bx= $ 0.01 for80< x< 89, 
0 for x > 90. 


You are also given that Kọ = —2, c = —0.4 and ox = 1.5. 


(a) Calculate m(70, 0). 

(b) Calculate Pr[m(70,1) > m(70,0)], ignoring the €,; term in equation 
(19.1). 

(c) Calculate Pr[m(71,1) < m(70,0)], ignoring the €x, term in equation 
(19.1). 

(d) Repeat part (b), assuming that ex, ~ N(0, 0.03) for all x and for t = 
1,2,..., and that €x, is independent of K;. 


Longer exercises 
Exercise 19.4 Consider the CBD model. For a dataset covering ages 40 to 80, 
you are given that, at time Y, 


KY =-3, KP =0.02, c® =-0.04, c® =0.001, 
OK, = 0.05, op = 0.005,  p(Z?,Z) = 0.3. 


(a) Calculate (i) the mean and (ii) the standard deviation of /q(65, Y+1). 
(b) Calculate (i) the median and (ii) the 95% quantile of p(65, Y+1). 


Exercise 19.5 Consider the CBD M7 model. For a dataset covering ages 40 to 
80, you are given that 


KP =-5, KP =01, KY =0.0001, c® =-0.04, c® =c%=0, 
ok, = 0.03, orm = 0.001, or = 0.0006, 
pZ,Z?) =05, (ZZ) = (ZZ) =0, Gye = —0.05. 


(a) Calculate (i) the mean and (ii) the standard deviation of /q(65, Y+1). 
(b) Calculate (i) the median and (ii) the 95% quantile of p(65, Y+1). 


Exercise 19.6 Show that, under the Lee—Carter model (with random walk K), 
the median one-year survival probability for a life aged x at time T+ s, denoted 
Pm(x, T + s), can be written in terms of the survival probability at time T as 


Build, T $ s) = (p(x, Py erie . 
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Exercise 19.7 You are given the following parameters for the Lee—Carter 
model: 


as9 = —6, so = 0.08, Ky =-—10, c= —0.4, ogp=23. 


(a) (i) Calculate the mean and standard deviation of m(50, Y + 2). 
Gii) Calculate the median and the 75% quantile of m(50, Y + 2). 

(b) Calculate the median and the 75% quantile of g(50, Y + 2) assuming a 
constant force of mortality between integer ages. 

(c) Calculate the median and 75% quantile of g(50, Y + 2) assuming UDD 
between integer ages. 


Excel-based exercises 
Exercise 19.8 Using the parameters in Exercise 19.3, ignoring €,,, simulate 
1000 paths for m(70 + t, t) for and t = 1,2,...,40. 


(a) For each path, calculate the path of values for the time ¢ survival probabil- 
ities, p(70 + t, t), assuming that the force of mortality is constant between 
integer ages. 

(b) For each path, calculate the EPV of an annuity-due of one per year payable 
to a life aged 70 in year 0. Assume an interest rate of 5% per year. 

(c) Plot the histogram of the annuity EPVs, and report the mean and variance. 


Answers to selected exercises 


19.1 (a) a49 = —6.725, Bap = 0.03 (b) Mean: 1.311%, median: 1.489% 
19.2 (a) —3.676353 (b) —3.676301 
19.3 (a) 0.017249 (b) 0.3949 (c) 0.0253 (d) 0.4122 
19.4 (a)(i) —2.395 (ii) 0.06225 
(b)(i) 0.94955 (ii) 0.95424 
19.5 (a)(i) —4.6015 (ii) 0.07639 
(b)(i) 0.99006 (ii) 0.99123 
19.7 (a)(i) 0.0011067, 0.0003867 (ii) 0.001045, 0.001313 
(b) 0.001044, 0.001313 (c) 0.001044, 0.001313 


Appendix A 
Probability and statistics 


A.1 Probability distributions 


In this appendix we give a very brief description of the more important 
probability distributions used in this book. Derivations of the results quoted in 
this appendix can be found in standard introductory textbooks on probability 
theory. Information about other distributions mentioned in this book can be 
found in Klugman et al. (2012). 


A.1.1 Binomial distribution 


If a random variable X has a binomial distribution with parameters n and p, 
where n is a positive integer and 0 < p < 1, then its probability function is 


n A 
Pr[X = x] = (a =p" 


for x = 0,1,2,...,n. This distribution has mean np and variance np(1 — p), 
and we write X ~ B(n, p). 
The special case when n = 1 is called the Bernoulli distribution. 


A.1.2 Uniform distribution 


If a random variable X has a uniform distribution on the interval (a, b), then 
the distribution function is 
x—a 


b= 


Pr[X < x] = F(x) = 
for a < x < b, and the probability density function is 
i 1 
fQ@) =F œ) = —— 
b—a 


. & . . . — 2 
fora < x < b. This distribution has mean ale and variance 02 , and we 


write X ~ U(a,b). 
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A common version of the uniform distribution is U(O,1), in which case 
F(x) =xand f(x) = 1. 


A.1.3 Normal distribution 


If a random variable X has a normal distribution with parameters u and o, 
where —oo < u < œ and ø > 0, then its probability density function is 


i -@- u)? 


for —oo < x < oo. This distribution has mean u and variance o7, and we 
write X ~ N(u, o’). 

The random variable Z defined by the transformation Z = (X — 2)/o is said 
to have a standard normal distribution, and Z ~ N(0, 1). 

The distribution function of the standard normal distribution is denoted ®. It 
does not have a closed analytic form, but is available from statistical tables or 
quantitative software packages, including Excel, where it is referenced using 
the NORM.S.DIST function. 

It is sometimes useful to note that, as the standard normal distribution is 
symmetric about 0, ®(—z) = 1 — ®(z). 

We use the standard normal distribution function, ®, to calculate probabili- 
ties when X ~ N(p, o?) as 


pix sa = Prz < E] =o (=£); 
O 


The q-quantile of the standard normal distribution, for any 0 < q < 1, is zy 
such that 


D(z) = q4 > zq = D7! (q). 


Commonly used quantiles of the standard normal distribution are often tabu- 
lated in statistical tables, and can be found from Excel using the NORM.S.INV 
function. 

The q-quantile of the N(u, o?) distribution is u + o Zq, Where zg is the 
q-quantile of the standard normal distribution. 


A.1.4 Lognormal distribution 


FY ~ N(u, o), then X = e” is said to have a lognormal distribution, with 
parameters u and o. We write X ~ LN (u, o) 
The probability density function of the LN (u, o) distribution is 


1 —(logx =)? 
ex 
osv 2n P 202 


fœ) = 
x 
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for x > 0, where, as for the normal distribution, —co < u < œ and o > 0. 
The mean and variance of the LN (u, o) distribution are 


E[X] = e@t°7/2 and V[X] = e+” (e = 1) , 


We can calculate probabilities for the lognormal distribution using the 
standard normal distribution function, as follows. Note that if X ~ LN(u, 0) 


then Y = log X ~ N(u,07), so 


logx— u 
Pr[X < x] = Pr[log X < log x] = Pr[Y < logx] = ® | —— } 
o 


In Chapters 13 and 16 we used the result that if X ~ LN (u, 0) then 


z 8 

fw dx = exp{u + o2/2}® (=e l (A.1) 
oO 

0 


To show this, we first note that 


f 1l —(logx — u)? 
[wa f zga Se a 


and the substitution z = log x gives 


a loga 
E 2 
J sto dx - | a exp [=| exp{z}dz. 


Combining the exponential terms, the exponent becomes 


2 
z— —1 
=l 2 2 2 
= a —2Awt+o)z+p ) 
—1 
aa (2 —2(u+o*)z+(uto*)? +u? - (u+ o?)*) 


=i 
= (@- u +0)? — 240? — 04) 


(<— (uw +0)? o? 
Ae 
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This technique is known as ‘completing the square’ and is very useful in 
problems involving normal or lognormal random variables. We can now write 


a loga i W2 2 
[sfoae= f m ap Ekte faofa S| a 
0 —0o 

loga 


o? 1 - (z— (u +03)” 
= dz. 
oofu + 2 Jz Ta 20? i 
—0O 


Now the integrand is the probability density function of normal random 
2 


variable with mean u + o~ and variance o, and so 


loga 


1 ~(¢-(u+0%)? O loga — u — o? 
oe dz = — yzy > 


giving formula (A.1). We note that 


and from this result and formula (A.1) we see that the mean of the lognormal 
distribution with parameters u and ø? is 


ri 
ex = Pe 
PyE+S 


A.2. The central limit theorem 


The central limit theorem is a very important result in probability theory. 
Suppose that X1, X2, X3,... is a sequence of independent and identically 
distributed random variables, each having mean jz and variance a2. Now define 
the sum S, = )~_, X; so that E[S,,] = nw and V[S,] = no”. The mean of the 
{Xj} is Xn = Sn/n. 

The central limit theorem states that 


noo oO 


lim [2 < J = &(x). 


We can also write 


im P X -u = p(x) 
im | =f sa| = x). 


n—->0o o/ 


This means that whenever we sum n independent, identically distributed 
random variables, provided that n is a reasonably large number, their mean 
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X is approximately normally distributed, with mean jz, and variance o7/n. 
This result holds whether the individual X; have a discrete distribution (for 
example, the binomial distribution) or a continuous distribution (for example, 
the lognormal distribution). 


A.3 Functions of a random variable 


In many places in this book we have considered functions of a random variable. 
For example, in Chapter 4 we considered v’* where T, is a random variable 
representing future lifetime. We have also evaluated the expected value and 
higher moments of functions of a random variable. Here, we briefly review 
the theory that we have applied, considering separately random variables that 
follow discrete, continuous and mixed distributions. We quote results only, 
giving references for these results in Section A.6. 


A.3.1 Discrete random variables 


We first consider a discrete random variable, X, with probability function 
Px (x) = Pr[X = x] for x = 0,1,2,.... Let g be a function and let Y = g(X), so 
that the possible values for Y are g(0), g(1), g(2),.... Then Y takes the value 
g(x) if X takes the value x. Thus, 


Pr[Y = g(x)] = Pr[X = x] = px (x), 


and so 


ELY] = $ g(x) Prl¥ = (1 = $ g px. (A.2) 


x=0 x=0 


Thus, we can compute E[Y] in terms of the probability function of X. Higher 
moments are similarly computed. For r = 1,2,3,..., we have 


ELY] = $ g@)’ px. 


x=0 


A.3.2 Continuous random variables 


We next consider the situation of a continuous random variable, X, distributed 
on (0,00) with probability density function fy(x) for x > 0. Consider a 
function g, let g~! denote the inverse of this function, and define Y = g(X). 
Then we can compute the expected value of Y as 
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[0,6] 


E[Y] = E[g(X)] = ferw dx. (A.3) 
0 


As in the case of discrete random variables, the expected value of Y can be 
found without explicitly stating the distribution of Y, and higher moments 
can be found similarly. Note the analogy with equation (A.2); the probability 
function has been replaced by probability density function, and summation by 
integration. 

It can be shown that Y has a probability density function, which we denote 


fy, given by 
fr) = fx (80) Zeo (A4) 
dy 


provided that g is a monotone function. However, formula (A.3) allows us 
to compute the expected value of Y without finding its probability density 
function. 

For example, suppose that X has an exponential distribution with parameter 
à. Now define Y = e ®*, where 5 > 0. Then by formula (A.3) with 


gy) =e, 


[0,6] 
j 
EY] = | eae dy = —. 
a fe e a os 
0 


The alternative (and more complicated) approach to finding E[Y] is to first 
identify the distribution of Y, then find its mean. To follow this approach, we 
first note that if g(y) = e~®”, then g~!(y) = (—1/8) log y and so 


By formula (A.4), Y has probability density function fy(y), which is defined 
for 0 < y < 1 (since X > 0 implies that 0 < e~®* < 1 as ô > 0), with 


1 
fy) = Aexp{(a/s) IEAS 


À 
— Å 0-1, 
53> 
Thus 
: x ods a yD 1 A 

EY] = dy = — dy = = i 
[Y] [ofa JE y 5 Gf) +1] A+ 

0 0 


We could also have evaluated this integral by noting that Y has a beta 
distribution on (0,1) with parameters à /ô and 1. The key point is that a function 
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of a random variable is itself a random variable with its own distribution, but 
because of formula (A.3) it is not necessary to find this distribution to evaluate 
its moments. 


A.3.3 Mixed random variables 


Most of the mixed random variables we have encountered in this book have a 
probability density function over an interval and a mass of probability at one 
point only. For example, under an endowment insurance with term n years, 
there is probability density associated with payment of the sum insured at time 
t for 0 < t < n, and a mass of probability associated with payment at time n. 
In that situation we defined the random variable (see Section 4.4.7) 


v if Ty <n, 
Z= . 
vif Ty > 7. 


More generally, suppose that X is a random variable with probability density 
function f over some interval (or possibly intervals) which we denote by Z, and 
has probability masses, Pr[X = x;], at points x;,x2,x3,.... Then if we define 
Y = g(X), we have 


E[Y] = [sor dx + X gti) Pr[X = x;]: 


For example, suppose that Pr[X < x] = 1 — e~** for 0 < x < n, and that 
Pr[X=n] = e~*”. Then X has probability density function f(x) = Ae~** for 
0 < x < n, and has a mass of probability of amount e~*” 
Y=e *, then 


at n. If we define 


À 
=> tas g aae) 4 eto) 
T 
1 
= —— |ì 5 meate] ; 
zal + de 


A.4 Conditional expectation and conditional variance 
Consider two random variables X and Y whose first two moments exist. We can 
find the mean and variance of Y in terms of the conditional mean and variance 
of Y given X. In particular, 
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E[Y] = E[E[Y|X]] (A.5) 

and 
VIY] = E[VIY|X]] + V[ELY1X]]. (A.6) 


These formulae hold generally, but to prove them we restrict ourselves here to 
the situation when both X and Y are discrete random variables. Consider first 
expression (A.5). We note that for a function g of X and Y, we have 


E[g(X,¥)] = $ >) g@y) PX = x, Y = y] (A.7) 


(this is just the bivariate version of formula (A.2)). By the rules of conditional 
probability, 


Pr[X = x, Y = y] = Pr[Y = y| X = x] Pr[X = x]. (A.8) 
Then setting g(X, Y) = Y and using (A.7) and (A.8) we obtain 
ELY] = >> > yPrf¥ = y|X = x] Pr[X = x] 
x y 


= X Prix =x] yy Pri¥ = y|X =x] 
x y 


=) Pr[X = xJE[Y|X = x] 


= E[ELY|X]]. 


To obtain formula (A.6) we have 


VIY] = EY?) — EY]? 
= E[E[Y?|X]] — ELY]? 
= E[VIY|X] + E[Y|X]’] — Ely? 
= E[V[Y|X]] + E[ELYIX?] — E[ELY 1x1] 
= E[VIY|X]] + V[EIY|X]]. 


A.5 Maximum likelihood estimation 
A.5.1 The likelihood function 


Maximum likelihood estimation (MLE) is a method for estimating parameters 
of a distribution, or a function of the parameters, from a set of observations 
drawn from a random sample. The intuition behind maximum likelihood 
estimation is that we find the parameters that maximize the joint probability 
distribution of the observed data, which we call the likelihood function. We 
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denote the likelihood function by L(@), where @ is a vector of unknown 
parameters. Generally, we work with the log-likelihood, /(@) = log L(@), rather 
than the likelihood. Since log is an increasing function, maximizing the log- 
likelihood gives parameters that also maximize the likelihood. 

Suppose we have a random sample, X1, X2,...,Xn, with observed values 
S ye eee On 


e If the {X;} are independent and identically distributed, with probability 
function f (which is a function of 0), then the likelihood and log-likelihood 
functions are 


n n 
LO) =| [f@) and 16) =} log f(a). 
j=l j=l 
e The {X;} may be independent but not identically distributed. This arises in 
survival analysis when some observations are censored or truncated, but all 
the {X;} have a probability function which depends on the same underlying 
0. In this case, letting fx; denote the probability function of Xj, the likelihood 

function is 


n n 
LO) =] [Aa and 1) = } logfy a). (A-9) 
j=1 j=l 

This is the form assumed for the rest of this section. 

The {X;} may not be independent. In this case, the likelihood must take the 
dependence into consideration. For example, suppose we have joint lifetime 
data x1, X2, . . . , X2n—1, X2n, Where x; and x2 are data for a couple, x3 and x4 are 
data for a different couple, and so on. It would not be appropriate to multiply 
together the individual, marginal probability functions for each of the xj. 
Instead, assuming independence between couples, the likelihood function 
would be the product of the joint probability functions f(x1, x2), f (x3, x4) 
and so on. In general, the joint probability function for a dependent random 
sample is 


LO) = f x1) f (x2 x1) f (x3 401,42) - . fn |X1, - - <, Xn-1). 


Although we do not deal with dependent data in this book, it is important to 
be aware of this general form. 


A.5.2 Finding the maximum likelihood estimates 


We may be able to maximize /(9) by taking partial derivatives with respect to 
each of the parameters, and then setting the partial derivatives equal to zero. If 
there are k parameters, this gives us a system of k equations. 

In practice, software is used to solve for the parameters when we cannot 
solve the k equations analytically. For example, we can maximize the log- 
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likelihood in Excel with the Solver Add-In. This requires an initial estimate 
of the parameter values, say 6, entered as variables in Excel. We then calculate 
the contribution to the log-likelihood of each data point (i.e. log fx, (aj; 0)) using 
the estimates ð of the parameters. Sum the contributions for the total log- 
likelihood evaluated at 6. Then set Solver to maximize the total log-likelihood 
by changing the values in the cells containing 6. It may be necessary to add 
constraints to the parameters. In most cases (smooth likelihood, not too many 
parameters) Solver finds the maximum likelihood estimates even if the first 
guess values for 0 are not particularly good. 


A.5.3 Properties of maximum likelihood estimates 


The MLE of parameter 6; is denoted 6;, which depends on the random sample. 
As a function of the random variables X1, X2,...,Xn, 6; is a random variable. 
When we substitute the observed Xj for the random variable Xj, 6; becomes a 
point estimate of the unknown parameter 0;. When we talk about the expected 
value or variance of 6, or an individual parameter Ê, we are referencing the 
random variable. 

One of the reasons why MLE is a popular tool in statistics is that it has many 
appealing properties; some key ones are listed below. 


1. The MLE is asymptotically unbiased. This means that as the sample size 
increases, the expected value of 6; converges to the true, unknown value 6;. 
In many cases, the MLE is unbiased for all sample sizes. 

2. The MLE is asymptotically minimum variance. This means that for large 
sample sizes, no other estimator has a smaller variance than the maximum 
likelihood estimator. 

For a distribution dependent on a single parameter 6, or when 6 is 
independent of all other parameter estimates, the asymptotic variance of 


6 is 
=j 
71 
2_ 
K 7 (+ Ej) l 


This is a function of the unknown 90, but we can estimate this variance by 
substituting the point estimate ô. 

For dependent parameter estimators, the asymptotic covariance matrix of 
the parameter vector 0 is 
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: A ^ : z 2 
Note that the estimators 6; and 6; are independent if E| al | = 0,soa 


30; 06; 
sufficient, but not necessary condition for independence is that 
a1 
36; 36; — 


3. For a monotonic, differentiable function g, and for independent ô, the 
MLE of g(0) is g(6) (this is the invariance property of MLEs), and the 
asymptotic variance of g(6) is 


og 2 
2 2 
Ooa = (2) Oja. 


We estimate this variance by substituting 6 for 0. This is the one parameter 
version of the delta method. It can be generalised to multiple, dependent 
parameters; see Klugman et al. (2012) for details and examples. 

4. For independent 6, the asymptotic distribution of 6 is 


6 > N(@, G2). 


This allows us to use the normal distribution to construct approximate 
confidence intervals for 6, provided the sample size is large enough. 
However, when the estimator is near a bound for 0, we need a very large 
sample size for the normal assumption to become valid. For example, if 
0 is a variance parameter, and its point estimate is close to zero, then the 
estimator (as a random variable) 6 will be positively skewed, as it cannot 
be less than zero. 

5. We can use the invariance property of the MLE to avoid the problem of 
bounded parameters. If 0 < 0 < ov, then g(@) = log is unbounded. 
The delta method can be used to find the approximate variance of g(6 ), and 
this can be used to construct a confidence interval for g(@). We then apply 
the inverse transformation, go", to the confidence interval bounds for g(@) 
to give a confidence interval for 0 that will be within the feasible range 
for 0. 

If @ is a probability, then 0 < 6 < 1, in which case g(0) = log(— log @) 
is unbounded, and we can proceed as above. 

The resulting interval (in both cases) is called the log-confidence 
interval. See Section 18.7 for an example. 


A.6 Notes and further reading 


Further details on the probability theory contained in this appendix can be 
found in texts such as Grimmett and Welsh (2014) and Hogg et al. (2014). 
Maximum likelihood estimation is covered in Klugman et al. (2012). 


Appendix B 


Numerical techniques 


B.1 Numerical integration 


In this section we illustrate two methods of numerical integration. The first, 
the trapezium rule has the advantage of simplicity, but its main disadvantage 
is the amount of computation involved for the method to be very accurate. The 
second, repeated Simpson’s rule, is not quite as straightforward, but is usually 
more accurate. We now outline each method, and give numerical illustrations 
of both. Further details can be found in the references in Section B.3. 

Our aim in the next two sections is to evaluate numerically 


b 
T= frox 


for some function f. 


B.1.1 The trapezium rule 


Under the trapezium rule, the interval (a,b) is split into n intervals, each of 
length h = (b — a)/n. Thus, we can write J as 


a+h a+2h a+nh 
I= fioa f foodet ot J f(x)dx 
a a+h a+(n—1)h 
nay 4+0+)h 
= 2 | f(x) dx. 
J=0 atin 


We obtain the value of J under the trapezium rule by assuming that f is a linear 
function in each interval so that under this assumption 


a+(j+1)h 
fœ dx= 4 f(a + jh) +fa+ G+ Dh), 


a+jh 
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Table B.1 Values of I* under the trapezium 
rule and repeated Simpson’s rule. 


Trapezium Repeated Simpson 

n r* T 

10 12.6529448 12.6424116 

20 12.6450449 12.6424112 

40 12.6430696 12.6424112 

80 12.6425758 12.6424112 
160 12.6424523 12.6424112 
320 12.6424215 12.6424112 


and hence 
=i (sŒ +f(a+h) +f(at 2h) +---+flat (n— 1)h) + o) 


n—1 


=h| sf@+ > fa +jh) + if 
j=l 

To illustrate the application of the trapezium rule, consider 

20 

r= | e7 005x Jy 

0 

We have chosen this integral as we can evaluate it exactly as 
1 
I = o (1 = 600520) = 12.6424112, 
0.05 

and hence we can compare evaluation by numerical integration with the true 
value. We have a = 0 and b = 20, and for our numerical illustration we have 
set n = 10,20, 40, 80, 160 and 320, so that the values of h are 2, 1, 0.5, 0.25, 
0.125 and 0.0625. Table B.1 shows the results. We see that in this example 
we need a small value of A to obtain an answer that is correct to four decimal 
places, but we note that the percentage error is fairly small in all cases. 


B.1.2 Repeated Simpson’s rule 
This rule is based on Simpson’s rule which gives the following approximation: 
a+2h 
/ FQ) de = : (f(a) + 4f(a +h) + f(a + 2h)). 
a 


This approximation arises by approximating the function f by a quadratic 
function that goes through the three points (a,f(a)), (a + h,f(a + h)) and 
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(a + 2h, f(a + 2h)). Repeated application of this result leads to the repeated 
Simpson’s rule, namely 


n—1 


h n 
| fade z | fla +4 XO fat j- Dh) +25 flat 2jh) +f) 
j=) 


j=l 
where h = (b — a)/2n. 
Let us again consider 


20 


f= [a= dx. 


0 


Table B.1 shows numerical values for J*. 

We see from Table B.1 that the calculations are considerably more accurate 
than under the trapezium rule. The reason for this is that the error in applying 
the trapezium rule is 


b-a)? 
12n2 


fo) 
for some c, where a < c < b, whilst under repeated Simpson’s rule the error is 


(b-a)? 
288074 ` 


FOC) 
for some c, where a < c < b. 


B.1.3 Integrals over an infinite interval 


Many situations arise under which we have to find the numerical value of an 
integral over the interval (0,00). For example, we saw in Chapter 2 that the 
complete expectation of life is given by 


(oe) 


ey = fosa 


0 


To evaluate such integrals numerically, it usually suffices to take a pragmatic 
approach. For example, looking at the integrand in the above expression, we 
might say that the probability of a life aged x surviving to age 120 is very small, 
and so we might replace the upper limit of integration by 120 — x, and perform 
numerical integration over the finite interval (0, 120 — x). We could then assess 
our answer by considering a wider interval, say (0, 130 — x). 

To illustrate this idea, consider the following integral from Section 2.5 where 
we computed ex for a range of values for x. Table B.2 shows values of 
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Table B.2 Values of Im. 


m Tn 
60 34.67970 
70 34.75059 
80 34.75155 
90 34.75155 
100 34.75155 
m 
In = i tP40 dt 
0 


for a range of values for m. These values have been calculated using repeated 
Simpson’s rule. We set n = 120 for m = 60, then changed the value of n for 
each subsequent value of m in such a way that the value of h was unchanged. 
For example, with m = 70, setting n = 140 results in h = 0.25, which is 
the same value of h obtained when m = 60 and n = 120. This maintains 
consistency between successive calculations of Im values. For example, 


70 
Io = I60 + [v0 dt, 
60 
and setting n = 140 to compute 770 then gives the value we computed for [69 
with n = 120. From this table our conclusion is that, to five decimal places, 
e40 = 34.75155. 


B.2 Woolhouse’s formula 


Woolhouse’s formula was introduced in Chapter 5. Here we give an indication 
of how this formula arises. We use the Euler—Maclaurin formula which is 
concerned with numerical integration. This formula gives a series expansion 
for the integral of a function, assuming that the function is differentiable a 
certain number of times. For a function f, the Euler-Maclaurin formula can be 
written as 


b N 
J f@dx=h (dr + ih) — 3 ¢@) +100) 


i=0 


cE O=/— Oo w b GH 


where h = (b — a)/N, N is an integer, and the terms we have omitted involve 
higher derivatives of f. We shall apply this formula twice, in each case ignoring 
third and higher-order derivatives of f. 
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First, setting a = 0 and b = N = n (so that h = 1), the right-hand side 
of (B.1) is 
n 
DOO -EO +) + h O-f'M). (B.2) 
i=0 
Second, setting a = 0, b = n and N = mn for some integer m > 1 (so that 
h = 1/m), the right-hand side of (B.1) is 


= Sonal Ot) Or) B3 
m 2 ` 12m2 ` ` ` 


As each of (B.2) and (B.3) approximates the same quantity, we can obtain an 
approximation to + Xf (i/m) by equating them, so that 


m i= 


mn n 


1 — 1 
-Esam = DOSO -Z FO +F) + 


i=0 i=0 


2—1 
Tr FO -r). 


(B.4) 


The right-hand side of formula (B.4) gives the first three terms of Woolhouse’s 
formula, and in actuarial applications it usually suffices to apply only these 
terms. 


B.3 Notes and further reading 


A list of numerical integration methods is given in Abramowitz and Stegun 
(1965). Details of the derivation of the trapezium rule and repeated Simpson’s 
rule can be found in standard texts on numerical methods such as Burden et al. 
(2015) and Ralston and Rabinowitz (2001). 


Appendix C 


Monte Carlo simulation 


C.1 The inverse transform method 


The inverse transform method allows us to simulate observations of a random 
variable, X, when we have a uniform U(0,1) random number generator 
available. 

The method states that if F(x) = Pr[X < x] and u is a random drawing from 
the U(0, 1) distribution, then 


x= F`! (u) 


is our simulated value of X. 

The result follows for the following reason: if U ~ U(0, 1), then F -1 (U) 
has the same distribution as X. To show this, we assume for simplicity that 
the distribution function F is continuous — this is not essential for the method, 
it just gives a simpler proof. First, we note that as the distribution function F 
is continuous, it is a monotonic increasing function. Next, we know from the 
properties of the uniform distribution on (0, 1) that for O < y < 1, 


Pr[U < y] =y. 
Now let X = F`! (U). Then 


Pr[X < x] = Pr[F7} (U) < x] 
= Pr[U < F(x)] 


since F is a monotonic increasing function. So 
Pr[X < x] = Pr[U < F(®)] = Fœ) = Pr[X < x] 


which shows that X and X have the same distribution function. 
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C.2 Simulation from a normal distribution 733 


Example C.1 Simulate three values from an exponential distribution with 
mean 100 using the three random drawings 


uy = 0.1254, u = 0.4529, u3 = 0.7548, 
from the U(0, 1) distribution. 


Solution C.1 Let F denote the distribution function of an exponentially 
distributed random variable with mean 100, so that 


F(x) = 1 — exp{—x/100}. 
Then setting u = F7! (x) gives 
x = —100log(1 — u), 
and hence our three simulated values from this exponential distribution are 
—100 log 0.8746 = 13.399, 
—100 log 0.5471 = 60.312, 
—100 log 0.2452 = 140.57. 


C.2 Simulation from a normal distribution 


In Chapter 12 we used Excel to generate random numbers from a normal 
distribution. In many situations, for example if we wish to create a large 
number of simulations of an insurance portfolio over a long time period, it 
is much more effective in terms of computing time to use a programming 
language rather than a spreadsheet. Most programming languages do not have 
an in-built function to generate random numbers from a normal distribution, 
but do have a random number generator, that is they have an in-built function 
to generate (pseudo-)random numbers from the U(0, 1) distribution. 

Without going into details, we now state the two most common approaches 
to simulating values from a standard normal distribution. The detail behind 
these ‘recipes’ can be found in the references in Section C.3. 


C.2.1 The Box—Muller method 


The Box—Muller method is to first simulate two values, uj and u2, from a 
U(0, 1) distribution, then to compute the pair 


x= /—2logu; cos(27u), 
y= /—2log mu sin(27u2), 


which are random drawings from the standard normal distribution. 


For example, if u; = 0.643 and u2 = 0.279, we find that x = —0.1703 and 
y = 0.9242. 
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C.2.2 The polar method 


From a computational point of view, the weakness of the Box—Muller method 
is that we have to compute trigonometric functions to apply it. This issue can 
be avoided by using the polar method which says that if uw; and u2 are as above, 
then set 


y= 2uy = 1, 
v2 = 2u2 — 1, 
s= v? + ve 
Ifs < 1, we compute 
|—2 logs 
= vi AS a 
sS 
—2 log s 
Y= V2 > 
sS 


which are random drawings from the standard normal distribution. However, 
should the computed value of s exceed 1, we discard the random drawings from 
the U (0, 1) distribution and repeat the procedure until the computed value of 
s is less than 1. 

For example, if u) = 0.643 and u2 = 0.279, we find that vy = 0.2860, 
v2 = —0.4420 and hence s = 0.2772. As the value of s is less than 1, we 
proceed to compute x = 0.8703 and y = —1.3450. 


C.3 Notes and further reading 


Details of all the above methods can be found in standard texts on simulation, 
e.g. Ross (2013). 


Appendix D 
Tables 


D.1 The Standard Select and Ultimate Life Tables 


In this appendix we show tables of selected functions for the Standard Ultimate 
and Select Survival Models. These are used extensively throughout the book 
for examples and exercises. 

The Standard Ultimate Survival Model follows Makeham’s Law, param- 
eterized as follows: 


Ux =A+Bc* where A = 0.00022, B = 2.7 x 1076, c= 1.124. (D.1) 


The Standard Select Survival Model is defined as follows: 


© The select period is two years. 
© The ultimate part of the model is the Standard Ultimate Survival Model. 
© For the select part of the model, for 0 < s < 2, 


Lpts = 0.9" Urs. (D.2) 


This model was introduced in Example 3.13. 

We also present, for convenience of access, the pension service table derived 
and used for examples and exercises in Chapter 11, and the Standard Sickness— 
Death tables used in Chapter 8. 

In general, when an exercise or example references the Standard Ultimate 
Life Table, or Standard Select Life Table, the solutions have been prepared 
using tabular values, rather than using the full underlying model. Often, the 
basis will reference, for example, the Standard Ultimate Life Table with 
uniform distribution of deaths, and the result will be different from the answer 
obtained using the full Makeham’s distribution which defines the Standard 
Ultimate Survival Model. The objective of providing tables, and of asking 
questions that require fractional age assumptions, is to prepare readers for the 
use of fractional age assumptions in other contexts where the full underlying 
model is unavailable. 
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There are also many examples and exercises in the text based on the full 
select and ultimate models that cannot be answered using these tables. It is 
recommended that readers create their own spreadsheets, which can be used 
when the parameters, ages or interest rates required are different to those used 
here. 


D.1 The Standard Select and Ultimate Life Tables 


Table D.1 Standard Select and Ultimate Survival Model. 
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x lix lix]+1 lx+2 x+2] x lix lix]+1 ls4+2 x+2 
100000.00 20 |60 96568.13 96287.48 95940.60 62 
99975.04 21 | 61 96232.34 95920.27 95534.43 63 
20 99995.08 99973.75 99949.71 22 |62 95858.91 95511.80 95082.53 64 
21 99970.04 99948.40 99923.98 23 |63 95443.51 95057.36 94579.73 65 
22 99944.63 99922.65 99897.79 24 |64 94981.34 94551.72 94020.33 66 
23 99918.81 99896.43 99871.08 25 |65 94467.11 93989.16 93398.05 67 
24 99892.52 99869.70 99843.80 26 |66 93895.00 93363.38 92706.06 68 
25 99865.69 99842.38 99815.86 27 |67 93258.63 92667.50 91936.88 69 
26 99838.28 99814.41 99787.20 28 |68 92551.02 91894.03 91082.43 70 
27 99810.20 99785.70 99757.71 29 |69 91764.58 91034.84 90133.96 71 
28 99781.36 99756.17 99727.29 30 |70 90891.07 90081.15 89082.09 72 
29 99751.69 99725.70 99695.83 31 |71 89921.62 89023.56 87916.84 73 
30 99721.06 99694.18 99663.20 32 | 72 88846.72 87852.03 86627.64 74 
31 99689.36 99661.48 99629.26 33 |73 87656.25 86555.99 85203.46 75 
32 99656.47 99627.47 99593.83 34 |74 86339.55 85124.37 83632.89 76 
33 99622.23 99591.96 99556.75 35 |75 84885.49 83545.75 81904.34 77 
34 99586.47 99554.78 99517.80 36 |76 83282.61 81808.54 80006.23 78 
35 99549.01 99515.73 99476.75 37 | 77 81519.30 79901.17 77927.35 79 
36 99509.64 99474.56 99433.34 38 |78 79584.04 77812.44 75657.16 80 
37 99468.12 99431.02 99387.29 39 |79 77465.70 75531.88 73186.31 81 
38 99424.18 99384.82 99338.26 40 |80 75153.97 73050.22 70507.19 82 
39 99377.52 99335.62 99285.88 41 67614.60 83 
40 99327.82 99283.06 99229.76 42 64506.50 84 
41 99274.69 99226.72 99169.41 43 61184.88 85 
42 99217.72 99166.14 99104.33 44 57656.68 86 
43 99156.42 99100.80 99033.94 45 53934.73 87 
44 99090.27 99030.10 98957.57 46 50038.65 88 
45 99018.67 98953.40 98874.50 47 45995.64 89 
46 98940.96 98869.96 98783.91 48 41841.05 90 
47 98856.38 98778.94 98684.88 49 37618.56 91 
48 98764.09 98679.44 98576.37 50 33379.88 92 
49 98663.15 98570.40 98457.24 51 29183.78 93 
50 98552.51 98450.67 98326.19 52 25094.33 94 
51 98430.98 98318.95 98181.77 53 21178.30 95 
52 98297.24 98173.79 98022.38 54 17501.76 96 
53 98149.81 98013.56 97846.20 55 14125.89 97 
54 97987.03 97836.44 97651.21 56 11102.53 98 
55 97807.07 97640.40 97435.17 57 8469.73 99 
56 97607.84 97423.18 97195.56 58 6248.17 100 
57 97387.05 97182.25 96929.59 59 
58 97142.13 96914.80 96634.14 60 
59 96870.22 96617.70 96305.75 61 
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Tables 
Table D.2 Standard Select Life Table, i = 5% per year. 


x ax] Atx] Ap 5Efx] 10E [x] 20 [x] x 
20 19.9673 0.04918 0.00576 0.78255 0.61227 0.37441 20 
21 19.9206 0.05140 0.00610 0.78254 0.61223 0.37431 21 
22 19.8717 0.05373 0.00648 0.78252 0.61218 0.37419 22: 
23 19.8203 0.05618 0.00689 0.78249 0.61213 0.37406 23 
24 19.7665 0.05874 0.00734 0.78247 0.61208 0.37392 24 
25 19.7100 0.06143 0.00783 0.78244 0.61201 0.37375 25 
26 19.6509 0.06424 0.00837 0.78241 0.61194 0.37356 26 
27 19.5889 0.06720 0.00895 0.78237 0.61186 0.37336 27 
28 19.5239 0.07029 0.00959 0.78233 0.61177 0.37312 28 
29 19.4558 0.07353 0.01028 0.78229 0.61167 0.37286 29 
30 19.3845 0.07693 0.01104 0.78224 0.61156 0.37256 30 
31 19.3098 0.08049 0.01186 0.78218 0.61143 0.37223 31 
32 19.2316 0.08421 0.01276 0.78211 0.61128 0.37186 32 
33 19.1496 0.08811 0.01373 0.78204 0.61112 0.37144 33 
34 19.0639 0.09220 0.01479 0.78196 0.61094 0.37097 34 
35 18.9742 0.09647 0.01594 0.78187 0.61074 0.37044 35 
36 18.8802 0.10094 0.01720 0.78176 0.61051 0.36985 36 
37 18.7820 0.10562 0.01856 0.78165 0.61025 0.36919 37 
38 18.6793 0.11051 0.02004 0.78152 0.60996 0.36844 38 
39 18.5718 0.11563 0.02164 0.78137 0.60963 0.36761 39 
40 18.4596 0.12097 0.02338 0.78121 0.60927 0.36667 40 
41 18.3422 0.12656 0.02527 0.78102 0.60886 0.36562 41 
42 18.2197 0.13240 0.02731 0.78082 0.60840 0.36444 42 
43 18.0917 0.13849 0.02952 0.78058 0.60788 0.36312 43 
44 17.9581 0.14485 0.03191 0.78032 0.60730 0.36165 44 
45 17.8188 0.15149 0.03450 0.78003 0.60664 0.35999 45 
46 17.6734 0.15841 0.03730 0.77970 0.60591 0.35815 46 
47 17.5219 0.16563 0.04032 0.77932 0.60509 0.35608 47 
48 17.3640 0.17314 0.04358 0.77891 0.60416 0.35377 48 
49 17.1995 0.18098 0.04709 0.77844 0.60313 0.35120 49 
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Table D.2 (Cont.) 
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x ax] Aly] “Ax sEix] 10F [x] 20E [x] x 
50 17.0284 0.18913 0.05087 0.77791 0.60196 0.34832 50 
51 16.8503 0.19761 0.05495 0.77732 0.60066 0.34512 51 
52 16.6651 0.20642 0.05933 0.77665 0.59919 0.34156 52 
53 16.4728 0.21558 0.06404 0.77591 0.59755 0.33760 53 
54 16.2730 0.22509 0.06909 0.77507 0.59572 0.33320 54 
55 16.0658 0.23496 0.07451 0.77413 0.59366 0.32832 35 
56 15.8509 0.24519 0.08031 0.77307 0.59135 0.32293 56 
57 15.6283 0.25579 0.08653 0.77189 0.58877 0.31697 57 
58 15.3979 0.26677 0.09317 0.77056 0.58588 0.31041 58 
59 15.1596 0.27811 0.10025 0.76907 0.58265 0.30319 59 
60 14.9134 0.28984 0.10781 0.76739 0.57904 0.29528 60 
61 14.6593 0.30194 0.11586 0.76552 0.57501 0.28663 61 
62 14.3972 0.31442 0.12441 0.76341 0.57051 0.27721 62 
63 14.1274 0.32727 0.13350 0.76105 0.56550 0.26700 63 
64 13.8497 0.34049 0.14313 0.75841 0.55992 0.25596 64 
65 13.5644 0.35407 0.15333 0.75545 0.55371 0.24411 65 
66 13.2717 0.36801 0.16411 0.75214 0.54682 0.23143 66 
67 12.9717 0.38230 0.17548 0.74844 0.53917 0.21797 67 
68 12.6647 0.39692 0.18746 0.74429 0.53070 0.20377 68 
69 12.3510 0.41186 0.20005 0.73966 0.52134 0.18891 69 
70 12.0309 0.42710 0.21326 0.73450 0.51102 0.17350 70 
71 11.7050 0.44262 0.22709 0.72873 0.49966 0.15767 71 
72 11.3735 0.45840 0.24154 0.72230 0.48719 0.14160 72 
73 11.0371 0.47442 0.25662 0.71515 0.47355 0.12548 73 
74 10.6963 0.49065 0.27229 0.70719 0.45867 0.10954 74 
75 10.3517 0.50706 0.28856 0.69835 0.44250 0.09403 75 
76 10.0040 0.52362 0.30541 0.68854 0.42501 0.07920 76 
71 9.6540 0.54029 0.32280 0.67768 0.40618 0.06531 TI 
78 9.3023 0.55704 0.34072 0.66568 0.38600 0.05258 78 
79 8.9497 0.57382 0.35912 0.65245 0.36451 0.04121 79 
80 8.5972 0.59061 0.37797 0.63789 0.34179 0.03133 80 
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Table D.3 Standard Ultimate Life Table, i = 5% per year. 


x ay Ax 7A, sEx 10Ex 20Ex x 
20 19.9664 0.04922 0.00580 0.78252 0.61224 0.37440 20 
21 19.9197 0.05144 0.00614 0.78250 0.61220 0.37429 21 
22 19.8707 0.05378 0.00652 0.78248 0.61215 0.37417 22 
23 19.8193 0.05622 0.00694 0.78245 0.61210 0.37404 23 
24 19.7655 0.05879 0.00739 0.78243 0.61205 0.37390 24 
25 19.7090 0.06147 0.00788 0.78240 0.61198 0.37373 25 
26 19.6499 0.06429 0.00841 0.78236 0.61191 0.37354 26 
27 19.5878 0.06725 0.00900 0.78233 0.61183 0.37334 27 
28 19.5228 0.07034 0.00964 0.78229 0.61174 0.37310 28 
29 19.4547 0.07359 0.01033 0.78224 0.61163 0.37284 29 
30 19.3834 0.07698 0.01109 0.78219 0.61152 0.37254 30 
31 19.3086 0.08054 0.01192 0.78213 0.61139 0.37221 31 
32 19.2303 0.08427 0.01281 0.78206 0.61124 0.37183 32 
33 19.1484 0.08817 0.01379 0.78199 0.61108 0.37141 33 
34 19.0626 0.09226 0.01486 0.78190 0.61090 0.37094 34 
35 18.9728 0.09653 0.01601 0.78181 0.61069 0.37041 35 
36 18.8788 0.10101 0.01727 0.78170 0.61046 0.36982 36 
37 18.7805 0.10569 0.01863 0.78158 0.61020 0.36915 37 
38 18.6777 0.11059 0.02012 0.78145 0.60990 0.36841 38 
39 18.5701 0.11571 0.02173 0.78130 0.60957 0.36757 39 
40 18.4578 0.12106 0.02347 0.78113 0.60920 0.36663 40 
41 18.3403 0.12665 0.02536 0.78094 0.60879 0.36558 41 
42 18.2176 0.13249 0.02741 0.78072 0.60832 0.36440 42 
43 18.0895 0.13859 0.02963 0.78048 0.60780 0.36307 43 
44 17.9558 0.14496 0.03203 0.78021 0.60721 0.36159 44 
45 17.8162 0.15161 0.03463 0.77991 0.60655 0.35994 45 
46 17.6706 0.15854 0.03744 0.77956 0.60581 0.35809 46 
47 17.5189 0.16577 0.04047 0.77918 0.60498 0.35601 47 
48 17.3607 0.17330 0.04374 0.77875 0.60404 0.35370 48 
49 17.1960 0.18114 0.04727 0.77827 0.60299 0.35112 49 
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Table D.4 Standard Ultimate Life Table, i = 5% per year. 
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x üx Ax 2A, 5Ex 10Ex Ex x 
50 17.0245 0.18931 0.05108 0.77772 0.60182 0.34824 50 
51 16.8461 0.19780 0.05517 0.77711 0.60050 0.34503 51 
52 16.6606 0.20664 0.05957 0.77643 0.59902 0.34146 52 
53 16.4678 0.21582 0.06430 0.77566 0.59736 0.33749 53 
54 16.2676 0.22535 0.06938 0.77479 0.59550 0.33308 54 
55 16.0599 0.23524 0.07483 0.77382 0.59342 0.32819 55 
56 15.8444 0.24550 0.08067 0.77273 0.59109 0.32279 56 
57 15.6212 0.25613 0.08692 0.77151 0.58848 0.31681 57 
58 15.3901 0.26714 0.09360 0.77014 0.58556 0.31024 58 
59 15.1511 0.27852 0.10073 0.76860 0.58229 0.30300 59 
60 14.9041 0.29028 0.10834 0.76687 0.57864 0.29508 60 
61 14.6491 0.30243 0.11644 0.76493 0.57457 0.28641 61 
62 14.3861 0.31495 0.12506 0.76276 0.57003 0.27698 62 
63 14.1151 0.32785 0.13421 0.76033 0.56496 0.26674 63 
64 13.8363 0.34113 0.14392 0.75760 0.55932 0.25569 64 
65 13.5498 0.35477 0.15420 0.75455 0.55305 0.24381 65 
66 13.2557 0.36878 0.16507 0.75114 0.54609 0.23112 66 
67 12.9542 0.38313 0.17654 0.74732 0.53836 0.21764 67 
68 12.6456 0.39783 0.18862 0.74305 0.52981 0.20343 68 
69 12.3302 0.41285 0.20133 0.73828 0.52036 0.18856 69 
70 12.0083 0.42818 0.21467 0.73295 0.50994 0.17313 70 
71 11.6803 0.44379 0.22864 0.72701 0.49848 0.15730 71 
72 11.3468 0.45968 0.24324 0.72039 0.48590 0.14122 72 
73 11.0081 0.47580 0.25847 0.71303 0.47215 0.12511 73 
74 10.6649 0.49215 0.27433 0.70483 0.45715 0.10918 74 
75 10.3178 0.50868 0.29079 0.69574 0.44085 0.09368 75 
76 9.9674 0.52536 0.30783 0.68566 0.42323 0.07887 76 
77 9.6145 0.54217 0.32544 0.67450 0.40427 0.06500 Ti 
78 9.2598 0.55906 0.34359 0.66217 0.38396 0.05230 78 
79 8.9042 0.57599 0.36224 0.64859 0.36235 0.04096 79 
80 8.5484 0.59293 0.38134 0.63365 0.33952 0.03113 80 
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D.2 Joint life functions 


Tables 


Table D.5 Standard Ultimate Life Table, independent lives, i = 5% per year. 


x ax:x 470] Ax:x Axx 10Ex:x 

50 15.8195 8.0027 0.24669 0.08187 0.58996 
51 15.5982 7.9916 0.25723 0.08806 0.58738 
52 15.3690 7.9792 0.26814 0.09468 0.58449 
53 15.1318 7.9653 0.27944 0.10175 0.58125 
54 14.8867 7.9496 0.29111 0.10929 0.57764 
55 14.6336 7.9321 0.30316 0.11732 0.57361 
56 14.3725 7.9125 0.31559 0.12586 0.56911 
57 14.1035 7.8906 0.32840 0.13494 0.56409 
58 13.8266 7.8660 0.34159 0.14457 0.55851 
59 13.5419 7.8386 0.35515 0.15477 0.55230 
60 13.2497 7.8080 0.36906 0.16555 0.54540 
61 12.9500 7.7738 0.38333 0.17694 0.53775 
62 12.6432 7.7357 0.39794 0.18893 0.52928 
63 12.3296 7.6932 0.41288 0.20155 0.51991 
64 12.0094 7.6459 0.42812 0.21480 0.50959 
65 11.6831 7.5934 0.44366 0.22868 0.49822 
66 11.3511 7.5351 0.45947 0.24320 0.48576 
67 11.0140 7.4704 0.47552 0.25834 0.47211 
68 10.6722 7.3989 0.49180 0.27410 0.45723 
69 10.3265 7.3199 0.50826 0.29047 0.44107 
70 9.9774 7.2329 0.52488 0.30743 0.42358 
71 9.6257 7.1371 0.54163 0.32496 0.40475 
72 9.2722 7.0321 0.55847 0.34302 0.38459 
73 8.9175 6.9173 0.57536 0.36159 0.36311 
74 8.5627 6.7922 0.59225 0.38062 0.34041 
75 8.2085 6.6563 0.60912 0.40007 0.31658 
76 7.8559 6.5093 0.62591 0.41989 0.29178 
77 7.5057 6.3510 0.64258 0.44002 0.26621 
78 7.1590 6.1812 0.65910 0.46040 0.24014 
79 6.8166 6.0002 0.67540 0.48097 0.21388 
80 6.4794 5.8083 0.69146 0.50165 0.18776 
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Table D.6 Standard Ultimate Life Table, independent lives, i = 5% per year. 


x äx:x+10 4410-101 Ax:x+10 “Axx+10 10Ex:x+10 
50 14.2699 7.9044 0.32048 0.12929 0.56724 
51 13.9979 7.8815 0.33344 0.13858 0.56201 
52 13.7180 7.8559 0.34676 0.14842 0.55620 
53 13.4304 7.8272 0.36046 0.15885 0.54973 
54 13.1352 7.7953 0.37451 0.16986 0.54255 
55 12.8328 7.7596 0.38891 0.18148 0.53459 
56 12.5233 7.7199 0.40365 0.19372 0.52578 
57 12.2071 7.6756 0.41871 0.20658 0.51606 
58 11.8845 7.6264 0.43407 0.22007 0.50534 
59 11.5560 1:5717 0.44972 0.23419 0.49356 
60 11.2220 7.5110 0.46562 0.24895 0.48065 
61 10.8830 7.4438 0.48176 0.26433 0.46654 
62 10.5396 7.3694 0.49811 0.28033 0.45117 
63 10.1925 7.2874 0.51464 0.29693 0.43450 
64 9.8423 7.1971 0.53132 0.31411 0.41649 
65 9.4898 7.0978 0.54810 0.33185 0.39715 
66 9.1358 6.9892 0.56496 0.35011 0.37647 
67 8.7810 6.8704 0.58186 0.36886 0.35452 
68 8.4263 6.7412 0.59875 0.38806 0.33136 
69 8.0726 6.6011 0.61559 0.40766 0.30714 
70 7.7208 6.4497 0.63234 0.42760 0.28202 
71 7.3718 6.2870 0.64896 0.44783 0.25622 
72 7.0267 6.1129 0.66540 0.46830 0.23004 
73 6.6862 5.9276 0.68161 0.48892 0.20379 
74 6.3513 5.7316 0.69756 0.50963 0.17784 
TA 6.0229 5.5256 0.71320 0.53036 0.15260 
76 5.7019 5.3106 0.72848 0.55103 0.12847 
77 5.3891 5.0878 0.74338 0.57158 0.10588 
78 5.0852 4.8588 0.75785 0.59191 0.08519 
79 4.7910 4.6254 0.77186 0.61196 0.06672 
80 4.5071 4.3896 0.78538 0.63165 0.05070 
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D.3 Standard Sickness—Death tables 


The model is the sickness—death model illustrated in Figure 8.4, and the 
transition intensities are as follows: 


u! = ay tbe, u? = a + bz e”, 
pr amig NEn, uy = 14, 
where 
aj =4x 10-7, by = 3.47 x 107°, cı = 0.138, 


a = 5 x 1074, bp = 7.58 x 1075, c2 = 0.087. 
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Table D.7 Probabilities for the Standard Sickness—Death Model. 

a apy? pe! ive ipi 10P8° tops! tox’ op 
50 0.98935 0.00403 0.97819 0.01258 0.83930 0.06557 0.81211 0.06057 
51 0.98826 0.00456 0.97904 0.01095 0.82309 0.07382 0.81017 0.05210 
52 0.98704 0.00518 0.97961 0.00954 0.80526 0.08301 0.80636 0.04469 
53 0.98568 0.00588 0.97993 0.00830 0.78569 0.09321 0.80076 0.03823 
54 0.98415 0.00669 0.98000 0.00723 0.76425 0.10447 0.79344 0.03260 
55 0.98244 0.00762 0.97985 0.00629 0.74083 0.11685 0.78444 0.02771 
56 0.98052 0.00867 0.97948 0.00547 0.71532 0.13039 0.77380 0.02348 
57 0.97838 0.00989 0.97889 0.00476 0.68763 0.14509 0.76156 0.01981 
58 0.97597 0.01127 0.97810 0.00414 0.65770 0.16096 0.74774 0.01664 
59 0.97328 0.01286 0.97710 0.00360 0.62550 0.17793 0.73237 0.01391 
60 0.97025 0.01467 0.97590 0.00313 0.59106 0.19590 0.71546 0.01157 
61 0.96686 0.01674 0.97449 0.00272 0.55444 0.21473 0.69704 0.00956 
62 0.96305 0.01911 0.97286 0.00236 0.51579 0.23418 0.67712 0.00785 
63 0.95878 0.02181 0.97101 0.00205 0.47533 0.25396 0.65574 0.00640 
64 0.95399 0.02489 0.96893 0.00178 0.43338 0.27366 0.63293 0.00517 
65 0.94860 0.02840 0.96660 0.00154 0.39035 0.29283 0.60873 0.00414 
66 0.94257 0.03240 0.96402 0.00134 0.34677 0.31089 0.58322 0.00328 
67 0.93579 0.03695 0.96118 0.00116 0.30325 0.32720 0.55645 0.00257 
68 0.92819 0.04212 0.95804 0.00100 0.26048 0.34107 0.52853 0.00199 
69 0.91967 0.04799 0.95460 0.00087 0.21924 0.35178 0.49956 0.00151 
70 0.91013 0.05465 0.95082 0.00075 0.18030 0.35865 0.46969 0.00114 
71 0.89944 0.06217 0.94670 0.00065 0.14442 0.36105 0.43907 0.00084 
72 0.88749 0.07068 0.94220 0.00056 0.11225 0.35853 0.40789 0.00061 
73 0.87414 0.08027 0.93730 0.00048 0.08431 0.35084 0.37635 0.00043 
74 0.85925 0.09105 0.93197 0.00042 0.06090 0.33798 0.34468 0.00030 
75 0.84266 0.10315 0.92617 0.00036 0.04207 0.32028 0.31315 0.00020 
76 0.82423 0.11667 0.91988 0.00031 0.02763 0.29836 0.28201 0.00013 
77 0.80379 0.13175 0.91305 0.00026 0.01712 0.27309 0.25155 0.00009 
78 0.78119 0.14848 0.90565 0.00023 0.00994 0.24555 0.22205 0.00005 
79 0.75628 0.16697 0.89763 0.00019 0.00535 0.21686 0.19380 0.00003 
80 0.72892 0.18731 0.88896 0.00016 0.00264 0.18815 0.16706 0.00002 
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Table D.8 Standard Sickness—Death Model, i = 5% per year. 


a? a0! <11 qi Aol Ae Alo Al2 


50 11.7446 1.9622 12.3918 0.6668 0.24144 0.33124 0.06550 0.36287 
51 11.4319 2.0306 12.2392 0.5621 0.25195 0.34316 0.05702 0.37542 
52 11.1128 2.0995 12.0670 0.4727 0.26284 0.35537 0.04958 0.38819 
53 10.7879 2.1684 11.8774 0.3965 0.27410 0.36786 0.04307 0.40115 
54 10.4575 2.2373 11.6725 0.3318 0.28574 0.38062 0.03737 0.41431 


55 10.1221 2.3057 11.4539 0.2770 0.29774 0.39364 0.03240 0.42765 
56 9.7823 2.3734 11.2233 0.2306 0.31012 0.40692 0.02806 0.44116 
57 9.4385 2.4400 10.9821 0.1916 0.32285 0.42045 0.02428 0.45483 
58 9.0915 2.5051 10.7317 0.1587 0.33594 0.43420 0.02099 0.46865 
59 8.7419 2.5684 10.4733 0.1312 0.34938 0.44817 0.01813 0.48260 


60 8.3904 2.6293 10.2081 0.1081 0.36314 0.46235 0.01565 0.49667 
61 8.0378 2.6876 9.9369 0.0889 0.37722 0.47671 0.01349 0.51084 
62 7.6850 2.7427 9.6609 0.0728 0.39160 0.49123 0.01162 0.52509 
63 7.3328 2.7943 9.3809 0.0595 0.40626 0.50590 0.01000 0.53940 
64 6.9821 2.8417 9.0977 0.0485 0.42117 0.52070 0.00860 0.55375 


65 6.6338 2.8847 8.8122 0.0394 0.43631 0.53559 0.00738 0.56813 
66 6.2888 2.9227 8.5250 0.0320 0.45165 0.55057 0.00633 0.58250 
67 5.9482 2.9553 8.2370 0.0258 0.46716 0.56560 0.00543 0.59686 
68 5.6128 2.9821 7.9488 0.0208 0.48282 0.58065 0.00465 0.61116 
69 5.2836 3.0028 7.6611 0.0167 0.49858 0.59571 0.00397 0.62540 


70 4.9615 3.0170 7.3745 0.0133 0.51440 0.61073 0.00339 0.63954 
71 4.6474 3.0244 7.0897 0.0106 0.53026 0.62569 0.00290 0.65357 
72 4.3420 3.0249 6.8072 0.0085 0.54611 0.64057 0.00247 0.66746 
73 4.0463 3.0181 6.5276 0.0067 0.56192 0.65533 0.00210 0.68119 
74 3.7608 3.0041 6.2514 0.0053 0.57764 0.66994 0.00179 0.69474 


75 3.4863 2.9827 5.9792 0.0042 0.59323 0.68438 0.00152 0.70807 
76 3.2232 2.9541 5.7114 0.0033 0.60867 0.69861 0.00128 0.72118 
77 2.9721 2.9184 5.4486 0.0025 0.62390 0.71260 0.00109 0.73404 
78 2.7333 2.8756 5.1911 0.0020 0.63889 0.72634 0.00092 0.74663 
79 2.5071 2.8262 4.9393 0.0015 0.65362 0.73979 0.00078 0.75893 


80 2.2935 2.7703 4.6937 0.0012 0.66805 0.75293 0.00065 0.77094 
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D.4 Pension plan service table 
Table D.9 Pension plan service table, Chapter 11. 

x ly Wx ix fx dy |x lx Wx ix Fx dx 
20 1000000 95104 951 0 237 |44 137656 6708 134 0 95 
21 903707 85946 859 0 218 |45 130719 2586 129 0 100 
22 816684 77670 777 0 200 |46 127904 2530 127 0 106 
23: 738038 70190 702 0 184 | 47 125140 2476 124 0 113 
24 666962 63430 634 0 170 | 48 122428 2422 121 0 121 
25 602728 57321 573 0 157 |49 119763 2369 118 0 130 
26 544677 51800 518 0 145 | 50 117145 2317 116 0 140 
27 492213 46811 468 0 134 |51 114572 2266 113 0 151 
28 444800 42301 423 0 125 |52 112042 2216 111 0 163 
29 401951 38226 382 0 117 |53 109553 2166 108 0 176 
30 363226 34543 345 0 109 | 54 107102 2118 106 0 190 
31 328228 31215 312 0 102 | 55 104688 2070 103 0 206 
32 296599 28207 282 0 96 | 56 102308 2023 101 0 224 
33 268014 25488 255 0 91 | 57 99960 1976 99 0 243 
34 242 181 23031 230 0 86 | 58 97 642 1930 96 0 264 
35 218834 10665 213 0 83 | 59 95 351 1884 94 0 288 
36 207 872 10131 203 0 84 | 607 93085 0 0 27926 0 
37 197455 9623 192 0 84 | 60* 65 160 0 62 6188 210 
38 187555 9141 183 0 85 | 61 58 700 0 56 5573 212 
39 178 147 8682 174 0 86 | 62 52 860 0 50 5018 213 
40 169 206 8246 165 0 87 | 63 47579 0 45 4515 214 
41 160708 7832 157 0 89 | 64 42805 0 41 4061 215 
42 152 631 7438 149 0 90 |657 38 488 0 O 38488 0 
43 144954 7064 141 0 93 
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